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THE PREFACE. 

THIS present book is a revision of the Van Velzer and Shutts 
Plane and Solid Geometry, Suggestive Method, published by 
Tracy, Gibbs & Company. The method of the book was used 
by the author for several years from mimeograph reprints. This 
text was then revised and incorporated into text-book form. After 
being again thoroughly tested in many of the best schools in the coun- 
try, the work has been again revised in an attempt to make it more 
suggestive to the teacher and more helpful to the student. 

In putting the work into its present form the scientific classifica- 
tion of the subject-matter has been departed from when it was thought 
that by so doing the work could be better graded to the ability of the 
average pupiL For this reason the subject of the triangle has been in- 
troduced before the relation of lines and angles has been fully discussed. 

The treatment of the theory of measurement has been modified to 
make it more easily understood. A treatment of the applicatidn of pro- 
portion has been suggested that will make the pupil more independent 
in his work, and at the same time it has not increased the difficulty of 
the subject 

The book, as now arranged. Is sufficient for all college entrance 
requirements, yet it can be completed, including all the exercises, by 
high-school pupils in one school year. For those schools that devote a 
year and a half to the subject additional work has been placed in the 
Appendix, to which references are given in the text, so that the various 
propositions and exercises can be taken up in logical order. A fuller 
treatment of the theory of limits, which many teachers desire, is also 
given in the Appendix. 

A departure from ordinary methods will be noticed in the treatment 
of proportion. It has not been thought wise to follow the usual method 
of limiting the subject to proportions whose terms are pure numbers, 
nor yet to follow the Euclidian method common in England, which 
admits of proportions whose terms are concrete magnitudes* but which 
is so difficult that it can be understood by only the best students. 
The method in the text will be found to admit of proportions whose 
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terms are concrete magnitudesy yet it will do no 'violence to tlie fdndap 
mental ideas of Aiitfametic regarding operations upon concrete magni- 
tudes. It is believed that the subject of limits is treated in so simple a 
manner that beginners can grasp it. 

An edition^ consisting of the theorems, the diagrams* the things given, 
and the things to prove, wUhoia suggestions for demonstration, will 
accompany the book for class-room use. It is hoped that this will be 
found as valuable in Geometry teaching as "text editions" have been in 
teaching the classics. This '^ Class-Room Edition" will save the time 
of the recitation usually consumed by the pupils in drawing the figures 
tipon the blackboard. The complete edition of the book can be banished 
from the redtation and the temptation to get assistance from the text 
eliminated. The blackboards can thus be reserved for original demon- 
strations of exercises and for suggestive work by the teacher. The 
Class-Room Edition will lengthen the daily recitation, and make it 
possible for more work to be done in a year. 

The author wishes to thank those who have given the previous edition 
of the book so kind a reception. It is hoped that the present book will 
more fully meet the needs of all teachers who wish their pupils to make 
the largest possible growth in independent thinking in Geometry. 

Acknowledgment should be made of the scholarly criticism of Dr. C. 
A. Van Velzer, Head of the Department of Mathematics in the University 
of Wisconsin, for his helpful services in preparing for publication the 
manuscript of the first edition of the book. 

Thanks are also due for valuable suggestions in reading the proof to 
Mr. G. E» Bunsa, Superintendent of Schools j ColumbuSy Wisconsin; Mr. 
R. L. Sandwick, Principal of the Deer field Township High School^ High- 
land Park, Illinois; Miss Genevieve Decker, Teacher of Mathematics in 
the High School^ JanesvtUe, Wisconsin; Miss Maud Averill, Teacher of 
Mathematics in the High School, Whitewater, Wisconsin, and to Mr. 
Frank P. Dodge, Instructor in Mathematics in the Roxhury Latin 
School, Roxhury, Massachusetts, 

G. C. S. 
Whitewater Wis,, August 2$, igo4. 



SUGGESTIONS TO TEACHERS. 



GEOMETRY is essentially a disciplinary study. The value 
derived from its study is in proportion to the amount of inde- 
pendent thought expended by the pupil. A text-book in 
Geometry is in the nature of a "key" to the extent to which the dem- 
onstrations are written out for the pupil. That part of the work which 
a pupil can do for himself should not be done for him. The teacher 
and text-book should furnish the pupil with data and stimulate thought 
rather than give him a set form of words which he may repeat verbatim, 
with or without, the ideas which these words should express. 

In this Geometry suggestions arranged in logical order take the place 
of detailed demonstration. These suggestions are intended to stimulate 
and direct the thought of the pupil so that he may largely work out his 
own demonstrations. 

Model demonstrations are given of a few propositions to show the 
student the form in which they should be presented. The answers to 
the suggestions, logically arranged, constitute the demonstration. The 
suggestions should be studied in the order given, for each suggestion 
usually depends upon the preceding one. The answer to a suggestion 
should consist of a statement of the relations asked for, together with 
the authority in full for such statement. 

To permit the pupil to ignore the authority is to encourage careless- 
ness, slovenliness, and inaccuracy in demonstration. A common error 
is to apply authority that does not exactly fit the conditions under 
consideration. The pupil must understand that the authority should, 
without exception, be a definition, an axiom, or a previously proved propo- 
sition. **It seems so,** or, "it looks reasonable,** or any expression of 
judgment will not do. The pupil should be encouraged to search out his 
own authority^ even when the authority is quoted for him in the sugges- 
tions, and to use the reference simply for verification. A pride in inde- 
pendent work is a most important factor in securing satisfactory results. 

In the preparation of the lesson the pupil should write out his demon- 
stration, noting carefully the form of the "models.** This will insure 
correct form and avoid haziness of thought. During the first few weeks 

vii 
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this written work, as well as tests taken in the recitation, should be read 
by the teacher and returned to the pupil for correction. 

The exercises, or at least a part of them, should be demonstrated 
daily along with the propositions as they occur, and not be studied all 
together at the end of a chapter. 

The best results will be obtained by starting slowly, reviewing fre- 
quently, and passing over nothing that is not clearly understood. Since 
each demonstration involves previous propositions and definitions, 
facility in demonstration can best be secured by committing to memory 
each theorem, definition and axiom; for that authority cannot be readily 
recognized and applied which is imperfectly remembered. The dem- 
onstrations should not be committed to memory. 

The subject of proportion is probably the most difficult part of 
Geometry. Clearness of thought in the applications of proportion can 
be obtained only by careful illustration and rigid demonstration in the 
theory. To teach the theory of proportion by means of numbers, and 
then to apply the principles developed to geometric magnitudes and num- 
bers indiscriminately without consideration of the limitations of various 
statements, is not scientific. Note262,page 137, should receive careful 
attention. In deriving the form A = m B from 5 = ni the tendency is to 
claim the multiplication of both members of the equation by B. This is 
correct if B is a number, but the process is unthinkable if B is a geomet- 
ric magnitude. ^ means that A is divided or measured by the unit B, 
hence to say that A contains B, m times, is simply another way of saying 

that A is m times the unit B, or m B. 12 contains 4 three times (— = 3) 

4 



is another form of expression for 12 is equal to 3 fours (12 = 3X4). The 

I foot ^v 

expression — : — r = 12, means the same as 

to 12 inches. In this connection see § 270. 



expression ^ .^ = 12, means the same as the expression i foot is equal 
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CHAPTER I. 
RECTILINEAR FIGURES. 



Definitions. 




1. The block represented in the accompanying figure 
occupies a limited portion of space. If we imagine the 
block to be removed, its form or shape 
can still be retained in the mind. This 
is true of any object or body. 

The space conceived to be occupied 
by an object or body as distinguished 
from the substance of which it is figTi. 

made, is a geometrical solid. The matter or substance 
of which a body or object is composed is a physical solid. 
Hence a geometrical solid is the shape or form of a phy- 
sical solid, or some form or figure conceived by the mind. 

A geometrical solid is a limited portion of space, and 
has length, breadth, and thickness. 

The term solid will be used hereafter to signify a 
geometrical solid. 

2. When space is divided into distinct portions or 
geometrical solids, the boundaries of these portions or 
solids are surfaces. Distinct portions of the bounding 
surface are faces. 

Surface has length and breadth, but no thickness. 
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3. When a surface is divided into distinct portions, 
the boundaries of these portions are lines* In the solid, 
represented in Fig. i, the edges, or boundaries of the 
faces, are lines. These lines, being the intersection of 
faces which have no thickness, can themselves have 
neither breadth nor thickness. 

A line has length, but neither breadth nor thickness. 

4. When a line is divided into distinct portions, the 
limits of these portions are points* In the solid, repre- 
sented in Fig. I, the comers, or limits of the edges, are 
points. These points, being the intersections of lines 
which have neither breadth nor thickness, can them- 
selves have neither length, breadth, nor thickness. 

A point has position, but neither length, breadth, nor 
thickness. 

5. A surface can be conceived of apart from a solid, 
a line apart from a surface, and a point apart from a Une. 
If a point is conceived to move, the path in which it 
moves is a line. Hence a line is the path, or locus, of a 
moving point. 

A line can be thought of as generated by a point in 
motion; surface can be thought of as generated by a line 
in motion; a solid, as generated by a surface in motion. 

6. A geometrical figure is a combination of points, 
lines, surfaces, or soUds. 

Geometrical figures are ideal, that is, they are mental 
conceptions, but they can be represented to the eye only 
by material substances. For instance, a line can be rep- 
resented by a mark made by a pencil or crayon; a solid 
can be represented by a drawing, by a block of wood, or 
by some other material of any given shape. 
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To avoid multiplying words, the material represen- 
tation of geometrical figures will be generally referred to 
as standing for the mental conceptions themselves. The 
pupil will be able to tell by the context whether the word 
"figure" refers to a geometrical figure or to the material 
representation of a figure. 

7. A straight line is a line such that any part of it, 
however placed, lies wholly in any other part if* its ex- 
tremities lie in that part. Let O B, which is any part of 
A By be placed upon some other part in any way, except 

M N O 



Fig. 2. 

that O and B shall lie upon that part, for instance with O 
at M and B dX N. If O B exactly coincides with M iV, 
A B is a. straight line. Illustrate by lines represented by 
wood, paper, or other material. 
A line is read by naming letters placed at its 

extremities, as line A B in Fig. 3; or by ^ 

naming a single letter placed upon it, 
as line O in Fig. 9. 

8. A broken line is a line made up of 
a succession of different straight lines, 
as ABODE, in Fig. 4. 

9. A curved line, or a curve, is a 
line no portion of which is straight, 
as C A in Fig. 5. ^^^5. 

ID. A plane surface, or a plane, is a surface such that 
if any two of its points be joined by a straight line the 
line lies wholly in the plane surface. If a carpenter 
wishes to determine whether or not the surface of a board 
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is a plane, he tries to place a straight edge so that at 
least two of its points touch the surface. If his straight 
edge lies continuously in the surface, it is a plane surface. 

11. A plane figure is a figure that lies wholly in the 
same plane. 

12. A plane figure, in which the lines are all straight 
lines, is a rectilinear figure. 

13. Magnitudes are figures considered only with refer- 
ence to extent. 

14. Geometry is the science that treats of points, 
lines, surfaces, and solids, and is concerned with the con- 
struction and measurement of geometrical figures. 

15. Plane geometry treats of plane figures. 

16. Solid geometry treats of figures which are not 
wholly in the same plane. 

Angles. 

17. When two straight lines meet or intersect, they 
contain, or make with each other, an angle. 

The two lines are the sides or arms of the angle, and 
the point of meeting is its vertex. 

(a) An angle can be read by naming the letter at the 
vertex of the angle between the letters upon the sides of 
the angle, as angle A BC or angle C B A 
in Fig. 6. When there is only one angle 
at a given vertex, it is sufficient to read 
the letter at the vertex, as angle B. When 
two or more angles have a common ver- 
tex, letters or figures are frequently placed 
near the vertex between the sides of the angles to des- 
ignate the anglds, as m and n in Fig 7. For example, 
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we say angle m instead of angle C B A, and angle n 
instead of angle CBD. 

(b) When a line, coincident with one 
side of an angle, revolves about the ver- 
tex remaining always in the same plane 
until it arrives at the position of the other 
side of the angle, the line turns through 
the angle, and the greater the amount of 
turning the greater the angle. ^^^' ^' 

{c) Hence the magnitude of an angle depends upon 
the amount of revolution necessary to turn a line through 
the angle. The length of the sides of the angle bears no 
relation to the size of the angle. The magnitude of an 
angle may be made clear by means of a pair of dividers, 
the legs of the dividers representing the sides of the angle 
and the hinge, the vertex. If the dividers are opened a 
given amount, a certain angle is represented; if from that 
position they are closed more or less, a smaller angle is 
represented; if they are opened farther, a larger angle is 
represented. 

((/) A line can turn through an angle in two direc- 
tions, hence there are two angles which have the same 
sides and the same vertex. 

For example, the side O B, in Fig. 8, can be made to 
turn through the angle w by a motion opposite to that 
of the hands of a watch, to the position O ^, or it can 
be made to turn through the angle 
n by a motion like that of the hands 
of a watch, to the same position 
OA. "{ 

Two angles which have the same " fig. 8. 




\n 
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sides and the same vertex are conjugate angles. When 
an angle is referred to, the smaller of the two conjugate 
angles is always meant, unless the other is specifically 
mentioned. 

(e) The diraction of a line is its position as determined 
by the angle it makes with a given line upon a given side 
of it. For instance, the direction northeast means a line 
which makes an angle of forty-five degrees with a north 
and south line on the east side of it. 

A surveyor indicates a particular direction when he says 
"south 17*^ 20' east." He means the line which makes 
an angle of 17® 20' with the north and south line on the 
east side of it. 

18. When the two sides of two conjugate angles lie 
in the same straight line, each conjugate angle is a straight 
angle; for example, the angle ^4 5 
in Fig. 9 is a straight angle. 



A- 



FiG. 9. 



The two sides of a straight angle form a straight 
line. 

19. Two angles which have a common 
vertex and one common side, and are on 
opposite sides of this common side, are 
adjacent angles. In Fig. 10, angles i and 
2 are adjacent angles. 

20. A right angle is an angle made by 
two straight lines which meet so that the 
adjacent angles formed are equal. In 
Fig. 10, if A O and B C meet so that 
the adjacent angles i and 2 are equal, 
angle i is a right angle; angle 2 is also 
a right angle. 




Fig. 10. 



O 
Fig. II. 
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21. An acute angle is an angle that is less than a right 
angle. In Fig. 12, B O C is an acute angle. . ^ 

22. An obtuse angle is an angle that is / 
greater than a right angle. In the same ^ o ^ 
figure, i4 O 5 is an obtuse angle. • ^^°* "* 

Acute and obtuse angles are oblique angles* 

23. A perpendicular line, or a perpendicular, is one that 
makes right angles with another line. In Fig. 11, ^4 O is 
perpendicular to B C, and 5 C is perpendicular to A O. 

24. A line is oblique to another line when it makes 
oblique angles with that line. The two lines are some- 
times called oblique lines. In the Fig. 12, 5 O is oblique 
to A C, and ^4 C is oblique to B O. 

25. When two lines intersect, the op- ^'^^-^-^s^,^^ 
posite angles are vertical angles. The ^...--^^^^^*^^\^ 
angles m and n are vertical angles; an- ^ ^^^ ^ 
gles p and are also vertical angles. 

26. Two angles are complementary if their sum 
equals one right angle. The angles are then comple- 
ments of each other. 

M If in Fig. 14 M B is perpendicular to 

A Dy angles i and 2 are com- 



E 




plements of each other. If 
B ^ angles A and B, Fig. 15, are 
^*^- ^^' together equal to one right 
angle, they are complements of each other. B 

27. Two adjacent angles that are com- 
plements of each other are complementary 
adjacent angles, as angles i and 2, Fig. 14. fig.is. 

28. Two angles are supplementary if their sum equals 
two right angles. The angles are then supplements of 
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each other. Angle i and angle A B C, in Fig 14, and 
the angles m and p, in Fig. 13, are supplementary angles. 
If in Fig. 15 the sum of angles A and B is equal to two 
right angles, A and B are supplementary angles. 

29. Two adjacent angles which are supplements of 
each other are supplementary adjacent angles* 

Logical Terms. 

30. A theorem is a truth which requires demon- 
stration. For example: // two straight lines intersect 
each other, the vertical angles are equal. ' 

31. The statement of a theorem is its enunciation, 
or the general enunciation. 

When a drawing is made to illustrate a theorem, the 
description of the drawing is the special enunciation. 

32. A theorem consists of two parts, the hypothesis 
and the conclusion. The conditional part of a theorem 
is the hypothesis. For example, in the above theorem 
the hypothesis is: **// two straight lines intersect each 
other,^^ The hypothesis is sometimes called the premises. 

The truth depending upon, or following from, the 
hypothesis is the conclusion. 

In the theorem stated in article 30, the truth, "/fee 
vertical angles are equal, '' depends upon the hypothesis, 
"// two straight lines intersect each other,^^ and is there- 
fore the conclusion. 

33. The demonstration! or proof, of a theorem is the 
course of reasoning by which the truth of the theorem is 
established. 

34. A problem is a question proposed for solution, or 
the statement of certain relations which are to be pro- 
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duced. For instance: To construct a line perpendicular 
to a given line at a given point. 

35. A proposition is a general term for a theorem or 
problem. 

36. A corollary is a proposition easily deduced from 
the proposition to which it is attached, with the aid, if 
necessary, of one or more previous propositions. 

37. A scholium is a remark upon one or more propo- 
sitions with respect to their applications, limitations, or 
connections. 

38. An axiom is a truth which, from its simplicity, 
must be admitted without demonstration: as, The whole 
0} anything is equal to the sum 0} all its parts. 

39. A postulate is a proposition whose solution, on 
account of its simplicity, is admitted to be possible: as, 
Let it be granted that a straight line can be drawn between 
two points. 

Axioms. 

40. I. Things which are equal to the same thing or 
equal things, are equal to each other. 

2. If equals arc added to equals the sums are equal. 
J, If equals are subtracted from equals the differences 
are equal. 

4. If equals are multiplied by the same number or by 
equals the products are equal. 

Corollary. — Doubles of equals are equal. 

5. If equals are divided by the same number or by 
equals the quotients are equal. 

Corollary. — ^Halves of equals are equal. 

6. If equals are added to unequals the sums are 
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unequal, and that sum is the greater which is obtained 
by adding to the greater magnitude. 

CosoLLASY. — li unequals are multiplied by equals the 
prrxlucts are unequal, and that product is the greater 
which is obtained by multiplying the greater magnitude. 

7, If equals are subtracted from unequals the dififer- 
ences are unequal, and that difference is the greater which 
is obtained by subtracting from the greater magnitude. 

Corollary, — If unequals are divided by equals, the 
quotients are unequal, and that quotient is the greater 
which is obtained by dividing the greater magnitude. 

8. If unequals are subtracted from equals the differ- 
ences are unequal, and that difference is less which is 
obtained by subtracting the greater magnitude. 

p. The whole is greater than any of its parts. 
JO. The whole is equal to the svun of all its parts. 

11, A straight line is the shortest distance between 
two points. 

12. If two straight lines have two points in common 
they are one and the same straight line. 

Corollary i. — ^Two straight lines can intersect in but 
one point. 

Corollary 2. — ^But one straight line can be drawn 
between two points. 

I J. Magnitudes which coincide are equal in all re- 
spects, and conversely, magnitudes which are equal may 
be made to coincide. 

14. Every magnitude has two halves or is equal to two 
halves of itself. 

Corollary. — Every magnitude, however small, may 
be divided into two or more parts. 
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75. If any magnitude, however small, is added to one 
of two equal magnitudes, and the same subtracted from 
the other, the results are unequal. 

16. There is only one shortest line between two points, 
between a point and a line and between two parallel lines. 

i'^. A magnitude which is less or greater than one of 
two equal magnitudes is less or greater, respectively, than 
the other. 

18. Only one line can be drawn through a given point 
parallel to a given line. 

Postulate i. — ^A line can be revolved about a given 
point until it embraces another point or takes the direc- 
tion of a line drawn through the given point. 

Postulate 2. — ^A figure can be thought of as being 
changed in position without making any change in the 
relation of its parts. 

Symbols and AbbrevlationB. 

41. j^ — angle Ax. — axiom. 

As> — angles Cons. — construction. 

_L — perpendicular Cor. — corollary. 

_Ls — perpendiculars Def. — definition. 

II — parallel Ex. — exercise. 

II s — parallels Auth. — authority. 

A — triangle Hyp. — hypothesis. 

As — triangles Rt. — right. 

O — parallelogram Sch. — scholium. 

Ds — parallelograms St. — straight. 

O — circle Sug. — suggestion. 

Os — circles Sugs. — suggestions. 

.'. — therefore. P. — Postulate. 
Q. E. D. — Which was to be demonstrated. 
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Proposition I.* 
42. Theorem. Two straight angles are equal. 

S 
C 1 D 



O 

— h- 



Let A B and C S D represent two straight angles. 
To prove that angle AO B is equal to angle C S D. 
Suggestion i. What kind of a liiie do the two sides of 
ZAOBiSrm? OlZCSD? / §18. 

2. Place ZlAOB so that point O lies upon 5, and 
another point of Une AO B upon line C S D. § 40, P. 2. 

3. Where does ^ ^4 O B lie ? Ax. 12. 

4. How then does the amount of revolution in turning 
through Z.AOB{%l^ c), compare with that in turning 
through ZCSD? Ax. i2>' 

Therefore — 

What is the hypothesis in this theorem ? 

What is the conclusion ? 

What is the general enunciation ? The special ? 

Ex. I. Given three points not in a straight line, how 

many straight lines can be drawn through them, each 

Une being drawn through two points ? 

* Note. — The pupil is expected to study the suggestions carefully, to 
follow the directions when directions are given, to answer the questions 
when questions are asked, and to give the authority on which the 
answers are based; then to review the whole demonstration in a consecu- 
tive manner, without the aid of the suggestions. To illustrate what is 
expected of the pupil, model demonstrations are given of a few proposi- 
tions, but no model should be consulted until after the proposition has 
been studied by means of the suggestions. The pupil will be more 
likely to avoid indefiniteness if he writes out all of his demonstrations for 
the first few weeks. 
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Model. 
Proposition I. 
Theorem. Two straight angles are eqtuil. 

A \ B 

s 

C 1 D 

Let A B and C S D represent two straight angles. 
To prove that angle A O B is equal to angle C S D, 

The two sides of Z i4 O B and Z C 5 1> form straight 
Unas. § 18. 

Place Z.AOB upon AC S D so that point O lies 
upon S and some other point of line ^ O 5, as ^4, lies 
upon a part of line C S D. § 40, P. 2. 

The lines ^4 5 and C S D coincide, and therefore are 
one and the same line. Ax. 12. 

.-. The ZAOB = ZCSD. .4x. 13, § 17 c. 

Therefore— Two straight angles are equal. Q. E. D. 



Ex. 2. Given four points, no three of which are in the 
same straight line, Ijow many straight Unes can be drawn 
through them if each line connects two of the four points ? 

Ex. 3. What is the greatest number of points in which 
three straight lines can intersect ? 

Ex. 4. What is the greatest number of points in which 
four straight lines can intersect ? 

Ex. 5. If an angle is a right angle, what is its supple- 
ment? 
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Proposition II. 

43. Theorem. One straight angle is equal to two 

right angles. 

M 



O 
Let A OB represent a straight angle. 

To prove that the angular magnitude AOBis equal to 
two right angles. 

Suggestion i. What kind of a line is ^4 O 5 ? § 18. 
2. Let M O represent a straight Une that makes equal 
angles with the line A B. Ax. 14. 

What kind of Zs are ^4 O M and M O 5 ? § 20. 

Therefore — 

44. A perpendicular is erected to a line when it is 
drawn perpendicular to the line from a point in the Une. 

45. A perpendicular is dropped to a line when it is 
drawn perpendicular to the line from a point without the 
line. 

Ex. 6. If an angle is two-thirds of a right angle, what 
is its supplement ? 

Ex. 7. If an angle is three-fourths of a right angle, 
what is its complement ? 

Ex. 8. The complement of angle x equals one-third of 
its supplement. Find what part of a right angle x is. 

Ex. 9. The supplement of angle x is two and one-half 
times its complement. Find x, the complement, and the 
supplement, each in terms of a right angle. 
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Proposition III. 

46. Theorem. At any point in a straight line one 
perpendicidar, and but one^ can be erected. 



-B 



o 

Let A B represent a straight line and any point in 
the line. 

First. — To prove that a perpendicular can be erected to 
ABatO. 

Suggestion i. Draw C O to meet A B dX O, making 
the two adjacent angles equal. Ax. 14. 

2. See § 20 and 23. 

Second. — To prove that but one perpendicular can be 
erected to A B at O. 



O 

Suggestion i. Represent a perpendicular Xo A B 2X O, 
as C O. § 46, Part I. 

2. How would Z.s i and 2 compare, if C O should be 
revolved either way, however little? Why? Ax. 15. 

J. ^s I and 2 would then be what kind of Z.s ? Auth. 

4. C O wQuld be what kind of line ? § 24. 

Therefore — 
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Model. 

Proposition III. 

Theorem. At any point in a straight line one per- 
pendictUar and only one can be erected. 



Let AB represent a straight line and any point in 
that line. 

First. — To prove that a perpendicular can be erected to 
ABatO. 

Let C O represent a line making two equal adjacent 
^s with i4 5 at O, as ^ I and ^ 2. Ax. 14. 

^s I and 2 are right ^s. § 20. 

CO is ± to A B. § 23. 

Therefore — ^At a given point in a line a perpendicular 
can be erected to the hne. Q. E. D. 



Second. — To prove that but one perpendicular can be 
erected to A B at O. 

Let C represent a perpendicular to A B at 0. 
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If C O is revolved ever so little about the point O, ^ i 
would be greater or less than Z.2. Ax. i^. 

Hence Z.s i and 2 would be oblique Z.s. § 22. 

C O would be an oblique line. § 24. 

Therefore — ^Not more than one perpendicular can be 
erected to a line at a given point. Q. E. D. 

47. Corollary. — Through the vertex af a given angle 
one and only one straight line which bisects the given 
angle can be drawn. 

Suggestion. — See method used in demonstrating the 
theorem. Axs. 14 and 15. 

Proposition IV. 

48. Theorem. AU right angles are equal. 

A 



0^0' 
Let A C and A' (V C represent any two right angles. 

To prove that angle AOC and angle A'O'C are equal. 

Suggestion i. Place Z.AOC upon A A^O^C so that 

A O lies upon A^O\ O upon O'. § 40, P. 2. 

2. Where does O C fall ? § 46. 

3. How then do Z 4 O C and Z A^O'C compare ? 

Ax. 13. 

49. Any magnitude is bisected when it is divided into 
two equal parts. 

50. Two figures coincide when each point of one lies 
in a corresponding point of the other. 
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Model. 
Proposition IV. 
• Theorem. AU right angles are equal. 
A A 





Let A C and A' 0' C represent any two right angles. 
To prove that angle AOCis equal to angle A'O'C. 
Place ZAOC upon Z il'O'C, A O upon A'O' with 
O upon O'. § 40, P. 2. 

Line O C falls upon line O'C. § 46. 

ZAOC coincides with Z A'O'C § 50. 

.-. Rt. Z 4 O C = Rt. Z A'O'C. Ax. 13. § 17 (c). 
Therejore^-AW. right angles are equal. Q. E. D. 

Proposition V. 
51. Theorem. // one straight line meets another 
straight line, the sum 0} the two adjacent angles 
formed is equal to two right angles. 

X 




B 

Let C B and A D represent any two straight lines 
which meet at a point, as B, forming two adjacent angles, 
as angles 1 and 2. 
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To prove that the sum of angles i and 2 is equal to two 
right angles. 

First. — Suppose ^s i and 2 are equal. 
Suggestion i. How many right angles are formed ? 

§20. 
Second. — Suppose ^s i and 2 are unequal. 

1. What kind oi ZisABD? § 18. 

2. Compare Z.i -\- A2 with AABD. 17 c, Ax. 13. 
J. See Proposition II. and complete the demonstration. 

Therefore — 

Query. — In Proposition V., what is the hypothesis? 
What is the conclusion ? 

52. Corollary i. — The sum of all the angles on one 
side of a straight line, having a common vertex in the line, 
is equal to two right angles. 

53. Corollary 2. — The total angular magnitude 
aboui a point is equal to four right angles. 



Ex. 10. If the angular magnitude about a point is 
divided into six equal angles, each angle is what part of 
a right angle ? 

Ex. II. If the angular magnitude about a point is 
divided into three angles, the second of which is twice 
the first, and the third is three times the first, how many 
right angles in each of the three angles ? 

Ex. 12. A line drawn perpendicular to the bisector of 
an angle at the vertex makes equal angles with the sides 
of the angle. 
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Model. 

Proposition V. 

Theorem. // one straight line meets another 
straight line, the sum of the two adjacent angles 
formed is eqtial to two right angles. 



c 




B 
LetCBmeet AD, atB. 

To prove thai the sum of angles i and 2 is equal to two 
right angles. 
First. — If ^s i and 2 are equal. 

Z I + Z 2 = 2 Rt. Zs. § 20. 

Second. — If Zs i and 2 are unequal. 

Z I + Z 2 = the St. Z i4 S Z>. 

§ 17 (c), Ax. 13. 

The St. Z 4 5 2> = 2 Rt. Zs. § 43. 

.-. Z I + Z J -^ 2 Rt. Z s. Ax. 1. 

Therefore — If one straight line meets another straight 

line, the sum of the two adjacent angles is equal to two 

right angles. 

Ex. 13. In Fig. 12, if angle COB is one-half of a 
right angle, angle A O B equals what ? 

Ex. 14. In Fig. 14, if angle i is one-third of a right 
angle, and angle 4 is three-fourths of a right angle, angle 
C B E equals what ? 
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Proposition VI. 
54. Theorem. // two straight lines intersect^ the 
vertical angles jormed are eqtial. 
A. 




Let A B and CD intersect at 0, forming the vertical 
angles m and n^ and 5 and p. 

To prove that angle m is equal to angle n. 

Suggestion i. Am-\- As = what ? Why ? 

2. Z5 + Z» = what? Why? 

J. Compare Z. m + Z. s and A n + As. Give auth. 

4. Compare A m and A n. Ax. 3. 

Therefore — 

In a similar manner compare A s and A p. 

Ex. 15. If there are three angles about a point, and one 
of them is equal to one and one-fifth right angles, and one 
to nine-tenths of a right angle, what is the magnitude of 
the other ? 

Note. — The student should make a careful study of the form and 
nature of a demonstration. In respect to fonn: first in order is the 
statement of the theorem or the igeneral enunciation, this should be fol- 
lowed by the application of the theorem to a figure or the special 
enunciation, then follows the proof, and finally the conclusion. 

In the special enunciation each feature of the theorem should be care- 
fully applied, close attention being paid, first, to what is given or known, 
and second, to what is to be determined. In the proof, each statement 
made should be based upon authority, which should consist of an axiom, 
a postulate, a definition, or a previously proved proposition. The student 
should stand ready to demonstrate all propositions used as authority. 
Care should be taken to see that these authorities exactly apply. 

The order of procedure in an original demonstration depends upon 
the use that can be made of what is given, in arriving at what is to be 
determined. 
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Model. 
Proposition VI. 
Theorem. // two straight lines intersect^ the verti- 
cal angles formed are equal. 
A" 




Let AB and CD intersect at 0, forming the vertical 
angles m and n* 

To prove that angle m equals angle n. 

Zfn+ Zs = 2Rt.Zs. § SI. 

Z « + Z 5 = 2 Rt. Zs. § SI. 

.*. Zm + Zs = Zn + Zs. Ax. i. 

.'. Am- An. Ax. 3. 

Query. — In this proposition, which is the special enun- 
ciation ? Which the general ? Which the h)rpothesis ? 
Which the conclusion ? 

Polygons. 

55. A polygon is a portion of a plane 
bounded by straight hnes; as M N O, 
etc., in Fig. i. 

56. The bounding lines are the sides 
of the polygon, and their sum is the 
perimeter of the polygon. 

57- The angles formed by the sides of 
the polygon on the side of the inclosed 
space, are the interior angles of the poly- 
gon, as angle B A E in Fig. 2. 
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58. An angle formed by one side of the polygon and 
an adjacent side extended, is an exterior angle of the 
polygon; as angle h in Fig. 2. 

59. The vertices of the interior angles of a polygon 
* are the vertices of the polygon. 

60. A straight line joining any two vertices, not adja- 
cent, is a diagonal of a polygon; as £ C in Fig. 2. 

61. If there is no ambiguity, a polygon may be read by 
naming any two vertices not adracent* 2iS A D, B Dj 
M P, etc. 

62. Polygons are classified according to the ^number 
of their sides. The least number of sides a polgyon can 
have is three. 

63. A polygon of three sides is a triangle. 

64. A polygon of four sides is a quadrilateral. 

65. A polygon of five sides is a pentagon. 

66. A polygon of six sides is a hexagon, etc. 

67. An equilateral polygon is a polygon all of whose 
sides are equal. 

68. An equiangular polygon is a polygon all ot whose 
angles are equal. 

69. A convex polygon is a polygon no side of which, 
if extended, enters the space inclosed by the perimeter of 
the polygon; 2iS A BC, etc.. Fig. 2. 

70. A concave polygon is a polygon, two or more 
sides of which, if extended, would enter the space inclosed 
by the perimeter of the polygon; as a 

Fig. 3. If either A B or B C is ex- >/A d c 
tended through B it would enter the ^ "^ 

space inclosed by the perimeter of the 

polygon. Fig. 3. 
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71-. TTbte arvglie ABC in thif £g"jjE- is a 1 

72. A ira^ aaB^ed Imagle, or a ilg^ tnamg^ is a 
"^jiTj^itr 'CtGit rA yrhose ^r)^f<. is a rigii angle, 

i Tift- Hidt ox»pQs:i£ lie rigiii angle is lite Itjfotaniae. 
*^ Tbtr c<±itT twro ades aie the legs of the triangle, 

73. A:3 scaste ao^led triangle^ or an mcatt triang^, is 
ai lrl<;r:i^ all of whose angles are acute, 

74. An o^lMiise aae^ed triangle, or an obtnse tnang^e, 
k a triar-^ oiie of whose angles is obtuse. 

75- At-ute or obtuse triangles aie sometimes called 
0iSque trianglfig. 

7&«* A scalene triangle is a triangle no two sides of 
Tftrjicli ane equaL 

77. An isosceles triangle is a triangle which has two 
eq"Jal sHes. The equal sides are the legs of the triangle. 

78* A triangle which has all three sides equal is an 
equilateral triangle. 

79. The taae of a triangle is a selected side or the 
s;de upon which it is supposed to stand. The angle 
which is opposite the base is the vertical angle or the 
vertex of the triangle. Generally, any side may be taken 
as the base, but in an isosceles triangle that side which is 
not one of the two equal sides is alwaj^ considered the base. 

8o* The altitude of a triangle is the per- ^ 
pendicular from the vertex to the base or the 
base extended. 

Note. — ^The word altitude may refer to the line or to the 
length of the line, expressed in terms of some unit. The 
context will determine which use is intended. 

81. The median line, or median of a triangle, 
is a line drawn from the vertex to the middle F1G.4. 
of the opposite side. A B is the median, in Fig. 4. 
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Proposition VII. 

82. Theorem. // two triangles have two sides 
and the included angle of one, equal to two sides and 
the included angle of the other, each to each, the 
triangles are equal in all respects. 





Let ABC and DBF represent two triangles, in which 
A B is equal to D £, B C is equal to £ F, and angle B is 
equal to angle £• 

To prove that triangles ABC and D EF are equal in 
all respects. 

Suggestion i. Place A A B C upon A D EF, so that 
point B is upon E and line B C lies in E F. § 40 P. 

Where does point C fall ? Why ? 

2. What direction does B A take with respect to ED ? 

§ 17 (e). 

3. Where does the point A he ? Why ? 

4. Points C and A being located, where, with respect 
to D F, does the Une A Clie? Ax, 12, Cor. 11. 

5. What, now, is the position oi A A B C with respect 
to AD EF? § 50. 

6. How, then, does A A B C compare with A D EF? 

Ax. 13. 
Therefore — 
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PROPOSITION Vn. 

Theorem* // two triangles have two sides and 
the included angle of one, equal to two sides and 
the included angle of the other, each to each, the 
triangles are equal in all respects. 




Let ABC and D E F represent two trianglesy in which 
AB is equal to DE, BC is equal to £F, and angle Bis 
equal to angle E. 

To prove that triangles ABC and D EF are equal in 
a I respects. 

Place A A BC upon ADEF, so that B is upon E 

and B C lies in £ i^. § 40, P. i. 

C falls upon F. (BC =E F.) 

. B A takes the d rection oiED, (ZB =ZE.) § 17 (e). 

A falls upon D. (B A = E D.) 

A C coincides with D F. Ax. 12 Cor. 2. 

.'.A ABC = ADEF. Ax.i^.Q.E.D. 

Note. — The method of proof in this proposition is the met.:od of 
superposition, and consists in mentally placing one figure upon the other 
and finding that they exactly coincide. 
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Proposition VIII. 

83. Theorem. 7/ two triangles have two angles 
and the incltided side of one, equal to two angles and 
the included side of the' other, each to each, the tri- 
angles are equal in all respects. 





c E 



Let ABC and DBF represent two triangles, having 
BC equal to EF, angle B equal to angle £, and angle 
C equal to angle F. 

To prove that triangles ABC and D EF are equal in 
all respects. 

Suggestion i. Place A ^4 5 C upon h. D EF, so that 
B falls upon £, and BC on EF. Where does C fall ? 
Why? 

2. What direction does B A take ? Why ? 

J. Where does A fall ? Why ? Sug. 2. 

4. What direction does C A take ? Why ? 

5. Where, now, does the point A fall ? Sugs. 2 and 4. 
(5. Then how does A ABC compare with ADEF? 

Ax. 13. 

Therefore — 

84. Scholium. In equal triangles, equal angles lie 
opposite equal sides, and equal sides Ue opposite equal 
angles. 
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Proposition IX. 

85. Theorem. The angles opposite the equal sides 
of an isosceles triangle are eqiml. 




Let ABC represent an isosceles trlanglOi AB being 
equal to AC. 

To prove that angle B is equal to angle C. 

Suggestion i. Let A M he drawn to represent a bisec- 
tor oiAAy and be extended until it meets B C, as at M, 
2. Compare A ABM with A ACM. § 82. 

J. Compare A B with AC. § 84. 

Therefore — 



Ex. 16. If a straight line bisects one 
of a pair of vertical angles, prove that 
it bisects the other also. 

li M N bisects A AODy prove 
that it bisects ACO B\ that is, that 

^3 = ^4. 

Ex. 17. Let M represent a swamp 
or pond. Required to find the dis- 
tance A B. 
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Model. 
Proposition IX. 

Theorem. The angles opposite the equal sides 
of an isosceles triangle are equal. 




Let ABC represent an isosceles triangle, AB being 
equal to AC. 

To prove that angle B is equal to angle C. 

Let A Mhe drawn to represent the bisector oi ^A, and 
be extended to meet B C, as at M, 
In As ABM 2ind AC M, 

AB =AC. Hyp. 

^2 = ^3. Cons. 

A M = A M. Ax. 13. 

.-. A ABM = AACM. §82. 

Therejore: ZB = ZC. § 84. 

Q. E. D. 

Ex. 18. If the equal sides of an isosceles triangle are 
extended beyond the base, prove that the exterior angles 
formed with the base are equal. 
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Proposition X. 

86. Theorem. // a perpendicular be erected at 
the middle point of a straight line, the distances from 
any point in the perpendicular to the extremities of 
the line are equal. 




A B C 

Let A C represent any line, B its middle point, B a 
perpendicular to AC at B, and any point in the per- 
pendicular. 

To prove that O A is equal to O C. 
Suggestioni, In As 5^4 and OBC, what parts 
are equal, each to each ? Why ? 

2. How do As O -B i4 and OBC compare ? ' § 82. 

3. How, then, do O -4 and O C compare ? § 84. 
Therefore — 

Ex. 19. Points, in the sides of an isosceles triangle, 
equidistant from the extremities of the base, are equidis- 
tant from the vertex. 

Ex. 20. Prove that the line whch bisects the vertical 
angle of an isosceles triangle bisects the triangle. 

Ex. 21. Prove that the bisector of the vertical angle of 
an isosceles triangle bisects the base, and is perpendicu- 
lar to the base. §s 23 and 20. 
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Proposition XI. 

87, Theorem. Any side 0} a triangle is less than 
the sum of the other two. 




Let ABC represent any triangle. 

To prove that any side, as A B, is less than the sum oj 
the other two. 

Suggestion: Which represents the shorter distance from 
A to B, that by way of the line A B, or that by way of the; 
lines AC SindCB? Why ? Ax. 11. 

Therefore — 

Ex. 22. If two straight lines intersect and one of the 
angles formed is a right angle, all of the angles are right 
angles. 

Ex. 23. A line which is perpendicular to the bisector of 
an angle makes equal angles with the sides of the angle, 
(i) if drawn through the vertex (Ex. 12); (2) if drawn 
through aixy other point of the bisector of the angle. 

Ex. 24. Prove that an equilateral triangle is also equi- 
angular. 

Ex. 25. If the middle points of the sides of an isosceles 
triangle be joined by straight lines another isosceles 
triangle is formed. § 82. 
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Proposition XII. 

88. Theorem. If a perpendicular he erected at 
the middle point of a straight line^ the distances 
from a point not in the perpendicular to the extremi- 
ties of the line are unequ^. 
A 




Let B C represent any straight line, H its middle point, 
M a perpendicular to B C at the point H, A any point 
not in the perpendiculari and A B and A C lines drawn from 
A to the extremities of the line B C. 

To prove that A B and A C are unequal. 

Suggestion i. Let O be the intersection of A B, and 
the perpendicular. Draw the line O C. 

2. Compare A C with AO +0C. § 87. 

3. Compare O C with OB. § 86. 

4. Compare OC +0A with O B + O A. Ax. 2. 

5. Compare A C with A B. Ax. 17. 
Therefore — 

Query: Why draw the line OC? 
Draw the figure so that A C crosses O M, and prove 
the proposition. 

Ex. 26. Prove that the bisectors of two supplementary 
. adjacent angles are perpendicular to each other. Ax. 5. 
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Propositton XIII. 
89. Theorem. Two triangles^ having the three 
sides 0} one equal, respectively, to the three sides of 
the other, are eqticU in all respects. 

A D A 




Let ABC andDEF represent two triangles, having 
AB equal to DEy AC equal to DF, and BC equal to £F. 

To prove that triangles ABC and D E F are equal 
in all respects. 

Suggestion i. Place A D EF upon A A BC, so that 
the longest side, D F, of A D EF, coincides with the 
longest side, A C, oi A A B C, D upon A, and F upon 
C, but the point E upon the opposite side of A C, ■rom 
B. Draw B E. 

2. In A A B E, compare A B with A E. Give auth 

J. Compare A i with A 2. § 85. 

4. In AQB E, compare ^3 with Z. 4. Give auth. 

5. Compare A B with A E, Ax. 2. 

6. Compare A ABC with A A EC. § 82. 

7. Then how does A ABC compare with AD EF? 
Therefore — 

90. The premises of a proposition are he conditions 
given upon which the conclusion is based. 
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91. The convene of a given proposition is a proposition 
which has the conclusion of the given proposition for 
one of the piemises, and a premise of the givoi proposi- 
tion for the conclusion. 

Proposition X/ V-, separated into premises and conclu- 
sion, may be stated: 

Premises: The sum of two adjacent an^es is equal to 
two right angles. 

Conclusion: The exterior sides form a strai^t line. 

Proposition XIV., is the converse of Proposition F., 
which, separated into premise and conclusion and inter- 
preted in the language of Proposition XIV., may be 
stated: 

Premises: Two adjacent angles have a strai^t line for 
their exterior sides. 

Conclusion: The sum of the an^es is equal to two 
right angles. 

92. When a proposition is proved to be true^ it does 
not necessarily follow that its converse is also true. 



Ex. 27. K il jB C is an equilateral trian^e, and 2>, £, 
and P are points in the sides A By BC, and C A, respec- 
tively, such that il X> is equal to jB £ and to CF, prove 
that triangle D EF is equilateral 

Ex. 28. If the straight line that joins the vertex of a 
triangle with the middle point of the base is perpen- 
dicular to the base, the triangle is isosceles. 

Ex. 29. Prove that a line drawn from the vertex of an 
isosceles triangle to the middle of the base, (i) bisects 
the triangle, (2) bisects the vertical angle, (j) is perpen- 
dicular to the base. 
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Proposition XIV. 

93. Theorem. // the sum of two adjacent angles 
is equal to two right angles, their exterior sides form 
a straight line. 



B 




o 

Let 0A| OB, and OC be any three straight llnesy 
which meet to form two adjacent angles S and BOC, 
whose sum is equal to two right angles. 

To prove thai the exterior sides, O A and O C, form a 
straigh' line. 

Suggestion i. A O C is either a straight line or a 
broken line. To determine which of these suppositions 
is true, represent an extension of O -4, as O M. 

2. How many rt. Zs in Z S + Z B O M ? Why? 

J. How many rt. Zs in Z S + Z B O C ? Why? 

4. Compare the sum of Z S + Z B O M, with the 
sum oi ZS + ZBOC. Give auth. 

5. Compare ZBOC with ZBO M. Give auth. 

6. Since the equal Zs B O C and BOM have the 
common vertex O, and the common side O B, and since 
O C and O M are on the same side of O B, where does 
O Clie with respect to O M ? Why ? 

7. O Af in an extension of O -4. Cons. 
What relation does O C sustain to O A ? 

Therefore — 
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Model. 
Proposition XIV. 
Theorem. // the sum of two adjacent angles is 
eqt al to two right angles, their exterior sides form a 
straight line. 




Let 0A| OBy and 0C| be any three straight lines, 
which meet to form two adjacent angles, S andBOC, 
whose sum is equal to two right angles. 

To prove thai the exterior sideSy O A and O C, form a 
straight line. 

The line ^4 O C is either a straight line or a broken Une. 

Draw O M an extension of O -4. 

Z 5 + Z 5 O M = 2 rt. Zs. § SI. 

Z 5 + Z 5 O C =- 2 rt. Zs. Hyp. 

.\AS + ZBOM=^ZS + ZBOC. Ax.i. 

.\ZBOM=^ZBOC. Ax. 3. 

Since the equal Zs BOM and BO C have a 
common vertex and the common side O B, and since 
O C and O M are on the same side of O 5, O C must 
he upon O M. § 17 (e). 

A O M IS di straight line. Cons. 

O C lies upon O M. 

.'. i4 O C is a straight line. 

Therefore — If the sum of two adjacent angles equals 
two right angles, their exterior sides form a straight Une. 
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Ex. 30. Two angles are complements of each other, 
and the greater exceeds the less by 38 degrees. What 
are the angles ? 

Ex. 31. If two straight lines bisect each other at right 
angles, any point of either is equidistant from the extremi- 
ties of the other. § 86. 

Ex. 32. In the isosceles triangle A BC, M and N 
are in the base B C, so that angles B A M end CAN 
are equal. Prove triangle B A M is equal to C A N. 

Proposition XV. 

94. Theorem. One perpendicular, and only one, 
can be dropped from a point to a line. 

A P 



M- 



o 



-N 



Let C D represent any straight line, and A any point 
without the line. 

Case I. To prove that one perpendicular can be 
dropped from A to the line C D, 

Suggestion i. Draw any straight Une M N, and at 
any point of this line O erect the J_ O P. § 46. 

2, Place the line M N upon the Une C D and move 
it back and forth in C Z>. OP must at some time em- 
brace point A. 

Then O Pis L to CD from point A. 

Therefore — 



^ 
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Let AO f^WMt ic fgydiadar iiiiffmil fit Hie 
foist A to Ibe line CD. § 94 Case I. 

Case IL Tc? prove thai no other pcrpcndkular can he 
dropped from the point A to the line CD. 

Suggestion 1. If another JL can be dropped, let it be 
represented by A M. 

2. Extend O A\,o B^ making OB = O -4, and connect 
U and B. 

J- Compare A -4 O J/ with A B O Jf . Give auth. 

4. Compare Z. P with ^ Q. G\\e auth. 

5. If by construction ^ P is a rt. ^, what is ^ Q ? 
Is line A M B ^, straight or a broken Kne ? Why ? § 93. 

6. Then how many straight Knes are drawn from 
AtoB? 

J. What, then, do you conclude about the statement 
that A M B is 3, straight line ? Why ? Ax. 12, Cor. 2. 

S, What do you conclude as to the possibility of ^ if 
being a i. from A to CD? Why ? Sug. i. 

g. Then, how many _Ls can be dropped from a point 
to a straight line ? 

Therefore — 

Ex. 33. The supplement of an acute angle is how much 
more than the complement of the same acute angle ? 
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Model. 
Proposition XV. 
Theorem. Only one perpendicular can he dropped 
from a given point to a line, 

A 




Let A represent one perpendicular dropped from the 
pomt A to the line C D. 

Case II. To prove that no other perpendicular can be 
dropped from the point A to the line C D. 

If another J. can be dropped let it be represented by 
AM. 

Extend O A to B, so that O A = O B, and connect 
M and B. 

In A AOM 8ind BOM, O A = O B. 

OM =0M. 

ZR = ZS, 

.'.ABOM =AAOM. 

.•.ZP=ZQ. 

Since by hypothesis P is a rt. 2^, Q is a rt. Z 

.'. A M B is a, straight line. 

But A O B is Si straight line by construction. 

.\ A M B is Si broken Une. Ax. 12, Cor. 2. 

.-. AM is not ±to C D. 

.'. But one J_ can be dropped from a point to a Une. 

Q. E. D. 



Cons. 
Identical. 

§48. 
§82. 

§84. 

Ax. I. 
§93- 
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95- It is often convenient to express the magnitude of 
an angle in some other way than by using a right angle 
as the unit. To obtain another unit a right angle is 
divided into ninety equal parts, called degrees. The 
magnitude of an angle may, then, be expressed by stating 
how many degrees the given angle contains. 

96. Theorem. Complements of equal angles are 
eqtml. 

97. Theorem. Supplements of equal angles are 
equal. 

Note. — In elementary Geometry only acute angles have comple- 
ments, but either acute or obtuse angles may have supplements. 



Ex. 34. If one of two supplementary adjacent angles 
is bisected, a perpendicular to the bisector through the 
vertex bisects the other angle. 

Ex. 35. If the bisectors of two adjacent angles are 
perpendicular to each other, the angles are supplements 
of each other. 

Ex. 36. How many degrees in a straight angle ? In 
all the angular magnitude about a point ? 

Ex. 37. How many degrees in the supplement of two- 
thirds of a right angle ? 

Ex. 38. How many degrees in an angle whose comple- 
ment equals one-fourth of its supplement ? 

Ex. 39. The supplement of ten degrees is how much 
more than the complement of ten degrees ? 

Ex. 40. The straight lines bisecting the equal angles 
of an isosceles triangle and terminating in the sides, are 
equal. §83. 
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Proposition XVI. 

98. Theorem. Two right triangles which have 
the hypotenuse and an adjacent angle of one, eqtial to 
the hypotenuse and an adjacent angle of the other, 
each to each, are equ^l in all respects. 





c E 



Let ABC and D E F represent two right triangles, hav- 
ing the hypotenuse AB «qual to the hypotenuse DE, and 
angle A equal to angle D. 

To prove that triangles ABC and D E F are equal in 
all respects. 

Suggestion i. Place A -4 B C upon A D EF, so that 
A B coincides with Z> E, 4 upon D, and B. upon E. 
2. What direction does A C take? Why? § 17 (e). 
J. Where does the point C fall? Why? 

4. Since B C and E F are both J. to the line D F, 
from point E where does B C lie ? Why ? § 94. 

5. Where does point C fall ? Why ? Sugs. 2 and 4. 

6. How, then, do the two As compare? Why? 
Therefore — 

Note. — In the answer to suggestion 3, it will be seen that C must lie 
somewhere in the line D F, and, in the answer to Suggestion 5, C must 
lie somewhere in the line E F. Hence, in the answer to Suggestion 5, 
C can be exactly located. 
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Proposition XVII. 

99. Theorem. Two right triangles which have 
the hypotenuse and a side of one^ equal to the hypot- 
enuse and a side 0} the other, each to each, are equal 
in all respects, 

ADA 






B F EC B F 

Let A B C and D E F represent two right triangles, hav 
ing the hypotenuse A C equal to the hypotenuse D F, and 
the side A B equal to the side D E. 

To prove that triangles ABC and D EF are equal in 
all respects. 

Suggestion i. Place the triangles so that A B coin- 
cides with D E, A upon D, and B upon E, with the 
vertices, C and F, on opposite sides of A B. 

2. Is C B F a, straight or broken line ? Why ? § 93. 

J. What kind of slu A is A C F ? Why ? 

4. Compare Zs C and F. § 85. 

5. Compare As A B C 2ind A B F, A B C smd D EF. 
Therefore — 

100. Name all the methods of determining the equal- 
ity of triangles that have been demonstrated. Name those 
that relate to right triangles. 

How many parts of a triangle must be equal in order 



1 
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to make the triangles equal? Suppose the three angles 
of one triangle equal the three angles of another triangle, 
each to each, how do the triangles compare in equaUty ? 

101. Straight lines, in the same plane, that do not and 
cannot meet, however far extended, are parallel lines. 

Proposition XVIII. 

102. Theorem. Two lines ^ which are per pen- 
dicular to the same line, are parallel. 

E 



A- 



B-£- 



-c 



Let A C and B D represent two lines, each perpendicular 
to the same line, EF, at the points E and F respectively. 
To prove that A C'and B D are parallel. 
Suggestion i. A C and B D either meet or do not meet. 
2. If they -meet, let O represent the point of meeting. 
J. Compare the assumption that they meet at O with 

§94- 

4. Do the lines A C and B D meet ? 

5. See § loi. 
Therefore — 

Ex. 41. Through two points an inch apart draw two 
parallel lines. Sug, Use corner of card or sheet of paper. 

Ex. 42. If two vertical angles are bisected by two 
straight lines, prove that the bisectors a^ ^c 

together form one and the same straight 



line. Prove that iV O Af is a straight 

line. D^ ^B 
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103. A transversal or secant line is a line which 
crosses two or more lines; as the line A B, 

A 

D 




B 
When a transversal cuts two lines eight angles are 
formed, viz,^ the angles i to 8 in the figure. 

104. The interior angles are those within, or between, 
the lines; as 3, 4, 5 and 6. 

105. The exterior angles are those without the lines; 
as I, 2, 7 and 8. 

io6. Alternate interior angles are pairs of non-adja- . 
cent interior angles on opposite sides of the transversal; 
as 3 and 6, 5 and 4. 

107. Alternate exterior angles are pairs of non-adja- 
cent exterior angles on opposite sides of the transversal; 
as I and 8, 2 and 7. 

108. Corresponding angles are pairs of non-adjacent 
angles on the same side of the transversal, one exterior 
and one interior; as 2 and 6,4 and 8, etc. 




Ex. 43. Draw parallel and transversal 
lines so as to illustrate all kinds of angles 
that have been defined. 

Ex. 44. If B is the middle point of the side B C, of 
triangle ABC^ and B E and C F are the perpendiculars 
from B and C to A Dy and A D extended, prove that 
£ £ is equal to C JF, § 98. 
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Proposition XIX. 

109. Theorem. // one of two parallel lines is 
perpendicular to a given liney the other one is perpen- 
dicular to the same line. 

A 

E 



F 

M 



O 



-D 



B 



Let EC and FD be two parallel lines, and let EC be 
perpendicular to AB. 

To prove that F D is perpendicular to A B. 

Suggestion i. From some point in F D, as O, draw 
O M to represent a J. to -4 5. 

2. What relation does O M sustain io EC? § 102. 

J. What relation does F D sustain to EC? Hyp. 

4. What relation does M O sustain to F D? Ax. 1%. 

5. Then what relation does F D sustain to A B? 
Why? Sug. I. 

There jore — 

Of what theorem is this the converse ? 



Ex. 45. The perpendiculars from the extremities of the 
base of an isosceles triangle to the opposite sides, are 
equal. 

Ex. 46. If two lines, A B and C D, intersect in the 
point O, and if the lines A C and £ D be drawn, A B + 
C D is greater than A C + B D. 
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PKOPosmox XX. 

no Tbeonm. Ij hiv linrs are paraUd to the 
same line, they are paraUd to each other, 
M 



A' 
C- 



-B 
-D 



S 
LetAB and CD each be parallel to EF. 

To prove A B and C D are parallel. 
Suggestion i. Draw MN ^^XoEF. 

2. How is JfiV related to C2>/ 'YoAB? Why? §109. 

3. How are ^1 5 and CD related? Why? § 102. 
Therejore — 

PROPOSinoN XXI. 
III. Theorem. // two paraUd lines are cut by a 
transversal^ the alternate interior angles are equal. 

A 
c /e 




Let MR and RP represent two parallel lines cut by the 
transversal A B. 

Case I. To prove that the alternate interior angles 4 
and 3 are equal. 
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Suggestion i. Through O, the middle point of E F, 
draw C D ± to N P. 
2. What relation does C D sustain to M R? Why ? 
J. Compare As O F D and O EC. Give auth. 
4. Then, how do ^s 4 and 3 compare ? Why ? § 84. 

Case II, To prove that the alternate interior angles 6 
and 5 are equal. 

Suggestion L ^4 + ^6=^5 +^3. Why ? 
2. Compare ^s 6 and 5. 
Therefore — 

Proposition XXII. 

112. Theorem. // two parallel lines are cut by a 
transversal, the corresponding angles are equal. 




Let C D and £ F represent two parallel lines, cut by the 
transversal AB. 

To prove that the corresponding angles 2 and 6y or 3 
and 7, etc.j are equal. 

Suggestion: See §111. 



Ex. 47. In Proposition XIII., place two equal shorter 
sides upon each other, as -4 B upon D E, connect C and 
F, and demonstrate the proposition. Ax. j. 
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Proposition XXIII. 

113. Theorem. // two parallel lines are cut by a 
transversal^ the interior angles on the same side 0} 
the transversal are supplements of each other. 




B 

Let C D and E F represent two parallel lines cut by the 
transversal AB, and let 4 and 6 be two interior angles on 
the same side of A B. 

To prove that angles 4 and 6 are supplements 0} each 
other. 

Suggestion i. Compare ^s 3 and 6. Give auth. 
2. Compare ^s 3 and 4. § 28. 

J. How, then, does ^ 6 compare with ^ 4 ? Why ? 
Therefore — 

Note. — Several different methods of demonstration should be 
worked out in Propositions XXII and XXIII. 



Ex. 48. The Hne joining the vertices of two isosceles 
triangles, on opposite sides of the same base, bisects the 
base and is perpendicular to it. 

Suggestion: Method used in § 89. 

Ex. 49. If a perpendicular is dropped from the vertex 
of an isosceles triangle to the beise, prove (i) that it 
bisects the base; (2) that it bisects the vertical angle; 
and (3) that it bisects the triangle. 
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Proposition XXIV. 

114. Theorem. // two straight lines are cut by 
the transversal^ so that the alternate interior angles 
are equals the lines are parallel. 



Let AB and C D be two straight lines, cut by the trans- 
versal £ Fy so that angles B F and 1 are equal. 

To prove that A B and C D are paralleL 

Suggestion i. Through O, draw RS \\ to C D. 
2. Compare Z.S O F with 2L i. Give auth. 
J. Compare Z.BO F with Z. i. Give auth. 

4. Compare ZSOF with ZBOF. Give auth. 

5. Since Zs S O F and BO F are superimposed and 
have one side and the vertex common, what relation 
must O S and O B sustain to each other? § 17 (e). 

6. Since RS is, by construction, || to CJD, what 
relation does A B sustain to C D ? Why ? 

Therefore — 

Of what proposition is this the converse ? 



Ex. 50. If two parallel lines are cut by a transversal, 
prove that the alternate exterior angles are equal. 
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Theorem. // two straight lines are cut by a 
transversal, so that the alternate interior angles are 
equal, the lines are parallel. 

Let AB and C D be two straight lines, cut by the trans- 
versal £ F) so that angles B F and 1 are equal. 

To prove that A B and C D are parallel. 

Through O, draw RS to represent a line || to C D. 
TheZ50i^ = Zi. §111- 

ZBOF = Zi. Hyp. 

.-. ZSOF = ZBOF. Ax.i. 

ZSOF = BO F SLTid OF is common, therefore O S 
and O B coincide. § 17 (e). 

But O 5 is II to C Dy hence .4 B is || to CD. Q. E. D. 

Review. 

If parallel lines are cut by a transversal, what pairs of 
angles are equal ? 
How may we know lines are parallel ? Name two ways. 
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Proposition XXV. 

115, Theorem. // two straight lines are cut by a 
transversal so that the corresponding angles are 
equal, the two straight lines are parallel. 



Let AB and CD represent two straight lines cut by the 
transversal £ F so that the corresponding angles £ A 
and 1 are equal. 

To prove that A B and C D are parallel. 

Suggestion i. Through O, draw RS io represent a line 
II io CD. 
2. Compare Z.EO R with Z. 1. Give auth. 
J. Compare AEO A with 2L i. Give auth. 

4. Compare Z.EO R with Z.EO A. Give auth. 

5. What relation does O A sustain to O i2 ? 

6. Since R S is, by construction, || to C £>, what rela- 
tion does A B sustain to C D? Why ? 

Therefore — 

Query: If ^ j is a rt. -Z, what previous theorem 
does XXV become ? 



Ex. 51. In the figure for § 112, compare angles i and 
6; also angles 4 and 7. 
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Proposition XXVL 

ii6. Theorem. // two straight lines are cut by a 
transversal so that the interior angles on the same 
side of the transversal are the supplements of each 
other, the two straight lines are parallel. 

E 

"-- =-2L_ B 

D 




Let AB and C D represent two straight lines cut by the 
transversal £F so that angles AOF and ERG are 
supplements of each other. 

To prove that A B and C D are parallel. 
Suggestion i. Through O, draw RS to represent a line 
II to CD. 
2. Compare A AOF with ZROF. (See method in 

§ IIS.) 

Complete the demonstration. 

Therefore — 

Query: If you were to construct a line parallel to a 
given line, how would you do it ? 

Ex. 52. In Fig. for § 103, if angle i contains 47J degrees, 
how many degrees in angle 4 ? in angle 2 ? in angle 8 ? in 
angle 6 ? in angle 5 ? if angle 3 contains 39 degrees, how 
many degrees in angle 6 ? in angle 8 ? in angle 7 ? in 
angle 5 ? Give gfuthority for each statement. 
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Proposition XXVII. 
117. Theorem. Two angles which have their sides 
respectively parallel and extending in the same direction, 
or in opposite directions, from their vertices are equal. 





Let A and B represent two angles whose sides are re- 
spectively parallel and extend In the same direction from 
their vertices; and A and B' two angles whose sides are 
respectively parallel and extend In opposite directions 
from their vertices. 

To prove angles A and B eqtialj also angles A and -B'. 

Suggestion: Extend a side of one angle until it meets a 
side, or an extended side of the other. Complete the 
demonstration. ^ 

118. Opposite Interior angles of a tri- 
angle are the two angles of the triangle 
not adjacent to the exterior angle of the /^ 

triangle, as ^s A and C. ^n is an exterior A, § 58. 

* 

Ex. 53. The perimeter of a triangle is less than twice 
the sum of the medians. 

Ex. 54. In what kind of triangle does the bisector of 
the vertical angle coincide with both the median to the 
base and the perpendicular from the vertex to the base ? 
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Proposition XXVIII. 

iig. Theorem. An exterior angle of a triangle is 
eqtwl to the sum of the opposite interior angles. 



Let ABC represent a triangle, D AC an exterior angle, 
and B and C the opposite interior angles. 

To prove^ thai angle D AC is equal to the sum of angles 

B andC. 

Suggestion i. Through the vertex A draw a line M N 
II to BC. 
2. Compare ^ i with A B. Give auth. 
^?. Comimrc ^ 2 with A C. Give auth, 
4. Compare ZDAC with ZB + ZC. Give auth. 
Thtrcjort — 

Proposition XXIX. 

lao* Theorem, The sum of the ifUerior angles of 
trhWj^h is tqml to txoo riglU angks 

A 




Let ABD n^pretent a triangle. 
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To prove thai the sum of angles A, B, and i is equal to 
two right angles. 

Suggestion i. Extend one of the sides, as B D. 
2. Compare ^s 1+2 with ^s 1 + A + B, 
Therefore — 

121. Corollary I. A triangle can have only one ob- 
tuse angle. 

122. Corollary II. Every right triangle has two acute 
angles, each of which is the complement of the other. 



Proposition XXX. 

123. Theorem. // two triangles have two angles 
of one equal respectively to two angles of the other, 
the third angles are equal. 




Let ABC and A'B'C represent two triangles, having 
angles A and A' equals also angles B and B'. 

To prove that angles C and C are equal. 

Suggestion: See § 120. 

124. Corollary. // two right triangles have an acute 
angle of one equcU to an acute angle of the other, the remain- 
ing acute angles are equal. 
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Proposition XXXI. 

125, Theorem, // two right triangles have a side 
and the opposite angle of one equal to the corre- 
sponding side and opposite angle of the other respec- 
tively, the right triangles are eqtial in all respects. 




Let ABC and DEF represent two right triangles, in 
which A C is equal to D F, and angle B is equal to angle E. 

. To prove that triangles ABC and D EF are equal in 
all respects. 

Suggestion: Compare As A and D. § 123. 

Complete the demonstration. 
Therefore — 

Ex. 55. Two triangles having two sides and an angle 
opposite one of them equal each to each may or may 
not be equal. 

Suggestion: If the equal Z.s are acute 
and opposite the shorter of the two equal 
•sides, the As may not be equal. 

Study the figure and show this to be true. Show the 
equaUty of the As in other cases. BD = BC, 
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Proposition XXXII. 

126. Theorem. // two angles 0} a triangle are 
equal, the sides opposite them are eqiial and the 
triangle is isosceles. 




Let ABC represent a triangle in which the angle B is 
equal to angle C. 

To prove that the side A C is equal to the side A B. 

Suggestion i. Drop a J. from -4 to 5 C, as ^4 M. 
2. Compare As A M B and A M C. Give auth. 
J. Compare A C with A B. 
Therefore — 



Ex. 56. li A BC is di right triangle with the right 
angle at C, and if through C a line meeting the hypot- 
enuse at D is drawn in such a manner that angle A C D 
equals angle A, prove (i)tha'; CD bisects the hypotenuse 
A B, and (2) that if angle A C D is not equal to -4, C D 
does not bisect the hypotenuse. 
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Proposition XXXIII. 

127. Theorem. // two angles 0} a triangle are 
unequal^ the sides opposite them are unequal^ and 
the greater side is opposite the greater angle. 

A 




Let ABC represent a triangle in which the angle C is 
greater than the angle B. 

To prove that the side B A is greater than the side C A. 

Suggestion i. Draw C M to represent a line making 
j^ equal to ^ B. Is this possible ? 

2. Compare B M and C M. Give auth. 

J. Compare CM + MA With C A, B A with C A. 
Give auth. 
. There jore — 

Ex. 57. Prove Proposition XXIX by other methods. 

Suggestion: Through A draw a Une || to D 9. Or 
extend DA and BA through A, and draw through A 
a line || to D B. 

Ex. 58. li A BC is 2i right triangle with the right 
angle at C, and if through C a line meeting the hypot- 
enuse at D is drawn in such a manner that angle A C D 
equals angle 5, prove that CD is perpendicular to the 
hypotenuse A B. 
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Proposition XXXIV. 
128. Theorem. // two sides of a triangle are 
uneqtiol the angles opposite them are uneqtuilj and 
the greater angle is opposite the greater side. 

A 




Let ABC represent a triangle in which the side A B is 
greater than the side A C. 

To prove that angle C is greater than angle B. 
Suggestion i, Z. C equals A. B, is less than A B, or is 
greater than ^ B. 

2. 11 Z.C = Z.Bj compare A B and A C. Can Z. C 
= ZB? §126. 

3. li ZC is greater than Z -B, compare A B and A C. 

§ 127. 
Can ^ C be greater than ZB? 

4. li ZC is less than Z B, compare A B and A C. 
Can Z C be less than ZB? 

Therefore — 

Of what proposition is this the converse ? 
Compare propositions IX, XXXII, XXXIII, and 
XXXIV. 

Ex. 59. If from any point in the base of an isosceles 
triangle perpendiculars are dropped to the sides, these 
perpendiculars make equal angles with the base. 
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Proposition XXXV. 

129. Theorem. // a perpendicular and oblique 
lines are drawn from a point to a given line: 

Case I. The perpendicular is shorter than any 
oblique line. 

Case II. Two oblique lines which meet the given 
line at equal distances from the foot of the perpen- 
dicular are equdl. 

Case III. Of two oblique lines meeting the given 
line at unequal distances from the foot of the perpen- 
dicular, the more remote is the greater. 




BCD E 

Let A D be perpendicular to a given line B E^ and A B, 
A C and A £ oblique llnes^ meeting the given line at B^ C 
and £ respectively; and let D C be equal to D £ and D B 
greater than D £. 

Case I. To prove thai A D is shorter than any oblique 
line from A to B E. 

Suggestion i. How does A 1 compare with A 2? 
Why? 

2. How does A D compare with AC} Why ? 

There jore — 



RECTILINEAR FIGURES. 6i 

Case II. To prove that A C equals A E. 

Suggestion i. Compare triangles ADC and A D E. 

2. Compare A C and A E. Give auth. 

There jore — 

Case III. To prove that A B is greater than A C or 
AE. 

Suggestion i. Compare As 3 and 2 ; 2^s 3 and 4. 

2. Compare lines A B and A C. Give auth. 

Therefore — 

Proposition XXXVI. 

130. Theorem. The shortest line from a point to a 
straight line is a perpendicular from the point to the line. 

A 



t 



/ 



/ 



MB 
Let A B represent the shortest line from A to the line 
CD. 

To prove that A B is perpendicular to C D. 

Suggestion i. li A B is not J_ to C D, draw A M to 
represent a J_ from A to C D. 

2. .*. A M is the shortest line from A to C D, Why ? 

§ 129, Case I. 

5. What relation does A M sustain to CD? Ax. 16, Hyp. 

4. What relation does A B sustain to C D ? 

Therefore — 

Of what theorem is this the converse ? Compare them. 

131. The distance from a point to a line is the length 
of the perpendicular from the point to the line. 
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132. Propositions XXX/F and XXXF/ are good illustrations of what 
is known as the indirect method, or the reductio ad absurdum method of 
reasoning. Its peculiarity consists in the fact that the statement of the 
proposition is not directly proved to be true, but that everything whidi 
contradicts the statement of the proposition is shown to lead to some man- 
ifest absurdity, and is therefore false. This method often presents difl&- 
culties to the beginner on account of the fact that he is obhged to admit, 
temporarily, and for argument's sake, something which the argument 
itself goes to destroy. The indirect method is employed in demon- 
stration of the converse of propositions. In appl3ring tms method care 
must be taken that every possible case which contradicts the propo- 
sition is considered, and each one shown to lead to an absurdity. Then^ 
and then only, is this method of demonstration rigid. 

Note. — ^If the student, in original investigation of the above propo- 
sitions, or any similar one, should chance to consider the supposition 
which leads to the truth before one or more of the others, the remaining 
suppositions should be investigated. When all possible suppositions 
have been stated, one of which is true, and it has been shown that all but 
one are false, it is evident that the one remaining must be true. 



Ex. 60. The line joining the feet of the perpendiculars 
drawn from the extremities of the base of an isosceles 
triangle to the opposite sides, is parallel to the base. 

Ex. 61. The base of an isosceles triangle, together with 
the bisectors of the angles at the base, forms a second 
isosceles triangle. 

Ex. 62. Two angles having their sides respectively 
parallel, and each angle, having one side extending in the 
same direction from their vertices and the other side in 
opposite directions, are supplements of each other. 

Ex. 63 If two triangles have two angles and a side 
opposite one of them equal respectively to two angles and 
a corresponding side of the other, the triangles are equal 
in all respects. 

Ex. 64. Two isosceles triangles having equal bases and 
equal vertical angles are equal. 
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Proposition XXXVII. 
133. Theorem. Two equal obliqtie lines^ drawn 
from the same point in a perpendicular to a given 
line, cut off equal distances from the foot of the perpen- 
dicular. 

A 




C B D 

Let A B represent a perpendicular to C D^ and let A C 
and A D represent equal oblique lines drawn from A to 
CD. 

To prove that B C is equal to B D. 
Of what theorem is this the converse ? 
Therefore — 

Note.— The pupil should try frequently to demonstrate a propo- 
sition with no drawing to assist him. If in recitation he can con- 
struct the figure in his mind and make clear his thought to the class, he 
is worthy of extra credit. Try it with proposition XXXVII, 

Queries — 

1. By how many methods can we determine that two 
lines are parallel? §§ loi, 102, 114, etc. 

2. By how many methods can we know a line is per- 
pendicular to a line ? §§23, 109, Ex. 48. 



Ex. 65. M and N are two parallel lines. Line -4 is a 
perpendicular to M and line B is perpendicular to N. 
Prove that A and B are parallel. 
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Proposition XXXVIIL 

134. Theorem. Two unequal oblique lines^ drawn 
from the same point in the perpendicular to a given 
line, cut off unequal distances from the foot of the per- 
pendicular, the longer line cutting off the greater dis- 
tance. 

A 




Let AB represent a perpendicular to CD, and AC and 
AD unequal oblique lines drawn from A to CD, AC 
being longer than AD. 

To prove that B C is greater than B D. 

Suggestion i. B C = B D, is less than B D, or is greater 
than B D. 

2. liBC = BD, how would A C compare with AD? 
Why? 

J. li B C is less than B D, how would A C compare 
with AD? Give auth. 

4. How, then, must B C compare with B D ? 

Therefore — § 132. 

Of what theorem is this the converse ? 



Ex. 66. Each angle of an equilateral triangle is one- 
third of two right angles, or two-thirds of one right angle. 
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Locus of a Point. 

135, To locate definitely a point in a plane, two condi- 
tions limiting its position must be known. 

If only one condition is given, the point is to some ex- 
tent, but not completely, determined. For example, if a 
point is at a given distance from some fixed point, it is not 
exactly located, but may move, provided that in its move- 
ment it always satisfies the requirement of being at a given 
distance from the fixed point. The moving point may 
occupy any position whatever in a line, which will later be 
defined as the circumference of a circle with the fixed 
point as the center. 

136. When the position of a point in a plane is limited 
to and may be anywhere in a line or group of lines, the 
line or group of Unes is the locus of the point. 

The locus of a point is both inclusive arid exclusive. It 
must include all the points that satisfy the given condition 
and exclude all that do not satisfy that condition. For 
example, if one would know that a circumference or any 
other line or group of lines is a locus, one must ascertain 
two things : first, that the point may be anywhere in the line 
or set of lines; second, that the point must be somewhere 
in the line or set of lines; i. e., it cannot be anywhere out- 
side of them. 



. Ex. 67. A straight line drawn from any point in the 
bisector of an angle to either side and parallel to the 
other side, makes, with the bisector and the side to 
which the line is drawn, an isosceles triangle. 
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Proposition XXXIX. 

137. Problem. To determine the locus of a point 
at equal distances from the extremities of a given line. 



Let AB represent a given line. 

To determine the locus of a point at equal distances from 
A and B. 

Suggestion i. The problem means that we are to find 
one or more lines, such that, first, any point in them is 
equally distant from A and -B, and second, that no point 
without them is equally distant from A and B. 

2. What line is everywhere equally distant from the ex- 
tremities of a given line ? § 86. 

3. Compare the distances of any points without the _L 
from the extremities. § 88. 

4. What is the required locus ? 



Ex. 68. Prove that every point in the 
bisector of an angle is equally distant from 
the sides of the angle. 

Suggestion: O M and O iV are J_ to -4 B 
and A C respectively. § i3i« 

Prove O M equal to O N. 

Ex. 69. If a line intersects the sides of an isosceles tri- 
angle at equal distances from the vertex, the line is parallel 
to the base. 
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Proposition XL. 

138, Theorem. // two triangles have two sides of 
one eqiiol to two sides of the other and the included 
angles unequS, the remaining sides are unequal^ and 
that side is the greater which is opposite the greater 
included angle. 




Let ABC and F £6 represent two triangles in which 
AB is equal to F E^ AC is equal to F 6, and angle A is 
greater than angle F. 

To prove that B C is greater than E G. 

Suggestion i. Place A F EG upon A A BC, so that 
F E coincides with A By F upon Ay and E upon B. 

2. Since ^ F is less than ^ A, where does F GUe with 
respect to Z.A? § 17 (e). 

3. Bisect A G AC and extend to meet BC^ as at O. 
Connect O and G. 

4. Compare As i4 O G and A O C. 

5. Compare Hnes O G and O C. 

6. Compare B G with BO + OG; BG with B C. 
Therefore — 
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In placing A PEG upon A A BC^ G may be with- 
out the A A BCy as at ^, 
upon line BC, as at F, 
or within A A BC,3S at 
e, as illustrated by the ac- 
companying diagram. 

Apply the demonstration ^ , 
above to the figure, with 
G in each of the three positions. 





70. Prove that every point not in the 
an angle is unequally distant from the 
sides of the angle. 

Let O be at any point not in the bisector of 
the angle. 
• Prove that O M and O N are unequal. 

Suggestion i. Draw 5 if J_ to -4 iV. 

2. Connect R and O. 

3. Compare SO + SR with OR,OM with OR,OM 
with O N. 

Ex. 71. What is the locus of a point equally distant 
from the sides of an angle ? Exs. 68 and 70. 

Ex. 72. What is the locus of a point at equal distances 
from the two intersecting lines ? Ex. 71. 

Ex. 73. The middle point of the hypotenuse of a right 
triangle is at equal distances from the three vertices. 

Suggestion: Ex. 56, or drop _Ls from the middle point 
of the hypotenuse to the legs of the A and compare the 
triangles formed. 
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Proposition XLI. 
139, Theorem. // two triangles have two sides of one 
eqtial to two sides oj the other and the third sides un- 
equal, the angles opposite the third sides are unequal, and 
that side is the greater which is opposite the greater 
side. A ^' 





c 

Let A B C and A' B' C represent two triangles having A B 
equal to A' B', A C equal to A' C, and B C greater than B' €'• 

To prove that angle A is greater than angle A\ 
Suggestion i.li ZA = Z A\ how do £ C and 5' C 
compare ? Why ? 

2. If Z i4 < Z A', how do J5 C and 5' C compare ? 
Why? 

3, How, then, must Z A compare with Z.A'i 
Therefore — 

Quadrilaterals. 

140. Quadrilaterals are divided into classes, as fol- 
lows: 

(a) The trapezium^ which has no two sides parallel. 
Fig. I. 

(b) The trapezoid, which has two sides parallel. Fig. 2. 

(c) The parallelogram, which has its pairs of opposite 
sides parallel. Fig. 3. 



70 



PLANE GEOMETRY. 




Fig. I. 



/HA 



C M 



Fig. 2. 



141 • The parallel sides of a trapezoid 
are the bases, the non-parallel sides are 
the legs, and the Une perpendicular to 
the bases is the altitude. 

In Fig. 2, A B and C D are the bases, 
A C and B D are the legs, and A M is 
the altitude of the trapezoid. 

142. Any side of a parallelogram may be selected 
as the base. It is then called the primary base. The 
side opposite the primary base is the secondary base. The 
other sides of the parallelogram are 

its sides or legs. 

143. The altitude of a parallelo- 
gram is a Une perpendicular to the 
bases, as, i4 -B in Fig. 3. 



B 
Fig. 3. 



Note. — Usually the words lower base and upper base are used in- 
stead of primary base and secondary base, respectively, but as Geometry 
does not take into account the idea, up and down, the terms primary and 
secondary are preferable. 

144. An obUque-angled parallelogram 
is a rhomboid. Fig. 3. 

145. A right-angled parallelogram is a 
rectangle. Fig. 4. 

146. An equilateral rhomboid is a rhombus. 
I47« An equilateral rectangle is a square. 



Fig. 4. 



Fig. 5- 
Fig. 6. 




Fig. 5. Fig. 6. 

The student should make out his own classification of 
quadrilaterals. 
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Proposition XLII. 

148. Theorem, The opposite sides and opposite 
angles of a parallelogram are respectively eqiml, and 
adjacent angles are supplements of each other. 




Let ACB D represent a parallelogram. 

To prove that A C equals D B; C B equals A D; that 
angle A and angle B, angle C and angle D are respectively 
equal; and that the adjacent angles A and C, C and B, 
B and D, and D and A are respectively supplementary. 

Suggestion i. Draw the diagonal A B, and compare 
As A BD 3ind ABC. 

2. How Ao A C and B D compare } A D and C Bf 
Complete the demonstration. 

Therefore — 

149. Corollary i. The diagonal of a parallelogram 
divides it into two equal triangles. 



Ex. 74. The sum of the exterior angles at the base of 
any triangle is equal to two right angles plus the vertical 
angle of the triangle. 

Ex. 75. In a triangle A BC^ the angle C is twice the 
sum of angles A and B, and angle B is twice angle A; find 
all three angles of the triangle. 
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150. Theorem. The diagonals of a paraUdogram 
bisect each other. 

A B 




Let AC reffreseat a paraUelogrami and AC and BD the 
diagonals. 

To prove that A C and D B bisect each other. 

Suggestion. Prove by comparison of triangles. 
Therefore — 

Proposition XLIV. 

151. Theorem. // a quadrilateral has two of its 
sides equal and parallel, it is a parallelogram. 




\ 




Let ACB D represent a quadrilateral in which the side 
A Cls equal and parallel to the side B D. 

To prove that A C B D is a parallelogram. 
Suggestion i. What is the definition of a D ? 
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2. How much of the definition is given in the Hyp. ? 
What remains to be proved ? 

3. Draw the diagonal A B. Compare £^s A BC and 
A B D. Compare A m and Z. n. Complete the demon- 
stration. ^^ 

Therefore — 

Proposition XLV. 

152. Theorem. A quadrilateral whose opposite sides 
are equal is a parallelogram. 




D B 

Let C D represent a quadrilateral in which A C is equal 
to D By and A D is equal to C B. 

To prove that AC B D is a parallelogram. 

Suggestion i. Draw the diagonal A B. 

2. Two definitions ota,0 may now be used. 

§§140 (c), 151. 

J. How much of either is given in the theorem ? What 
remains to be proved ? 

Work out a demonstration by use of each definition. 

State the different definitions of a parallelogram that 
have now been established. Commit each to memory. 

Note. — ^The pupil should carefully distinguish between a property of 
a figure and a definition. 

A definition of a figure is such a description of it as serves to dis- 
tinguish it from every other figure (§151). A property of a figure is a 
statement of it which is true, and may also be true of other figures (§ 148). 
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Proposition XL VI. 
153. Theorem. Two parallelograms which have two 
sides and the included angle of one equal to two sides 
and the included angle of the other, each to each, are 
equM in all respects. 

A B A B* 




C DC D' 

Let AD and A'D' represent two parallelograms in 
which AB is equal to A'B^ AC is equal to A'C and 
angle A is equal to angle A\ 

To prove that A D and A' U are equal in all respects. 

Suggestion i. Place O AD upon O A' D' so that A B 
coincides with A^ -B', A upon -4', and B upon 5', and so 
that the two figures fall upon the same side of -4' B\ 

2, What direction does A C take ? Why ? 

J. Where does the point C fall ? Why ? 

4. What direction does C D take ? Why ? Ax, 18. 

5. Where does the point D fall ? Why ? 
Complete the demonstration. 
Therefore — 

Ex. 76. If a parallelogram has one right angle it is a 
rectangle. 

Ex. 77. A quadrilateral is a parallelogram if its diag- 
onals bisect each other. 

Ex. 78. A quadrilateral is a parallelogram if its oppo- 
site angles are equal. 
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Proposition XL VII. ^ 

154. Theorem. The diagonals of a square or rhom 
bus bisect the angles of the square or rhombus. 

Let A BCD represent a square or rhombus, AC and 
B D the diagonals. 

To prove that angles A, B, C, and D are bisected. 

Suggestion, Try to demonstrate this proposition by 
constructing the figure in your mind, and thus estabUsh 
the theorem without the aid of a drawing. 



Ex. 79. The diagonals of a square and rhombus inter- 
sect at right angles. 

Try to find at least three methods by which to prove 
this exercise. 

Ex. 80. Given a square A D BC. Draw diagonal C D. 

Lay side C B upon the diagonal, C upon C, and B 
upon some point, as E. At E erect a peroendicular and 
extend to the side D B, meeting it at F. 

Prove that D Eis equal toEF and equal to F B. 

Suggestion. Connect C and F, 

Ex. 81. If the diagonals of a parallelogram intersect 
at right angles, the figure is a square or rhombus. 

Try to prove by at least two methods. 

Ex. 82. If a straight line intercepted between parallel 
lines is bisected, any other straight line drawn through the 
point of bisection to meet the parallel lines is also bisected 
at that point. The two intersecting lines intercept equal 
portions on the parallel lines. 
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Proposition XLVIII. 

155. Theorem. Thesumof the interior angles of any 
convex polygon is equal to twice as many right angles 
as the polygon has sides, minus four right angles. 




Let A D represent any convex poljrgon. 

To prove that the sum of the interior angles of the poly- 
gon is equal to twice as many right angles as the polygon 
has sides, minus four right angles. 

Suggestion i. Connect each vertex with O, any point 
within the polygon. 

2. If the polygon has n sides, how many As are formed ? 

3. How many right ^s in. the sum of the interior 
angles of all of the As ? 

4. What is the sum of the As about O ? 

5. Then, how many right Z.s in the sum of the interior 
Z.S of the polygon ? 

Therefore — 

Ex. 83. Draw all possible diagonals of a polygon from 
a given vertex, and prove Prop. XLVIII by another 
method. 
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Proposition XLIX. 

156. Theorem. The sum of the exterior angles of 
any convex polygon, formed by extending each side 
through one vertex in order, is equal to four right 
angles. 




Let A ED, etc., represent a convex polygon. 

To prove that the sum of the exterior angles a, c, e, 
etc., is equal to four right angles. 

Suggestion i. What is the sum of ^s a and b ? Of 
^s c and d? Oi Z.s f and e, etc. ? 

2." If the polygon has n sides, the sum of all the ex- 
terior and interior As equals how many right ^s? 

3. How many right Z.s in Z. a + A c + Z. e, etc. 

Therefore — 



Ex. 84. How many right angles in the sum of the interior 
angles of a pentagon? of a triangle? of a hexagon? of 
an octagon ? of a decagon, etc. ? 

Ex. 85. How many right angles in the interior angles 
of a concave polygon? Compare with § 155. 
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Review. 

157* Name all the authorities: 

1. (a) by which two triangles may be determined equal. 

(b) by which two angles may be determined equal. 

(c) by which two lines may be determined parallel ? 

(d) by which a line may be known to be perpen- 
dicular to another line. 

(e) by which a quadrilateral may be knov/n to be a 
parallelogram? a parallelogram to be a rectangle? a 
parallelogram to be a square or rhombus? 

2. Name all the loci thus far demonstrated. 

3. How may triangles be known to be isosceles ? 

4. State the relation that exists between angles of a 
triangle and sides opposite; between sides and angles 
opposite. 



Ex. 86. What is the locus of a point two inches from a 
given line indefinite in length ? Three inches from the line ? 

Ex. 87. Find a point x that is four inches from a given 
line and also in another given line. 

Use locus in determining x. Is it possible to find more 
than one x ? Suppose the two lines are parallel and four 
inches apart; parallel and any other distance apart? 

Ex. 88. Find point x if it is in a given line and also 
equally distant from two intersecting lines. Ex. 72. 

Ex. 89. Find point x if it is equally distant from two 
intersecting lines and also a given distance from a given 
line. Ex. 86. 
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Ex. 90. Find point :r if it is equally distant from two 
intersecting lines, and also a given distance from a given 
line. 

Ex. 91. Find point x if it is equally distant from the 
extremities of a given line, and also a given distance from 
a given line. 

Ex. 92. The three perpendicular bisectors of the sides 
of a triangle meet at a point. 

Sug,: Use locus in demonstrating Exs. 90, 91, and 92. 

Ex. 93. In the figure, A E and B C 
are parallel, and Af O is a transversal. 
B O bisects the angle AOM, and 
C O bisects the angle EO M. Prove 
that B M is equal to M C. 

Ex. 94. If the legs of a trapezoid are equal, they make 
equal angles with the bases. Sug.: Draw through a ver- 
tex of the shorter base a line parallel to one of the legs. 

Ex. 95. If the legs of a trapezoid make equal angles 
with the bases the legs are equal. 

Ex. 96. The sum of the angles at the ver- 
tices of a five-pointed star is equal to two 
right angles. 

Ex. 97. ABC is an isosceles triangle, D any point in 
the base BCjDMsl line parallel to A B, and D N a. line 
parallel to A C, M and N being points in ^4 C and A B 
respectively. Prove that the perimeter oi A M D N is 
equal to the legs of the triangle. 

Ex. 98. A line that embraces the vertex of an angle 
and a point equidistant from the sides, bisects the angle. 

Ex. 99. The difference between any two sides of a tri- 
angle is less than the third side. 




CHAPTER 11. 
THE CIRCLE. 



Definitions. 




158. A circle is a portion of a plane bounded by a 
curved line, all points of which are equally 
distant from a fixed point within. 

159. The fixed point is the center of the 
circle, and the bounding line is the circum- 
ference of the circle. f»g- ^' 

Note — In higher branches of mathematics the word circle is also 
vised to denote what is here defined as the circ imference; that is, the 
curved line bounding a portion of a plane instead of that portion of a 
plane itself, but in this book the above definitions will be adhered to. 

160. A radius is any straight line drawn 
from the center of a circle to its circum- 
ference, as A O, Fig. 2. 

161 . A diameter is any straight line drawn 
through the center, terminated by the circ- figT 
umference, as C J5, Fig. 2. 

162. Corollary. — From the definition of a circle^ all 
radii of the same circle are eqiial; also, all diameters of the 
same circle are equal, each diameter being twice the radius, 

163. An arc of a circle is any portion of 
its circumference, as line A MB, Fig. 3. 

164. A chord of a circle is a straight 
line joining any two points of the circum- 
ference, as A B, Fig. 3. 

80 






THE CIRCLE. 81 

(a) When the extremities of a chord and an arc are the 
same, the chord subtends the arc. 

(b) In Fig. 3, the chord A B subtends the arc A M By 
and also the arc A C D B, Thus, any chord subtends 
two arcs, which, together, make up the whole circum- 
ference. When an arc and its chord are spoken of, 
the smaller of the two arcs is always understood, imless 
the other is specifically stated. The terms major and 
minor arcs are sometimes used. 

165. A secant of a circle is any straight line meeting 
the circumference in two points, and ^ — -^ 
passing through the circumference in at ^f 
least one of them, as C D £, Fig. 4. 

A secant is a chord extended. c- 

166. A tangent to a circle is a line p^g. 4. 
which touches the circumference at one, and only one, point. 

In Fig. 5, the line M N is tangent to the circle, 
and the circle is tangent to the line. 

(a) The line may be straight or curved. If the curved 
line is a circumference, a circle is tangent to another 
circle. 

(6) The point common to the line 
and the circle or to the two circles is the 
point of contact or point of tangency. 

167. A segment of a circle is a portion figTs. 
of a circle bounded by an arc and its subtending chord, as 
segment A M B, Fig. 3. 

168. A sector of a circle is a portion of a circle bounded 
by two radii and the intercepted arc. In Fig. 3, the 
sector C O D is bounded by the arc C D, and the radii 
O C and O D. 
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169. The arc intercepted between two radii subtends 
the angle made by the radii; arc C D, Fig. 3, subtends 
angle COD. 

170. An angle at the center of a circle is an angle 
formed by two radii. 

171. Concentric circles are circles that have the same 
center. 

172. A circle may be read by naming the letter at the 
center of the circle, or by naming two or more letters 
on the circumference. 



Proposition I. 

173. Theorem. Two circles are equal if the radius 
of one equals the radius of the other. 





Let and S represent two circles having equal radii. 

To prove that circle O and circle S are equal. 

Suggestion 1. Place O O upon O 5, with the center 
O upon the center S. 

2. Where must the circumference of O fall with respect 
to the circumference of 5 ? . Why ? 

Therefore — 
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Indirect Method. 

Suggestion i. Same as above. 

2. Suppose some part of the circumference of one O 
should fall outside of the circumference of the other O, 
how would the radii compare ? 

Therefore — 

Proposition II. 

174. Theorem. A diameter divides, a circle into 
two equal parts. 




Let A D B C represent a circle, and A B a diameter. 

To prove that A B divides the circle into two equal parts. 

Suggestion i.Let D be any point in the arc A D By 
except A and B. Connect the center O with D. 

2. Revolve the segment A D B upon the line A O B, 
as an axis, into the plane A C B. 

J. Where does the point D fall? § 158. 

4, Since D is any point in the arc A D B, compare 
the segments A D B and A C B. Ax, 13. 

Therefore — 

175- Corollary. — A diameter divides the circumference 
into two equal parts. 

176. A semicircle is a segment of a circle bounded by 
a diameter and the arc it subtends, as i4 j9 J5, Fig., § 174. 
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Proposition III. 
177. Theorem. In the same circle^ or in equal 
circles^ equal angles at the center intercept equal arcs 
at the circumference, and of two unequal angles, the 
greater intercepts the greater arc. 





Let and S represent equal circles, and let A OB and 
CSD represent equal angles at the centers and S re- 
spectively. 

Case I. To prove that arc A B is equal to arc C D. 

Suggestion i. Place O O upon O 5, the center O upon 
the center 5, and A O upon C 5. Where does the cir- 
cumference of O O fall? Why? 
Where does point A fall ? Why ? 

2. What direction does O B take ? Why ? 

J. What is the location of arc i4 5 ? Why ? 

Therefore — 

Let angle C S E be greater than angle A B. 

Case II. To prove that arc EC is greater than arc A B, 

Suggestion i. Place O O upon O 5, the center O upon 
the center S, and O B upon 5 C. Where does O A fall 
with respect to ZCSE? Why? § 17 (e). 
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2, Where does point A fall with respect to arc C £ ? 
Why ? Compare arc A B and C E, 
Therefore — 

Proposition IV. 

178. Theorem. Conversely. In the same circle, 
or in equal circles^ equal arcs subtend equal angles 
at the center, and of two unequal arcs, the greater arc 
subtends the greater angle at the center. 

Let and S (§ 177) represent equal cirdesi and AB 
and C D equal arcs. 

Case I. To prove that angle O is equal to angle CSD. 

Suggestion. Place O O upon O S, the center O upon 
the center 5, so that arcs A B and C D coincide. Why is 
this possible ? 

Complete the demonstration. 

Therefore — 

Let arc EC be greater than arc AB. 

Case II. To prove angle C S Eis greater than angle O. 

Suggestion i. Place O O upon O S, the center O upon 
the center S, and B upon C Where does point A fall 
with respect to arc C £ ? Why ? 

2. Where does line O A fall ? Why ? 

Therefore — 

Ex. 100. The locus of a point at a given distance from 
a given point is the circumference of a circle, drawn with 
the given point as a center and vnth the length of the 
given distance as a radius. § 136. 
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Proposition V. 

179, Theorem. In the same circle, or in eqtud circles^ 
chords which subtend equal arcs are equal. 

A C 





Let and S represent equal circles, in which arc AD 
is equal to arc C D. 

To prove that chord A B is equal to chord C D. 

Suggestion i. Draw the radii O A, O B, S C, and S D. 

2. Compare ^s O and S. Give auth. 

J. Compare As i4 O B and C S D. Give auth. 

4. Compare chord A B with chord C D. 

Therefore — 

Ex.101. If a line, parallel to the base of a triangle, bi- 
sects one side, it bisects the other side also, ^ 
and is equal to one-half of the base. A Bis /\ 
bisected at D, and j9 £ is parallel to B C. d/- — Vg 
Prove i4 £ = £ C, and D £ = i B C. / \ \ 
Suggestion. Draw D M \\ to A C. ^ ^ c 
Ex. 102. With the same construction as in exercise loi, 
connect £ and Af , and prove the exercise. 

Ex. 103. If a line bisects the two legs of a triangle, 
prove that it is parallel to the base, and equals one-half 
of the base. Direct and indirect methods. 
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Proposition VI. 
180. Theorem. In the same circle^ or in equal 
circles^ two chords which subtend unequal arcs are 
unequal, that chord being greater which subtends the 
greater arc. 





Let and S represent equal circles, and let the arc A B 
be less than the arc CD. 

To prove that the chord A B is less than the chord C D. 

Suggestion i. Connect the extremities of the arcs with 
their respective centers. 

2. Compare ^ S with ^ O. § 178. 

J. Compare chord C D with chord A B. § 138. 

Therefore — 

Ex. 104. A diameter is greater than any other chord. 

Suggestion, Draw any chord, not a diameter, and draw 
radii to the extremities. Compare the chord with the 
sum of the radii. 

Ex. 105. If the diagonals of a parallelogram are equal, 
prove that the parallelogram is a rectangle. 

Ex. 106. Given two parallel lines and a transversal. 
If each of the two interior angles on the same side of 
the transversal is bisected, prove that the bisectors arc 
perpendicular to each other. 
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Proposition VII. 

i8i. Theorem. Converse of Proposition V. In 
the same circle^ or in equal ctrcles, arcs which are sub- 
tended by eqiud chords are eqtial. 

A, ^ c 





Let and S represent equal circles in which the chord 
A B equals the chord CD. 

To prove that the arc A B is equal to the arc C D. 
Suggestion i. Draw radii O A, OB, 5 C, and 5 D. 
2. Compare As A O B and C S D. Give auth. 
J. Compare As O and 5. Give auth. 
4, Complete the demonstration. 
Therefore — 

182. A diameter of a quadrilateral is a line which joins 
the middle points of two opposite sides. 

Ex. 107. The diameter of a parallelogram divides it 
into two equal parallelograms. 

Ex. 108. The two diameters of a parallelogram bisect 
each other. 

Ex. 109. If two adjacent sides of a rectangle are equal 
the figure is a square. 

Ex. no. Two Hnes perpendicular, respectively, to each 
of two intersecting Unes, cannot be parallel. 
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Proposition VIII. 

183. Theorem, Converse of Proposition VI. In 
the same circle, or in equal circles, two arcs which are 
subtended by unequal chords are unequal, and that arc 
is the greater which is subtended by the greater chord. 





Let and S represent equal circles, and let the chord 
AB be less than the chord CD. 

To prove that the arc A B is less than the arc C D. 

Suggestion i. Connect the extremities of the chords 
with the respective centers. Compare ^ O with ^ 5 
in As A O B SiTid C S D. § 139. 

2, Compare arc A B with arc C D. Give auth. 

Therefore — 

Ex. III. If a circumference is divided into four equal 
parts and chords are drawn connecting their extremities, 
the resuhing quadrilateral is a square. 

Ex. 112. If one of the equal sides of an isosceles tri- 
angle is extended through the vertex, and the exterior 
angle formed is bisected, the bisector is parallel to the base. 

Ex. 113. In § 153 draw the diagonals C B and CB', 
and prove the proposition by comparison of triangles. 
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Proposition IX. 
184. Theorem. A radius which is perpendicular 
to a chord of a circle, bisects the chord and its sub- 
tended arc. 

D 




Let D represent a radius perpendicular to the chord 
LM. 

To prove that O D bisects the chord L M and arc L M. 

Suggestion i. Let E be the point of intersection of 
O I> and L Af . 

2. Compare As LEO and MEO. 

Complete the demonstration. § 177. 

Therefore — 

Proposition X. 

185. Theorem. A radius which bisects a chord of 
a circle is perpendicular to the chord. 

Let the radius D, In figure § 184, bisect the chord L M. 

To prove O D is perpendicular to L M. 

Query: How could this proposition be used to bisect 
an arc ? 

Ex, 114. A line whigh bisects a chord and its subtended 
arc cuts the center of the circle. 
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Proposition XI. 

i86. Theorem. A line perpendicular to a chord at 
its middle pointy passes through the center of the circle. 

A 




Let AB represent a chord, and CD a perpendicular to 
A B at its middle point C. 

To prov^ that C D passes through the center of the circle. 

Suggestion i. From O, the center of the circle, drop a 
± to the chord A B. . § 184. 

2. Where does C O lie with respect to C D ? Why ? 

Another Method. Suggestion i. What is the locus 
of a point equally- distant from vl and B ? 

2. Locate the center O with respect to this locus. Give 
auth. 

Therefore — 

187. Corollary. — A line perpendicular to a chord at its 
middle point, bisects the subtended arc. 



Ex. 115. If the line joining the middle points of 
two chords passes through the center of the circle, the 
chords are parallel. 

Ex. 116. A radius drawn to the middle point of an arc 
bisects its subtending chord. 
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Proposition XTE. 

i88. Theorem. In the same circles or in equal 
circles, equal chords are equally distant from the center ^ 

and of two unequal chords, the greater is nearer the 
center. 





Let AB and CD represent equal chords in the equal 
circles and S, and M and S N their respective dis- 
tances from the centers and S. 

Case I. To prove that O M is equal to S N. 
Suggestion i. Draw the radii O B and S D. 
What relation must M O and N S bear to A B and 
C Dy respectively ? § 13c. 

2. Compare A OM B with A S N D. 

3. Compare O M and 5 N, 





Let chord A E be less than chord C D, and let P and S N 
represent the distances of the chords from their centers. 
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Case II. To prove that O P is greater than, N S. 

Suggestion i. Compare arc A E and C D. 

2. Place O O upon O 5, the center O upon the center 
5, and point A upon point C 

Where does point E fall with respect to point D ? Sug. i. 

Where does line A E fall with respect to segment CE'D ? 

J. Compare N SdJiAF S; N S and P' S; N 5 and O P. 

Therefore — 

Query: Why does P' 5 cross the line CD? Sug. 2. 

Corollary. — In the same circle or in equal circles, two 
chords equally distant from the center are equal, and of two 
chords unequally distant from the center, that is the greater 
which is nearer the center. 



Ex. 117. Through a given point within a circle, the 
smallest possible chord is the one that is perpendicular 
to the radius passing through the point. 

Ex. 118. ABC is an isosceles triangle whose base is 
BC and whose vertex is A. Extend BA through A to 
O, making A O equal to B A. Connect O and C Prove 
that O C is perpendicular to B C. (Ex. 112,) 

Ex. 119. If a perpendicular is drawn 
from the vertex of the right angle of a 
right-angled triangle to the hypotenuse, 
prove that the two triangles formed are 
mutually equiangular. 

Ex. 120. Prove in Ex. 119 that each segment of the 
triangle is mutually equiangular to the whole triangle. 

Ex. 121. What is the locus of a point equally distant 
from two parallel straight lines. 




Af 
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Proposition XIII. 

189. Theorem. A straight line perpendicular to a 
radius of a circle at its extremity is tangent to the circle. 





Let OB represent a straight line perpendicular to the 
radius S at its extremity 0. 

To prove that O B is tangent to the circle. 

Suggestion i. What must be proved to know that O B 
is a tangent ? § 166. 

2 How much of what must be known is given in the 
theorem ? 

J. What remains to be proved? 

4. Let M represent any point except O in Une O B. 
Draw 5 M. 

5. Compare O S and 5 M in respect to length. 

6. Where is point M in respect to the circle ? 
Therefore — 

Query: How could this proposition be used to draw 
a tangent to a circle? 



Ex. 122. The bisectors of the interior angles of a paral- 
lelogram form a rectangle. Suppose the parallelogram is 
equilateral ? 



THE CIRCLE. 95 



Proposition XIV. 

190. Theorem. Converse of Proposition XIII. 
If a straight line is tangent to a circle^ the radius meet- 
ing it at the point of tangency is perpendiadar to it. 




Let OB represent a tangent to the circle S, the point 
of tangency, and SO the radius drawn to the point of 
tangency. 

To prove that S O is perpendicular to O B. 

Suggestion i. Draw 5 M , a line from 5 to any point 
except O inO B. 
2. Compare 5 O and S M in respect to length. 

Therefore — 

191. Corollary i. — At any point in a circumference, 
one, and only one, tangent can be drawn. 

192. Corollary 2. — A straight line perpendicular to a 
tangent at the point of tangency cuts the center of the circle. 



Ex. 123. All chords of a circle that are tangent to a 
concentric circle are equal. 

Ex. 124. If two tangents are drawn to a circle at the 
ends of a diameter, they are parallel. 
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Proposition XV. 

193. Theorem. Arcs of a circle intercepted by par- 
allel lines are equal. 



Let AB and CD represent two parallel lines intercept- 
ing the arcs AC and B D. 

To prove that arc A C is equal to arc B D. 

Suggestion i. Drop a _L from O to C £>, and extend 
it to meet the circumference, as at if. 
2. How is O Af related to A B? 
J. Complete the demonstration. § 184. 

Therefore — 

Review- 

194. State all the possible cases in which two parallel 
lines may intercept two arcs, and prove them equal in 
each case. 



Ex. 125. Two tangents drawn to a circle from the same 
point are equal. Suggestion, Connect the center with 
the given point. § 190. 

Ex. 126. If a tangent and a chord are parallel, prove 
that they intercept equal arcs. 
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Proposition XVT, 

195. Theorem. Through three points, not in the 
same straight line, one circumference, and only one, is 
possible. 



•c 

Let ABC represent three given points not in the same 
straight line. 

To prove that through A, B, and C one circumference, 
and but one, is possible. 

Suggestion i. What is the locus of a point equally 
distant from A and C ? Why is this Una a locus of the 
centers of circles whose circumferences cut A and C ? 

2. What is the locus of a point equally distant from 
A and B ? Give auth. Of what centers is this line a locus ? 

J. Will these two loci intersect ? Why ? Ex. no. 

4. What relation does this point bear \.o A, B, and C? 
Why? 

5. Can a circumference pass through the points A, B, 
andC? Why? 

6. Can there be more than one such circumference ? 
Why? § 136. 

Therefore — 

Query: How could you find the center of a circle 
if it were not known ? 
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MEASUREMENT. 

196. Quantity is any magnitude which can be measured 
by a unit of the same kind. 

197. The quantities used in geometry are the geometric 
magnitudes, as, lines, surfaces, and solids. 

198. To measure a quantity is to find out how many 
times it contains another selected quantity of the same kind, 
called the unit of measure. 

199. In everyday experience, the unit of measure is a 
standard accepted by general consent; as a foot, a square 
yard, a ton, a cord, etc. 

200. The numerical measure of a quantity is the num- 
ber which expresses how many times the unit of measure 
is contained in the given quantity. 

201. A careful distinction should be made between 
quantity, and number which is the measure of quantity. 
These terms are sometimes carelessly confused. 26 gal- 
lons, 3 feet, 5 pints, and 29 square feet are quantities; 
26, 3, 5, and 29 are numbers. The units of measure 
by which we derive these numbers from the quantities 
are, respectively, a gallon, a foot, a pint, and a square 
foot. 

202. The ratio of one quantity to another is the num- 
ber of times the first contains the second. 

(a) In other words the ratio of one quantity to an- 
other is the numerical measure of the first regarding the 
second as the unit of measure; or, having measured both 
quantities by the same unit, the quotient of the numeri- 
cal measure of the first divided by the numerical meas- 
ure of the second. 
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To illustrate, the ratio of line A to line B is the num- 
ber of times A contains 5, regarding B as the unit of 
measure. The result may be ob- 
tained by laying B oflF upon A as d 

many times as possible; or, A and 

B may be measured by the same unit 

of measure, M, in which case the 

ratio of -4 to 5 is the number of times 

the numerical measure of A contains the numerical 

measure of B, Suppose M is contained c times in 4, 

and d times in 5, then the ratio of -4 to 5 is equal to c 

divided by rf, as c and i are the numerical measures 

of A and 5, respectively. 

(i) As ratio plays an important part in subsequent geometry, it 
is important that the pupil have clear and definite ideas of what a ratio 
actually is, and the relation it sustains to the subject of division. 

From the definition of the ratio of two quantities, as the number of 
times the first contains the second, it follows that a ratio can exist only 
between quantities of the same kind, and also that the ratio of two 
quantities is always a pure number. For example, 6 feet contains 3 
feet twice; hence the ratio of 6 feet to 3 feet is 2. 

Division has been defined as the process of finding how many times 
one number or quantity is contained in another number or quantity of 
the same kind; or, the process of separating a number or quantity into 
a given number of equal parts and taking one of them. In the first 
conception of division in the definition, the division of measurement, 
the quotient is identical with the ratio; the divisor and dividend, if 
quantities, must have a like unit of measure, making the quotient a 
pure number, or the division is unthinkable. 6 feet -f- 3 feet — 2; or, 

— j^ = — =2. This idea may be expressed as 6 feet = 2 times 

3 feet. 

(2) In the second kind of division, the division of separation or 
partition, the divisor is a pure number and the dividend and quotient 
may be numbers, or like quantities. 16 gallons -s- 2 means that 16 
gallons are to be divided into two equal parts, and one of the parts 
taken. In common phrase, it means to find J of 16 gallons. As 
ratio identifies itself only with the division of measurement, we shall 
be concerned with the principles underlying only that kind of 
division. 

(3) Since ratio in the following discussion is based upon the alge- 
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braic conception of division, and not upon the Euclidean definition, 
which is much too difficult for beginners, the division or fractional form 
of statement is most expressive. Hence, the ratio of 6 feet to 2 feet 

is best expressed as — 7-^. The statement referred to, § 202 (a), that the 

ratio of quantities A and B equals the ratio of the numbers c and d^ 

A c 
is best expressed as Z" — "T • This form will be invariably used in 

the following pages. 

203. Two quantities of the same kind are commen- 
surable when each contains the same unit of measure 
an integral number of times. 

(a) Arithmetic is particularly concerned with commen- 
surable quantities. 

204. In determining the common unit of measure of 
two commensurable quantities, the arithmetical method 
for finding the greatest common divisor may be followed, 
which is, to divide the greater quantity by the less, to 
divide the divispr by the remainder, this remainder by 
the second remainder, etc., until the division is found 
to be exact. The exact divisor is the greatest common 
unit of measure of the two quantities. 

To find the greatest common unit of two lines, or other magnitudes, 
by the arithmetical method, is a valuable geometrical exercise and usefuK 
review of arithmetic. 

205. Two quantities of the same kind are incommen- 
surable when they cannot be exactly divided by the same 
unit of measure, however small, an integral number of 
times. 

(a) This idea is diSicult of conception. To illustrate: 
The diagonal and side of a square may be shown geo- 
metrically to be incommensurable by the following diagram. 

By the method of finding the greatest common unit of 
measure of two quantities, lay oflF the side B C upon the 
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diagonal B A, Erect a, JL to B A at D. By Exercise 80, 
A D = D E = EC. i4 £ is the diagonal of a square of 
which A D is the side. Lay oS A D upon B C, the last 
divisor, or its equal A C. It 
is contained twice with a re- 
mainder, as A O, Erect a J« 
to 4 C at O. AO = OM = 
M D, i4 M is the diagonal of a 
square of which -4 O is a side. 
-4 O is contained twice mAD 
with a remainder. By continu- 
ing the division in the same way, it can be seen that the last 
remainder is always contained twice in the last preceding 
divisor with a remainder, for each time the remainder is 
the diflFerence between the side and the diagonal of a square. 
The conditions after each division are exactly the same as 
after the previous division; hence, like conditions must 
recur without limit; hence, the division can never be exact; 
hence, there is no common divisor between the side and 
diagonal of a square; hence, they are incommensurable. 
(b) The diagonal and side of a square will later be 

\/2 

proved to be in the ratio of \/ 2 to i, or •^^, which equals 

\/2. The\/2 can be shown algebraically to be a surd; 
that is, incommensurable with the unit one. 

206. The circumference of a circle and its diameter are 
incommensurable. The two lines which bear the relation 
of I and \/3, or i and \/5, are incommensurable. Many 
quantities in common experience are incommensurable, 
but as the remainder is small, it is ignored and the quanti- 
ties are regarded as actually commensurable. In mcas- 
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uring distances the carpenter discards the remainder to 
the degree of accuracy that his work requires. 

Show further illustrations of incommensurables in common experience. 

207. An incommensurable number is a number which 
is incommensurable with its unit, as the \/2, \/3, \/5, 
\/ii, or 3.1416+ etc. 

208. An incommensurable ratio is the ratio of any two 
incommensurable quantities or numbers. The side and 
diagonal of a square, § 205 (a), also the diameter and 
circumference of a circle, wien compared, form an in- 
commensurable ratio. 

Note. — An incommensurable number must not be looked upon as 
an inexact number. If the side of a square is i foot, the diagonal is 
y/ 2 feet, but this diagonal is a perfectly definite length, and can be 
constructed as exactly as any other line. 

209. A constant is a quantity whose value is fixed. 

210. A variable is a quantity which,under the conditions 
imposed upon it, may assume an indefinite number of 
values. For example, the distance from a railway station 
to a moving train is a quantity which has one value at one 
time, another value a minute later, and still different 
values later on. 

211. When a variable so changes that it continually 
approaches a constant which it cannot reach, but from 
which it may be made to differ by an amount less 
than any assigned quantity, however small, the constant 
is the limit of the variable, and the variable approaches 
its limit. 

Note. — By this definition some variables have limits and some do 
not. The variable in the illustration § 210 belongs to the latter class; 
the variables considered in geometry belong to the former. 
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(a) Tests for the limit of a variable: 

1. Is it a constant ? 

2. Is it approached in value by a variable ? 

3. Can it be equaled by the variable ? 

4. Can the difference between the variable and its limit 
be made less than any assigned quantity ? 

(b) If a point is made to move along a given line, the 
distance from a fixed point to the moving point i3 a variable. 
This variable may or may not have a limit. If such con- 
ditions are imposed upon the moving point that, during a 
given period of time, it moves along half the length of the 
line, the next period along half the remaining distance, the 
next half the remaining distance, etc., the length of the 
given line is the limit of the variable. 

(c) One mth of a given line is a variable which approaches 
zero as a limit if m is made to increase indefinitely; a minus 
one wth of a is a variable which approaches a as a limit if 
tn is made to increase indefinitely. 

Illustrate freely the idea of variable in the article above; 
as, if 16 is divided by an increasing series of numbers, 
as 2, 4, 8, 16, 32, 64, 128, etc., the quotient is a variable 
approaching zero as its Umit. 

(d) The perimeter of a polygon consisting of equal 
chords of a circle is a variable, if the number of its 
sides is continually increased by drawing chords from the 
vertices of the polygon to the middle points of the arcs. 

What is the limit of this perimeter ? 

Test your answer by the definition of limit. 

(e) The area of the polygon is also a variable under 
the above conditions. What is its limit ? 

(/) The pupil should remember that the limit and the 



^04 PLANE GEOMETRY. 

variable are always the same kind of quantities; as in 
example (b), the limit and variable are both distances; in 
(d), are both lines, etc. 

212. The difference between a variable and its limit is 
a variable whose limit is zero. 

Proposition XVII. 

213. Theorem. If two variables are always equal 
as they approach their limits, their limits are equal. 

. pt tn u 



O' 



Let A m and C n represent two equal variablesi and 
A B and C D their respective limits. 

To prove that A B eqtuils C D. 

A B and C D are either equal or unequal. Suppose 
AB is smaller than CD. 'LetAB=CO. Lay off ^4 5 
on C D; then C O becomes the limit of the variable A tn. 

By hypothesis Am = Cn, Afnf=C w',^tc. By defi- 
nition of limit of a variable, A m approaches indefinitely 
near C O and C n approaches C D. Hence, as O Z) is 
an assigned quantity to denote the difference between 
A B and C D, the variable A m eventually becomes 
smaller than C w as they together approach their limits. 
This is contrary to the hypothesis, hence A B cannot be 
smaller than CD. In a similar manner prove A B can- 
not be larger than C D. 

Therefore — 

The absurdity of the assumption of the inequality of 
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A B and C D can be shown also in a violation of the 
definition of limit of a variable. 

In the above demonstration, if the variables maintain their 
equality, one of them cannot approach within less than 
an assigned distance of its limit, or the other must become 
larger than its limit. 11 Am remains equal to Cw, as C « 
approaches its limit CD, it must become larger than CO its 
limit; which violates the definition of limit of a variable. 

214. Postulates, (a.) The variable which is obtained 
by multiplying a given variable by a constant has for its 
limit the', product of the limit of the variable by the constant. 

If F is a variable, L its limit, and A any constant, 
A XV approaches ^4 X L as its limit. 

The following may serve as a numerical illustration: 
2 X (.3, .33, .333 i) = .6, .66, .666 ....§. 

(6.) The variable which is obtained by dividing a 
given variable by a constant, has for its limit the quotient 
of the limit of the given variable by the constant. 

If F is a variable, L its limit, and A any constant, 

F 1. i . V . 

— approaches — as its Imut. 
A A 

To illustrate: (.6, .66, .666.... |) -5- 2 = .3, .33, .333.... i- 

{c.) If two variables, both increasing or both decreasing, 
are multiplied together term for term the product is a vari- 
able, the limit of which is the product of the limits of the 
variables. 

If F is one variable, and F' another, L and L' their 
respective limits, both variables increasing or both de- 
creasing, V xV is a variable, and LX V is its limit. 

To illustrate: Multiply the above numerical variables 
term for term. 
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Proposition XVTII. 

215. Theorem. In the same circle^ or in equal 
circles, two angles at the center have the same ratio as 
the arcs which they intercept at the circumference. 




Let and S represent angles at the center of two equal 

circles, and A B and C 1) the arcs which they intercept at 

the circumference. 

_ , angle O , , arc A B 

To prove that — is equal to . 

angle S arc CD 

There are two cases. 

Case I. When angles O and S are commensurable. 

Suggestion i. Let Z. M represent a common unit of 
measure for the two angles. 
2. \i Z.M is contained 5 times in ^ O and 4 times in 

Z. S, what does the ratio -- — equal? § 202. 

Or, if 2^ Af is contained a times in ^O and b times in 

^ 5, what does the ratio of -— — equal ? 

5. Extend the lines of division of the j^s to the arcs. 
How do arcs A E, E F, C I, I K, etc., compare ? Why ? 
Hence, one of them may be used as a unit of measure. 



THE CIRCLE. 107 

4. How many times is this unit arc contained in arc 
AB? In arc C Z> ? 

rr^, 1 . arc A B , , ^ 

5. Then the ratio equals what ? § 202. 

arc C D 

6. Compare the ratio of the 2^s with the ratio of the arcs. 
Give auth. 

Therefore — 

Case II. When the angles O and S are incommensurable. 





Suggestion i. Take any unit of measure of one of the 
angles, as of ^ 5, and apply this unit to the Z. O. There 
must be a remainder. Why ? 

Let this remainder be represented hy A M O B. How 
large is this remainder with respect to the unit of measure ? 
Why? 

2. The Z.S AOM and 5 are commensurable. Why ? 

: ZAOM ,^ ^ . arc AM 

3. Compare the ratio -: with the ratio . 

^ ^ ZS arc CD 

Case I. 

4. By taking the unit of measure oi AS smaller and 
smaller continually, the remainder in ^ ^4 O -B, namely, the 
AM O By may be made as sm.all as we please, that is, it 
may be made to approach zero at its limit. (§ 212.) 
Can it be made to disappear entirely? Why? Sug. i. 

5. The ZAOMisdi variable. Why ? 
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6. Is j^S 3, variable or a constant ? 

7. Is the ratio : a vanable or constant ? What 

ZS 

ratio is — — approachmg? § 214 (6). 

p. What kind of a quantity is arc il Jf ? Is arc C Z> ? 

arc il M _ 

The ratio of ? 

arc CI> 

„Ti .11.. ^ drc A M ^ - ,,^ 

10. What is the hmit of ? § 214 (6)- 

arc CD 

. ^, ZilOM ^arCilM 

11. Compare the two vanables : and 

^ Z5 arc CD 

as they approach their Umits. Sug. 3. 

12. Compare their Umits. § 213. 
Therefore — 

Model. 
Proposition XVIII. 
Theorem. In the same circle^ or in equal circles^ 
two angles at the center have the same ratio cls the arcs 
which they intercept at the circumference. 




Let and S represent angles at the centers of two 
equal circles, and A B and C D the arcs which they Inter- 
cept at the circumference. 
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^ , angle O , , arc A B 

To prove thai is eqtuU ta . 

angle S arcC D 

There are two cases. 

Case I. When angles O and S are commensurable. 
Let ^ M represent a common unit of measure of AO 
and Z S. 
li Z M is contained 5 times in ZO and 4 times in Z S, 

the ratio — — = -. § 202. 

^ o 4 

Or, if ^ Af is contained a times in ZO and b times in 

^ ^ , . ZO a 
Z- S, the ratio — : — =— . § 202. 

ZS b 

Extend the Hnes of division of the Zs to the arcs; then 
arcs A E, E F, C I, I K, etc., are all equal, and hence the 
arcs A B and C D can be measured by using any one of 
them as a unit of measure. § 177, § 198 

The unit arc is contained 5 times in arc A B and 4 times 

in arc C D, or a and b times respectively, for each angle 

at the center intercepts an arc. 

, . c^rc A B $ a 

Hence, the ratio -7-- = - or --. § 202. 

arcCD 4 b 

ZO arcAB 
Z S arc CD 
Case IL When angles O and S are incommensurable. 
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Take a unit of measure of one of the ^s, as of A. S, 
and apply this unit to the ^ O. Since the angles are 
incommensurable, this unit will be contained in ^ O a 
certain number of times with a remainder, as ^ M O B, 
which is less than the unit of measure. § 205. 

Since the ^s A O M and S have a common unit of 
measure, they are commensurable, and hence, by Case I, 
ZAOM arcAM 

ZS ~ arcCD' 

By taking the unit of measure of ZS smaller and 
smaller continually, the remainder in Z.AOB, viz., the 
Z M O B, which is always less than the unit, may be 
made indefinitely small, but cannot be made entirely to 
disappear, for then the Zs O and 5 would be commen- 
surable. Hence, the remainder, Z M O B, approaches 
zero as a hmit, and, therefore, the 2^ ^4 O Af is a variable 
which approaches ZAOBasa. hmit. § 211. 

^ ^ c . . . , . ZAOM 

• But Z. o IS a constant, and hence, the ratio : 

ZS 

. ui 1.. 1. ,. 1 . ZAOB 
IS a variable which approaches the ratio — as a 

Umit. § 214. 

Arc A M, as ZA O M increases, is made to increase 

(§177), and hence is a variable, which approaches arc 

A B as a limit (§ 211). Arc C£> is a constant, hence 

, , arr AM . _ , arc A B ,. . 

the ratio - — approaches the ratio as a limit. 

-^ ^ ^ ^^ arc C D 

§ 214. 
arc A M 

and — T are two variables which 

arc C D 




r 
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are always equal as they approach their limits, their limits 

V rr.. . ZAOB arcAB 

must be equal (§ 213). That is, . , ^_ = — -. 

jL^ \^ o u arc c u 

Therefore, in the same circle, or in equal circles, two 

angles at the center have the same ratio as the arcs which 

they intercept on the circumference. 

216. Scholium I. A degree, which has already been 
defined as -^ of a right angle, or -5-J^ of the whole 
angular magnitude about a point, is the standard unit 
angle; and the arc it intercepts on the circumference, also 
called a degree, or -g^-^- of the circumference, is the 
standard unit arc. 

217. Scholium II. By the proposition it is proved 
that the number of times the unit angle is contained in 
the given angle at the center is the same as the number 
of times that the unit arc is contained in the arc intercepted 
by the given angle. Hence, we say briefly that an angle 
at the center Is measured by Its Intercepted arc, meaning 
that there are as many degrees in the angle at the center 
as in the intercepted arc. 

218. Scholium III. A right angle which contains 90 
degrees (written 90°), is often used as a unit angle in 
determining the size of other angles. 

219. An angle inscribed in a circle is one /^ ^"^^ 
whose vertex is in the circumference, and 
whose sides are chords of the circle. The 
angle E is an inscribed angle. 

220. An angle is inscribed in a segment of a circle when 
its vertex is in the arc of the segment and its sides meet 
the extremities of the chord of the arc. The angle E is 
inscribed in the segment D EF, 
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Proposition XIX. 

221. Theorem. An inscribed angle is measured by 
one-half its intercepted arc. 




Let A be an inscribed angle, intercepting the arc B C. 

To prove that the angle A is measured by one-halj the 
arc B C, § 217. 

Case I. When one side of the angle is a diameter. 
Suggestion i . Connect O, the center of the circle, with C. 
2. Compare ^ A with ^ C. Give auth. 
J. Compare ^ A with ^ i. Give auth. 

4. By what arc is ^ i measured ? Why ? § 217. 

5. Then, by what part of the arc BC is the Z.A 
measured ? 

Case II. When the center lies between the sides of the 
angle. 



Suggestion i. Through the vertex A draw the diameter 
AM, 
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2. By what arc is 2^ i measured ? Why ? 
5. By what arc is 2^ 2 measured ? Why ? 
4. Then, by what arc \^ Z-A measured ? 

Note. — Suggestion 4 may be more easily comprehended if the defini- 
tion of "measured" (§217) be substituted; as, the number of angle 
degrees in Z / plus the number of angle degrees in L 2 ■= \ the 
number of arc degrees \wB M plus J the number of arc degrees in M C. 

Express algebraically and reduce by factoring. 

Case III. When both sides of the angle are on the same 
side of the center. 




Suggestion i. Through the vertex A draw the diameter 
AM. 

2. By what arc is Z. A measured ? 

J. By what arc is ^ i measured ? 

4. Then, by what arc is ^ 2 measured ? (See Note, 
Case II.) 

Therefore — 

222. Corollary I. An inscribed right angle is measured 
by one-half a semi-circumference. 

223. Corollary II. An angle inscribed in a semi-circle 
is a right angle. 

Query. How could you use Corollary II to construct 
a right angle ? 

Ex. 127. If angle A, § 221, Case I = 63^°, how many 
degrees in angle i ? In angle C ? In arc -4 C ? 
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Proposition XX. 

224. Theorem. An angle formed by a tangent and 
a chord is measured by one-half the intercepted arc. 




Let m represent an angle formed by AB a tangent, 
A C a chord, and ADC the intercepted arc. 

To prove that the angle m is measured by one-haif the 
arc ADC. 

Suggestion i. Draw through A the diameter A M. 
What kind oi an Z. is B A M? Why ? By what arc is 
it measured ? § 95. 

2. By what arc is ^n measured ? Why ? 

J. By what arc is ^m measured ? Why ? (See Note 
§221.) 

Therefore — 



Ex. 128. A chord is met at its extremity by a tangent 
forming an angle of 75°. How many degrees in the arc 
that is subtended by the chord ? 

Ex. 129. a, b and c are the angles of an inscribed tri- 
angle. Angle a is four times b, and b is one-seventh of c. 
How many degrees in the arcs of the circle subtended by 
the sides of the angles, respectively ? 
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Proposition XXI. 

225. Theorem. The angle formed by two secants, 
meeting without the circle, is measured by one-half the 
difference of the intercepted arcs. 

4A 




Let AB and AC represent two secants, meeting at A, 
without the circle, forming the angle BAG and intercept- 
ing the arcs D£ and BC. 

To prove that the angle B A C is measured by one-half 
the difference of the arcs B C and D E. 

Suggestion i. Through £, draw a chord £ 3f || to 
AB. 
2. By what arc is A i measured ? Why ? 
5. Compare the A A with A i. 

4. Then, by what arc is A A measured ? 

5. Express the arc M C in terms ol BC and B M, then 
in terms of BC and D E. 

6. Then, by what arc is Z.A measured ? 
Therefore — 

Another Method. Connect B and E. Compare Z. A 
with Z. B and Z. i. Complete the demonstration. 
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Proposition XXII. 

226. Theorem. An angle formed by two intersect- 
ing chords is measured by one-half the sum of the 
intercepted arcs. 

A 




Let A B and C D represent two chords Intersecting at X. 

To prove that angle n is measured by one-half the sum 
of arcs C B and A D. 

Suggestion i. Through D, one extremity of the chord 
CZ>, draw JDM || toAB. 
2, Compare ^ n with ^ D. Give auth. 
J. By what arc is ^ D measured ? Why ? 

4. By what arc is ^ n measured ? 

5. Express the arc CM in terms oi BC and AD. § 193. 

6. Then, by what arc is ^n measured in terms oi BC 
and 4 JD ? 

Therefore — 

Another Method. Connect B and D. Compare 
^ n with A B and A D. Complete the demonstration. 

Query. What angles have we learned to measure? 
What is the measure of each ? 
227. A polygon is circumscribed about a circle, when 
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each of its sides is tangent to the circle; as 
polygon A BCD. 

(a) When a polygon is circumscribed about 
a circle, the circle is inscribed in the polygon. 

228. A polygon is inscribed in a circle 
when each of its sides is a chord of the 
circle; as polygonal C. 

(a) When a polygon is inscribed in a ( 
circle, the circle is circumscribed about the 
polygon. 

229. Two circles are tangent to each other 
when they have one point of contact, and 
only one, as circles O and R, or O and 5. 

(a) This point of contact is called the 
point of tangency. 




Ex. 130. An angle formed by two tangents is measured 
by one-half of the difference between the intercepted arcs. 

Ex. 131. An angle formed by a tangent and a secant 
is measured by one-half of the difference between the 
intercepted arcs. 

Ex. 132. If the middle points of the sides of a quadri- 
lateral be joined in order, the figure formed is a parallelo- 
gram. Sug. Draw the diagonals of the quadrilateral. 

Ex. 133. The diameters of any quadrilateral bisect 
each other. 

Ex. 134. If A is the vertex and B C the base of an isos- 
celes triangle ABC, and if from any point D in the side 
-4 5 a line is drawn perpendicular to the base and meet- 
ing C A extended at £,^prove that the triangle A D E 
is isosceles. 
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Proposition XXIII. 



230. Theorem. // two circles are tangent to each 
other, the line joining their centers passes through the 
point of tangency. 





Let circles and S be tangent to each other, Z the 
point of tangency and S the line joining the centers. 

To prove that O S, extended if necessary, passes through 
the point oj tangency X. 

Suggestion i. Represent a straight line A B that is a 
tangent common to the two circles. 

2, At the point of tangency X, erect a, J^ to A B, and 
extend it through both circles. 

J. The _L passes through .the centers. Why ? 

4. What relation does this J. sustain to O 5 ? Give 
auth. Ax. 12, 

Therefore — 



Ex. 135. ^ 5 is the h)rpotenuse of a right triangle ABC, 
BD is drawn bisecting the angle B, meeting ACatD, and 
D E is drawn perpendicular to A C, meeting A B Sit E. 
Prove that ED B is 201 isosceles triangle. 
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Proposition XXIV. 

231. Theorem. // two circles intersect, the line 
joining their centers is perpendicular to their common 
chord at its middle point. 




Let circles and S intersect. Let S be the line join- 
ing their centers and A B their common chord. 

To prove that O S is perpendicular to A B at the middle 
point 0} A B. 

Suggestion. At the middle point ol A B erect a J. and 
extend both ways. (§ 186.) Complete the demonstra- 
tion. 

Therejore — 

Another Method: 

Suggestion i. What is the locus of points equally distant 
from A and B ? 

2. What relation do the centers bear to A and B ? 

J. What relation must they bear to the locus? . 

Therefore — 

232. Corollary I. 1} two intersecting circles are equal, 
the line of centers is bisected by the common chord. 

To prove O S is bisected. 

Query. How could § 232 be used to bisect a straight 
line? 
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233. Review. 

I. In the same circle or in equal circles: 

{a) If two angles at the center are equal, compare the 
subtending arcs; the subtending chords. 

(6) If two angles at the center are unequal, compare 
the subtending arcs; the subtending chords. 

{c) If two arcs are equal, compare the subtended angles 
at the center; the subtending chords. 

{d) If two arcs are unequal, compare the subtended 
angles at the center; the subtending chords. 

(e) If two .chords are equal, compare the arcs they 
subtend; the angles at the center they subtend. 

(/) If two chords are unequal, compare the arcs they 
subtend; the angles at the center they subtend. 

II. What lines cut the centers of circles? 

III. What angles have been measured ? What arcs are 
the respective measures of the angles? 

Problems of Construction. 

234. In the previous work the constructions have been 
represented, instead of being actually performed. If it 
has been established that a certain relation of points, 
lines or surfaces is possible, the rigor of the demonstration 
is not impaired by using a representation of that relation 
without actually constructing it. 

235* Since plane geometry deals only with figures 
which can be made from straight lines and circumferences 
of circles, the constructions of plane geometry are those 
whkh it is possible to effect by means of a straight edge 
and dividers, or compasses, which are necessitated by 
the postulates named below. 
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Problems of construction belong in no sense to pure 
geometry, but are applications of the principles demon- 
strated in pure geometry. 

236. Since constructions are based upon theorems pre- 
viously demonstrated, if several theorems bearing upon 
the same point have been established, more than one 
method of solution of the problem involving that point 
can usually be effected; as, if the problem be given to 
draw through a given point a line parallel to a given line, 
several methods for the solution of the problem can be 
evolved by means of several of the propositions concern- 
ing parallel lines, as §§ 114-116. 

Postulates of Construction. 

237. Let it be granted: 

(a) That a straight line can be drawn between any 
two points and can be extended to any length through 
either extremity. 

(b) That a circle can be drawn with any point as a 
center, and with any straight line as a radius. 

Note. — It will be observed that the first postulate necessitates the 
straight edge, and the second the dividers. 



Ex. 136. If the middle points of the three sides of a 
triangle be joined by straight lines, the triangle is divided 
into four triangles, which are equal in all respects. 

Ex. 137. Two circles are tangent internally. Two lines 
are drawa from the point of tangency through the extremi- 
ties of thfe diameter of one of the circles. Prove that they 
intersect the other circle in the extremities of a diameter. 

Ex. 138. Prove Ex. 137 is true if the circles are tangent 
externally. 



122 PLANE GEOMETRY. 

Proposition XXV. 
238. Problem. To bisect a given straight line. 



Let AB be given a straight line. 

To bisect A B. 

Suggestion i. Use § 232. 

2. To use this truth, A and B must be the centers of 
two equal intersecting circles. Hence, with these points 
as centers, construct two equal intersecting circles (§237 
(6)), and draw their common chord M N {% 237 (a) ). 

Therefore — 

What postulates are used ? 

Try § 231 for another solution. 

Query. At what angle does M N bisect A B? 

Note. — A little experience will suggest how to omit the unessential 
parts of lines. For instance, in the above corstruction all the circum- 
ferences can be omitted, except short arcs near the points of intersec- 
tion, M and N. 

239. The median of a trapezoid is the straight line 
joining the middle points of the legs. 

Ex. 139. The sum of the bases of a 
trapezoid is equal to twice the median 
of the trapezoid. 

Ex. 140. The median of a trapezoid ^ a^ 
is parallel to the bases. 
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Proposition XXVI. 

240. Problem. To erect a perpendictdar to a given 
line, at a given point in that line. 



Y 




A\ 


M 


\^ 


\ 


! 



Let C D be the given line and M the given point. 
To erect a perpendicular to C D at M. 

Suggestion i. Use § 232. 

2. In order to use this principle, M must be the middle 
point of the line joining the centers of the Os. Hence, 
find points on the lihe C Z>, as 4 and jB, equally distant 
from M (§ 237 (b) ), and proceed as in § 238. 

J. A perpendicular is erected to C Z> at M. 

Therefore — 

For other methods, see §§ 185, 231, Ex. 29. 



Proposition XXVII. 

241. Problem. From a given point, to drop a per- 
pendictdar to a given line. 

M 



A'- /B 

Let C D represent the given line, and M the given point. 
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To drop a perpendicular from M to the line 'C D. 

Suggestion i. As M is one point in the required J., 
but one other point has to be determined. Ax. 12, Cor. 2. 

2. Effect a construction so that you can use the truth 
in § 185. 

Therefore — 

Query. What postulates and problems are used in 
this problem? §§237 (6), 238 and 237 (a). 

Proposition XXVIII. 

242. Problem. To bisect a given arc. 

Let A B represent the given arc. 

To bisect the arc A B. 0- 

Suggestion i. What propositions have been 
demonstrated which involve the bisection of 
an arc ? §§ 184, 185, 187. 

2. If the center, as O, is given, apply § 184 or § 185 and 
complete the solution. 

J. If the center is not given, apply § 187. 

Therefore — 



Ex. 141. Let a be a given straight line, and b an in- 
definite straight line intersecting it. Construct a right 
triangle having a for its hypotenuse and having its vertex 
in 6. § 223. 

Ex. 142. A B and CD are two chords of a circle inter- 
secting at O. Prove triangles AO D and C O jB are mu- 
tually equiangular. Prove triangles AOC and BOD 
mutually equiangular. 
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Proposition XXIX. 

243. Problem. To bisect a given angle. 

Let represent a given angle. \l 

To bisect the angle O, 

Suggestion i. What propositions involve 
the bisection of an ^? Make the con- 
struction by one or more methods. ^^ 

§§ 242, 178, Ex. 54, etc. 
Therefore — 

Proposition XXX. 

244. Problem. To find the center of a circle, if any 
arc of the circumference is given. 

Let A B represent an arc. 

To find the center of a circle of 
which A B is an arc. ^^ 

Suggestion i. How many lines must pass through a 
given point to determine it? 

2. What principles have been demonstrated which 
determine lines that pass through the center of a O ? 

§§ 186, 192, Ex. 114, etc. 

J. Use § 186 to determine two loci of the center, 

4. Why is their point of intersection the required 
center? §i9S- 

Therefore — 

Note. — Only those truths previously proved that involve postulates, 
or problems that have been solved, can be used in the solution of a 
problem. For example, § 186 leads to a possible solution of tlie problem, 
§ 244, because the problem to erect a perpendicular has already been 
solved. Can § 192 be used ? Why ? What is the objection to the use 
of Ex. 114? 
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Proposition XXXI. 



245. Problem. At a given point in a given line, to 
constriict an angle equal to a given angle, with the given 
line as one side. 




Let M represent the given angle, A B the given line, 
and A the given point. 

To construct at A an angle equal to the angle Jf , having 
A B for one side. 

Suggestion i. Use §§ 173, 181, and 178. 

2. To apply these truths, M and A must be made cen- 
ters of = Os. How can this be done ? 

J. Equal arcs must be made to subtend ^ M and 
the ^ to be constructed at A. How can this be done? 
Complete the construction. 

Therefore — 




Ex. 143. If from two opposite vertices of a parallelo- 
gram two lines be drawn to the mid- 
dle points of two opposite sides, the 
lines will trisect the diagonal join- 
ing the other vertices. (See Ex. loi.) 

Ex. 144. A BC is 3. triangle inscribed in a circle whose 
center is O. O D is perpendicular to B C. Prove angle 
DOC, or its supplement, is equal to angle A. Sug.: O 
may be within or without the triangle. 
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Proposition XXXII. 

246. Problem. Through a given pointy to construct 
a straight line parallel to a given straight line. 



Let AB be a given straight line, and M a given point. 
To constrttct a straight line through M, parallel to A B. 

Suggestion i. What propositions determine that lines 
are || ? §§ 102, 114, 115, etc. 

2. These truths require a transversal through M, cutting 
A B. Use § 114. Use § 102. Complete the constructions. 

Other Methods. If time permits, try to use other 
truths by which a line II to another line is determined; 
as, for instance, §§152 and 140 (c). 




Ex. 145. If the middle points of two oppo- 
site sides of a quadrilateral be joined to the 
middle points of the diagonals, the joining 
lines form a parallelogram. 

Ex. 146. Prove that the three bisectors of the angles of a 
triangle meet in the same point. 

Suggestion i. In triangle -4 jB C the bisector of ^ ^4 is 
the locus of a point equally distant from the sides A B and 
A C. Ex. 71. 

2. The bisector of ^ jB is the locus of what ? 

J. Prove, now, that the point of intersection of these two 
bisectors is on the bisector of the ^ C. 
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Proposition XXXIII. 

247. Problem. To constrtict (i) the complement of 
a given angle; (2) the supplement of a given angle; 
(3) the third angle of a triangle, having given the other 
two. 

Suggestion i. See definitions of complement and supple- 
ment of an angle. 

2. In solving (i), § 240. 

3. In solving (3), § 51 or § 120. 
Therefore — 

Proposition ,XXXIV. 

248. Problem. Given two angles and the included 
side of a triangle, to constrtict the triangle. 




'D 



Let A and B represent the two given angles, and C D 
the included side. 

To construct a triangle having A and B jar two of its 
angles, and C D the side included between these angles. 

Suggestion, Represent the A as if already constructed. 
Study it to see what previous problems need to be employed 
in the construction. 

Query. Could the Une and angles be of such magnitudes 
that the construction of a triangle is impossible? 
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Proposition XXXV. 

249. Problem. Given two sides and the included 
angle 0} a triangle, to constrtict the triangle. 

M 



N 




Let M and N represent two sides and the Included 
angle of a triangle. 

To construct a triangle having M and N for two of its 
sidesy and O the angle formed by those two sides. 

Suggestion. See Sug. § 248. 



Ex. 147. The three medians of a triangle meet at a point. 

(See Ex. 143.) i a cuts off 3^ _ ^ 

one- third of diagonal 5 6. Find ^yj^^^^^^^^^ ^^'' 
relation of j 4 to diagonal. ^ 4 ' 

Show that median 5 O lies in diagonal 5 6. 

Ex. 148. Prove that the line which bisects an arc and 
is perpendicular to its subtending chord passes, if extended, 
through the center of the circle. 

Try this example in the construction of problem, § 244. 

Ex. 149. Parallel straight lines, included between 
parallel straight lines, are equal. 

Ex. 150. If a line be drawn in a trapezoid, bisecting one 
of the legs and parallel to the bases, prove that it bisects 
the other leg also. Sug.: Draw a diagonal of the trape- 
zoid. 



130 PLANE GEOMETRY. 

Proposition XXXVI. 

250. Problem. To construct a triangle whose sides 
are three given lines. 



-D 



Let AB, C D» and £ F represent three given lines. 

To constrtict a triangle whose sides are A By C Dy and 
E Fy respectively. 

Suggestion i. Draw one line as A B. Two vertices of 
the A are determined. The problem now is to determine 
the third vertex, X. 

2. Having constructed line A B, what is one locus of 
the vertex ? § 158 or Ex. 100. 

J. What is another locus of the vehex ? 

4. Do these loci intersect ? 

5. Having located point X, construct the A. 

Query. Could C D and £ jF be of such length with 
respect to A B that the loci could not intersect ? Discuss 
the possibility of the solution as dependent upon the 
relative lengths of the three given lines. § 87. 



Ex. 151. Upon a given base, construct an isosceles 
triangle, in which the sum of the two equal sides equals 
a given line. 

Ex. 152. All angles inscribed in the same segment are 
equal. 
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Ex. 153. In the same circle or in equal circles, an 
inscribed in the smaller of two segments e 

is larger than an angle inscribed in the ^ 
larger segment. c\ 

Suggestion. Prove that the angle A EB 
is larger than the angle COD, 

Ex. 154. The segments of a straight line 
intercepted by concentric circles are equal. 

Prove A B equals C D. 




Proposition XXXVII. 

251. Problem. Through a given potnt, to draw a 
tangent to a given circle. 

Case I., When the point is on the circumference. 

<A 




Let A represent the given point in the circumference of 
the given circle, 0. 

To draw a tangent to the circle O, through the point A. 

Suggestion i. What relation does a tangent bear to the 
radius drawn to the point of contact ? Give auth. 

What problems and postulates are invoived in making 
application of the authority you use ? 
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Case II. When the given point is without the circle. 

A 




Let A represent the given point without the circle 0. 
To draw a tangent to the circle O, through the point A. 

Suggestion i. The problem is to detennine the point of 
tangency. Draw line O A, 

2, If the required point were connected with both O 
and A^ what kind of an Z. would be' formed at that 
point ? Give auth. 

J. § 189. 

Query. How many tangents can oe constructed from 
a point to a circle ? 

Proposition XXXVIII. 

252. Problem. To circumscribe a circle about a 
given triangle. 




c 
Let ABC represent the given triangle. 
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To circumscribe a circle about the triangle ABC, 
Suggestion. The problem is to find the center of a O 
whose circumference passes through Aj B, and C; i. e., 
to find a point equally distant from 4, 5, and C. 

§ 137 or 195. 
Query. How many circles can be circumscribed about 
a triangle ? Why ? 

Proposition XXXIX. 

253. Problem. To inscribe a circle in a given tri- 
angle, 

A 




Let ABC represent the triangle. 

To inscribe a circle in the triangle ABC. 

Suggestion i. Represent a O inscribed in a A. Study it. 

§ 227. 

2. What is the locus of a point equally distant from A B 
and AC? From A 5 and 5 C? §§ 131, 190, and Ex. 71. 

J. Give complete directions for inscribing a O in a A. 

Query. How many circles can be inscribed in a given 
A? Why? 

Ex. 155. If tangents to a circle be drawn at the ex- 
tremities of any chord, these tangents make, with each 
other, an angle which is twice the angle between the 
chord and the diameter of the circle drawn through the 
extremity of the chord. 



CHAPTER III. 
PROPORTIONAL LINES, AND SIMILAR POLYGONS. 



The Theory of Proportion. 

254. A proportion is an equality between ratios. 

A C 

(a) Let — represent a ratio and — an equal ratio, then 

A C , 

— = — IS a proportion. 

(b) It may be written in the above form ; as ^ : J5 ;; C : Z>, 
or, as A: B = C: D, and is read: the ratio of 4 to 5 
equals the ratio of C to D; or, ^4 is to 5 as C is to D. 

The reading, 4 is to jB as C is to D, belongs especially ' 
to the form, A : B :: C : D. 

255. The terms of a proportion are the four numbers, 
or quantities, compared. 

256. In any ratio the first term is the antecedent, and 
the second term the consequent. Hence, in any propor- 
tion the first and third terms are antecedents and the 
second and fourth terms are consequents. 

257. In any proportion, the first and fourth terms are 
the extremes, and the second and third terms are the means. 

A C 

In the proportion — = •— , the first term is A, the second 

B, the third C, and the fourth D. A and C are antece- 
dents, B and D are consequents, A and D are the extremes, 
and B and C are the means. 

134 
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258. The terms of a ratio must be numbers, or quantities 
of the same kind. §§ 198 and 202. 

259. A fourth proportional to three numbers or quantities 
is the fourth term of a proportion in which the three terms 
are the three quantities taken in order. X is a fourth pro- 

A C , 

portional to ^4, 5, and C, if — = -;. 12 is a fourth propor- 

6 8 
tional to 6, 9, and 8 if — = - Verify the last statement. 

9 X 



Proposition I. 

260. Theorem. In a proportion, the product of the 
means equals the product of the extremes. 

Case I. // all the terms are numbers. 

A C 
Let — = - be a proportion in which A, B, C, and D are 

numbers. 

To prove AD = BC. 

Suggestion i. What process must be performed upon the 

ratio — to produce the product AD? 

C 

2. What, then, must be done to the ratio — ? Why ? 

J. What is the effect ? 
Therefore — 

261. Case II. If the terms are geometric magnitudes. 

As stated in this case, the theorem is impossible. How- 
ever, the statement may be allowed to stand with a proper 
interpretation, viz., If the terms of a proportion are geo- 
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flf liie 

A C 

In the p iopoition ~ = Zy kt A, -B, C, and Z> lepiesent 

gjtomeiiic magnitudes. Let If be a unit of measuie of A 
and B, and X a unit of measure of C and Z>. § 200. 

Suggestion /. If If is contained in i4 5 times and in B 
i?tinies,whatdoest}ieratioofj4 to £ equal? Why? §202. 
' 2. In the same way find the measures of C and D. 
Find the ratio of C to 2> in terms of their measures. 

3, Compare the ratios of the measuiesy and 2q>ply Case L 

T here jar e — 



In a proportion^ the product of the means equals 
the product of the extremes. 

Case L // all the terms are numbers, 

X A C 

I^^ ==: be a pr o p o rti on in which A,B, C, and Dare 

munbers* 

To prove AD=-BC. 

^XBD==AD,3iid^XBD = BC. 

/.AD=BC. Ax. 4. 

Case II. // the terms are geometric magnitudes. 

A C 

Let '^ ^ n ^ ^ proportion in which A, B, C, and D 

ar^ geometric magnitudes. Let H be a unit of measure for 
A and B, and N a unit of measure for C and D. 
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To prove A D=B C with the above interpretation. 
If A contains M s times, and B contains it o times, then 

- = -. §202. 

If C contains N u times, and D contains it v times, then 

C u s u 

— = -. .'. - = -. Ax. I. 

D V V 

.'. sv = ou. Case I. 

5 and V are the measures of the extremes, and and u 
are the measures of the means. § 200. 

Therefore — 

In a proportion the prodiict 0} the means equals the pro- 
dttct 0} the extremes. 

262. Note. — It frequently occurs that mathematical expres- 
sions are used which are intelligible under some interpretations and 
have no meaning under others. For example, the expression A B 
has a definite meaning, if A and B are both numbers; it also has a defi- 
nite meaning if i4 is a pure number and B is a quantity, provided A 
is considered as the multiplier; but if A and B are both quanti- 

ties, A B has no meaning. Likewise, the expression — has a definite 

B 
meaning if A and B are both numbers; it also has a definite meaning 
if i4 is a quantity and B a number; also, if ^4 and B are both quantities 
of the same kind; but has no meaning if ^ is a number; and B is a 
quantity, or if A and B are quantities unlike in kind. § 202 (i). 

In all the following operations upon ratio, and their applications, 
care should be taken to interpret the symbols of number or quantity, 
to see whether the principles underlying the fundamental rules of arith- 
metic and algebra can be applied. The scholia following the theorems 
in the theory of proportion suggest the limitations that the principles 
underlying the operations impose upon the propositions. 



Ex. 156. Any straight line drawn through the point 
of intersection of the diagonals of a parallelogram 
divides the parallelogram into two parts which are equal 
in all respects. 
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Proposition II. 

263. Theorem. 7/ the product of two numbers is 
equal to the product of two other numbers^ the factors of 
one product may he made the means, and the factors 
of the other product the extremes of a proportion. 

Let A B= C D be an equation in which A, B, C, and D 
are numbers. 

A C C B 

To prove — = —,or — = —, 
^ DEAD 

Suggestion i. What process must be performed upon 

A B to produce the fraction — ? 

2. See method in § 260. 
Therefore — 

264. Corollary I. If a, b, c, and d in the equation 
ab = cd be measures respectively of the quantities 
My N, O, and P, 

, M P 

To prove that — = — . 

a d 
Suggestion I. •" = ~. Why? 
c b 

a M d P 

2. — = — . Why ? -- = -- Why ? § 202. 

c O b N 

J. -= -. Why? 
^ O N ^ 

Therefore — 

265. A mean proportion is a proportion in which the 
means are the same or identical numbers or quantities. 
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266. A mean proportional between two numbers or 
quantities is the second or third term of a mean proportion. 

M N , . ^ ^^ . 

— = — is a mean proportion and iv is a mean propor- 
tional. 

267. A third proportional is the fourth term of a mean 
proportion. O is the third proportional, § 266. 



Proposition III. 

268. Theorem. A mean proportional equals the 
square root of the product of the extremes of the pro- 
portion. 

- A B 
Let — = — . 
B C 

To prove that B=\/A C, in which A C means AxC. 

Case I. 1} A, 5, and C are numbers, 

A B 

Suggestion: In the equation— = — , solve algebraically 

B C 

to find the value of B. • 

Therefore — 

Case II. If A, B, and C are geometric quantities. 

The theorem is not strictly true as stated, but needs 
interpretation; viz., the measure of the mean proportional 
equals the square root of the product of the measures of 
the extremes of the proportion. 

Suggestion: Demonstrate by using method in § 261. 

Note. — In dealing with proportions, the student should determine 
whether the terms are numbers or quantities, and observe the laws that 
govern them. 

The expression, "the product of A and B," will be used indiscrimi- 
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nately, whether A and* B are numbers or quantities, because oi its 
brevity. The student must determine from the context whether it is 
a literal statement of fact, or is used in place of the expression, "the 
product of the measures of A and B." See § 262. 



Proposition IV. 

269. Theorem. If in several successive ratios the 
consequent oj the -first is equal to the antecedent of the 
second, the consequent of the second is equal to the an- 
tecedent of the third, etc, then the ratio of the antece- 
dent of the -first ratio to the consequent of the last is 
equal to the product of the ratios. 

. A B C D ^ . 

^*¥» 7^' T\» Iff* ®*^*' represent the ratios. 

A 

To prove thai — is equal to the product of the ratios, 
E 

Case I. // the terms of the ratios are numbers. 

Suggestion i. li A, B, C, D, E, etc., are numbers, appl) 
the algebraic rule for multiplying fractions. 

Therefore — 

Case II. ^f the terms of the ratios are geometric magni- 
tudes. 

Suggestion i. Why must all of the magnitudes be of the 

same kind ? § 202. 

T ^ BCD ^ ^ . 

Let - = w, - = «, ~ = r, -= s; m, n, r, and s being 

numbers. § 200. 

2. Then, A = mB, B=^nC, C=rD, D = sE. Why? 

§270. 

3. Since A=m B and B=n C, A=mnC. Why ? 
Since A =m n C and C=r D, A=mnrD. 
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In the same way A=m nr s E, 

4. Since A==mnr s E, rz = mnrs. Why ? 

E 

5. But w w r 5 is the product of the given ratios. 
Therefore — 

270. ~ = w means that A contains the unit B, m times. 

This is only another form of expression for the statement 

that A is equal to m times the unit 5, which in algebraic 

language is, A=mB, 

^ .„ I bushel . , ^ . 

To illustrate: = 4, is another way of saying i 

I peci^ 

bushel =4 pecks. Page VIII. 

Note. — A careful interpretation of the S)mibols should be made at 
each step in the preceding proposition. The proposition may be illus- 
trated by any problem in reduction descending in denominate numbers; 
as, to reduce i bushel to pints. The table used, expressed in ratio 
I bushel I peck i quart 

form, is: — = 4, = 8, and = 2. Performing 

I peck X quart i pint 

, . I bushel 

the reduction, i bushel « 4 X 8 X 2 pints = 04 pints, or -=64. 

I pint 

Query: In the equation A = mnr D, which symbols 
represent numbers and which represent quantities ? 



Ex. 157. Determine a point at a given distance from a 
given point, and equally distant from two parallel lines. 

How many points answer the conditions of the problem ? 

Is this problem always possible ? 

Ex. 158. Determine a point at a given distance from a 
given point, and equally distant from two given intersect- 
ing lines. 

Show when there are four points, when three, when two, 
when one, and when not any. 
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Proposition V. 



271. Theorem. Both terms of a ratio can be multi- 
plied by any number without changing the value 0} the 
ratio. 

, A 

Let — represent a ratio. 

^ A mA , . 

To prove — = , m being a number. 

B m B 

A 

Suggestion i. Let the ratio — = r. Then A = what ? 

^ mA ^^^°' 

2. Find value oi mA. Of . Give auth. 

mA A ^^ 

J. Compare and — . 

m B B 

Therefore — 

272. Corollary. — Both terms of a ratio can be divided 
by the same number without changing the value of the 
ratio; also, both terms can be divided by the same quantity, 
provided it is a quantity of the same kind as the terms of 
the given ratio. 

273. Scholium. — In the foregoing proposition A and B 
may both be numbers, or may be Uke quantities. 



Ex. 159. If one circle is inscribed in a right triangle, and 
another circle circumscribed about the same right triangle, 
the sum of the diameters of the circles is equal to the sum 
of the two legs of the right triangle. 

Ex. 160. What is the locus of the middle points of 
all the chords of a circle which are parallel to a given line ? 

Ex, 1x6, 
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Proposition VI. 

274. Theorem. // four numbers, or like quantities, 
are in proportion, the ratio of the first to the third equals 
the ratio of the second to the fourth. 

Let — = - be a given proportion. 

A B 

To prove — = — . 

^ C D 

A C 

Suggestion i. Let — = w. What does — = ? 

2. What is the value of .4 ? Of C ? 

J. Find the value of — and reduce to simplest form. 

Therefore — 

275. Scholium. — Proposition VI can be applied only 

when the four terms are numbers or Uke quantities. For 

5 rods , 8 lbs. , 1 x^ . 

mstance, may equal but to apply Proposi- 

10 rods 16 lbs. 

tion VI would necessitate the unthinkable expression 

S rods 10 rods ^, , /- . . r . . 

= . The definition of ratio is violated, 

8 lbs. 16 lbs. 

hence the expression is not a proportion. 

276. If from any proportion a new proportion is ob- 
tained by taking the antecedents for one ratio, and the 
consequents in the same order for the other ratio, the 
second proportion is deduced from the first by alternation. 

— = — is deduced by alternation from — = — . 
N S ^ R S 
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Theorem VI may now be stated in the more convenient 
form, If four quantities are in proportion^ they are in pro- 
portion by alternation. 

Proposition VII. 

277. Theorem. // jour numbers or quantities are 
in proportion^ the ratio of the second to the first equals 
the ratio of the fourth to the third, 

A C 
Let :^ = f: ^c ft given proportion. 

B D 
To prove T = 7;- 

A C 

Suggestion I. Let — =w. Then— =w. Why? 

2. From the equations in suggestion i, find the values 
of A and C. 

J. Divide by ^4 and C, respectively, both members of 
the two equations obtained in suggestion 2. Compare the 
results and reduce. 

Another Method. 

A C 

Compare the reciprocals of — and rr. 

. Query : Are any limitations to be placed upon the 
application of Proposition VII ? 

278. If from any proportion a new proportion is formed 
by inverting the ratios, the second proportion is deduced 
from the first by inversion. 

Theorem VII may now be stated in the more convenient 
form: *'If four quantities are in proportion, they are in 
proportion by inversion." 
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Proposition VIII. 

279. Theorem. // four numbers or quantities are 
in proportion, the ratio of the -first plus the second 
to the second equals the ratio of the third plus the 
fourth to the fourth, 

. A C ^ . _. 

Let — = r- be a given proportion. 

A+B C+D 
To prove -y- = — ^. 

A C 

Suggestion i. Let ~=-- m, Tnen — =what? 

A+B 

2. Find value of — -— ; i. e., divide A + B by J?, 
B 

(A -7- B = m, Sug. i). 

C+D 

J. Find value of — -— . Sug. i. 

4. Compare answers to sugs. 2 and 3. 
There jore — 

A C 

Or, add i to each member of — = —. 

A C 

280. If from the proportion ~ = t:> the proportion 

A+B C+D 

= is obtained, the second is deduced from the 

B D 

first by composition. 

Theorem VIII may now be stated in the more conven- 
ient form: "// four quantities are in proportion they are 
in proportion by composition,^^ 
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Proposition IX. 

281. Theorem. // four numbers or quantities are 
in proportion, the ratio of the first minus the second to 
the second equals the ratio of the third minus the fourth 
to the fourth. 

, A C ^ . 

Let— = — be a given proportion. 

, A-B C-D 

To prove that = . 

^ B D 

A C 

Suggestion i. Let - =w. Then — =what? 
B D 

A-B 

2, Find value of — — -; i.e., divide A—B hy B. 

B 

C-D 

3, What does — — equal ? 

4, Compare answers to suggestions 2 and 3. 
Therefore — 

Or, subtract i from each number of the equation 
AC 
B~ D 

Query : May the terms of one ratio have a different unit 
of measure from the terms of the other ratio in Proposi- 
tions VIII and IX ? Why? 

A C 

282. If from the proportion — = — , the proportion 

A-B C-D 

= — r— is obtained, the second is deduced from the 

B D 

first by division. 
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Theorem IX may now be stated in the more convenient 
form: If four quantities are in proportion, they are in 
proportion by division. 

9° 1 ft. 
May the proportion ~ = ■^^— be taken by composition 

or division ? By inversion ? By alternation ? 

283. A continued proportion is an equality of several 
ratios. 



Proposition X. 

284. Theorem. In a continued proportion, all of 
whose terms are numbers, or quantities 0} the same kind, 
the ratio of the sum of the antecedents to the sum of the 
consequents equals any of the ratios. 

^ A C E G 

^t :;7 = ;t = :^ = :;^> etc* 
B D F H 

_ .4 + C + E + G, e/c., A C 

To prove _ — -— " — r^ = T: ^''t:? ^tc. 

^ B+D+F+H^etc, B D 

Suggestion i. Let each of the given ratios =:v, and find 
the value of each antecedent. 

2. Find the value of the sum of all the antecedents. 

J. From the result of suggestion 2, find the value of x, 

4. Compare the value of x, just found, with any of the 
given ratios. 

Therefore — 



Ex. 161. If a circle is inscribed in a right triangle the 
sum of the two legs of the triangle exceeds the hypotenuse 
by an amount equal to the diameter of the circle. 
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Proposition XI. 

285. Theorem. The squares 0} the terms 0} a pro- 
portion are in proportion. 

B D 

To prove that — = — . 

286. Corollary I. — Like powers 0} the terms of a pro- 
portion are in proportion, 

287. Corollary II. — Like roots of the terms of a 
proportion are in proportion. 



AC AC 

Ex. 162. If ^ = p» prove that j— ^ = ^--^, and 

, ^ A-B C-D 

also that — : — = — -— . 
A C 

In deducing the second proportion from the first, are 
A, B, C, and D restricted to being numbers, or may they 
be quantities as well; and, if quantities, are they all 
quantities of the same kind, or may they differ in kind ? 

Ex. 163. The circle inscribed in an equilateral triangle 
has the same center as the circle circumscribed about the 
triangle, and the radius of the circumscribed circle is 
double that of the inscribed circle. 

Ex. 164. If an isosceles triangle is inscribed in a circle 
prove that the bisector of the vertical angle passes through 
the center of the circle. 
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Proposition XII. 

288. Theorem. If three terms of one proportion are 
respectively equal to the corresponding terms of another 
proportion^ the fourth terms are equal. 

, A C AM 

^t ;r = ^> a^d — = — . . 
B D B D 

To prove that C=M. 

C ,M 

Suggestton i. Compare -- and — . 

2. Compare C and M. 
Therefore — 

Note. — In all the preceding propositions in the theory of proportion, 
the theorems are true as stated, if the terms of the proportions are 
numbers. 

If the terms are geometric magnitudes, or quantities, the limitations 
should be carefully studied and applied. Read § 198-202 ( i) on measure- 
ment, and note their bearing on the theory of proportion. 



Ex. 165. Prove that an angle formed by a tangent and 
a chord, is measured by one-half the inter- 
cepted arc, using the following construe- /^/\"^ 
tion: Drop a J_ from the center of O {/j\ \ 
O to the chord and extend to the arc, as W ^ J 
at M. Connect O and A. ^ \._--^ 

Suggestion: Compare AMO A with ABAC. 

Ex. 166. The median of a trapezoid bisects the diag- 
onals, and any line whose extremities are in the bases of 
the trapezoid. 

Ex. 167. Take the proportion - = - by composition; 

n s 

by inversion; by alternation; by division; by inversion 

and composition. 
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Proposition XIII. 

289. Theorem. // parallel lines intercept equal 
segments on one transversal, they intercept equal seg- 
ments on all transversals. 

A c 

eI \p 




B D 

Let £ Fy G Hy etc., represent || lines intercepting 
equal segments EG, GI, etc., on the transversal AB, and 
the segments F H, H M, etc., on the transversal CD. 

To prove F H equals H M, etc. 

Suggestion i. From £, G, etc., draw lines E Oy G Py 
etc., W to CD. 

2. CompareEOand-FjH", GPandlfM, etc. Give auth. 

5. Compare EOyGP, etc.; £ O and F H; G P and 
H My etc. Give auth. 

4 Compare F H, H M, etc. 

Therefore — 

Ex. 168. If a quadrilateral is inscribed in a circle, the 
sum of the opposite angles equals two 
right angles. Prove that A A plus A C 
equals two right ^ s. 

Ex. 169. A circle is described on one 
of the sides of an equilateral triangle as 
a diameter. Prove that the circumfer- 
ence bisects each of the other two sides. 




PROPORTIONAL LINES. I51 

Proposition XIV. 

290. Theorem. // a line is parallel to the base of a 
triangle, the ratio of the segments of one side equals the 
ratio of the segments of the other side. 

A 



Let D E be a line parallel to the base B C of the tri- 
angle ABC. 

AD AE 
Toprove — = — . 

Case I. When A D and D B are commensurable. 

Suggestion i. Measure A D and Z) J5 by a common 
unit. What is the ratio oi A D to D B? 

2. Through the points of division \Xi A D and D B 
draw Hnes II to B C, cutting A C. 

J. Compare the size of the segments in ^4 £ and E C 

§289. 

4. Compare the number of segments in ^4 £ and E C 
with those in A D and D 5, respectively. 

5. What is the ratio of ^ £ to £ C ? § 202. 

^ ^ AD AE ^, 

6. Compare — — and —-; . Give auth. 

D B EC 

Therefore — 

Apply carefully the definition of ratio in Suggestion 5. 
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Case II. When A D and D B are incommensurable. 

Suggestion i. Divide A D into any ^ 

number of equal parts, and lay oflF /| 

the unit of measure upon Z> J5 as X I 

many times as possible. There will X I 

be a remainder, M B, less than the ^A Ie 

unit of measure. Why? .^x / 

2. Through M, draw MNWtoBC. b ^ — ^C 

DM EN 

3. Compare — — r with — — . Give auth. 
^ ^ A D AE 

4. If the unit of measure be continually diminished, 

DM 
the ratio -7— is a variable. Why ? 
AD 

5. What is its limit? Why? ^ §214. 

EN 

6. The ratio — — • is also a variable. What is its limit ? 

A E 

7. As the unit of measure decreases, how do the ratios 

DM , EN , 

■— - atid — — always compare ? Sug. 3. 

DB EC 

8. How do the ratios -— and —j compare ? § 213. 

Therefore — 

Note. — Compare this demonstration with that of § 215. 

291. Corollary. // a line he drawn parallel to the 
base of a triangle, one side is to either of its segments 
as the other side is to its corresponding segment, 

AB AC AB AC 

To prove = or = . 

AD AE DB EC 

Suggestion, Compare these proportions with the propor- 
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tion in the conclusion of the proposition, and see by what 
authority in the theory of proportion the former can be 
deduced from the latter. 



Proposition XV. 

292. Theorem. // a line divides two sides of a tri- 
angle proportionally, it is parallel to the base, 

A 



Let A B C be a triangle, and let D £ divide the sides, so 
ADAE 

DB^EC' 

To prove thai D E is parallel to B C. 
Suggestion i. Take the proportion of the hypothesis by 
composition. 

A B 

2. From D draw DM II to J5 C, and compare -— 

., AC ,^^ 

with —- . § 291. 

M C 

5. In the proportions of Suggestions i and 2, compare 

£ C and ilf C. § 288. 

Complete the demonstration. 

Therefore — 

rr. 1 1 , ^ . AD A E 

Another Method. Take the hypothesis = 

A B AC 

and work out a demonstration. 
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Proposition XVI. 



293. Theorem. // several lines are drawn parallel 
to the base of a triangle intersecting the sides, the corre- 
sponding segments of the sides form a continued pro- 
portion. 

A 



ll 


y 




bL 


■^f 




3/ 


y 




dL- 


— \ 


E 


SI 




V 


771 




-XG 


1 

7 
/'- 




\ 



Let AH I represent a triangle) and B C, D £, etc., lines 
D to the base and intercepting the segments 1, 3, 2, 4, 
etc., on the sides AH and A I, respectively. 

J ? c 

To prove — = ^ = ^, etc. 
246 

J o 

Suggestion i. Compare — with ~. § 290 and § 274. 
2 4 

3 1 ^D . 5 ^ ^ D ^ 

2. Compare - with — ; (§ 291). -^ with J-^;(§ 274 

and § 290;) — with -^ (Axiom i). 

I 7 c 
J. Compare — > — > "Tj ^tnd extend the series. 

Therefore — 

Ex. 170. What has been done to the proportion — = ^ 

, m+o n+s^ m+n o+s^ m+n »-, 

to produce = r — — = ? — - — = - ? 

^ s m 0+ s s 
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Similar Polygons. 

294. Similar Polygons are polygons which are mutually 
equiangular and have their corresponding sides propor- 
tional. 

295. Points, lines, and angles, of similar polygons which 
are similarly situated, are homologous. 

296. The ratio of similitude of similar polygons is the 
ratio of any two homologous sides. 

297. Corollary. From the definition it follows that in 
similar polygons, corresponding angles are equal and homol- 
ogous sides are proportional. 

The polygons ABC, etc., and A' W C, etc., are similar, 
liAA =^ ZA\ZB = 

By etc., and 

A' B' 

BC CD 



B' C C D 



, etc. 




rT.1 , A B 

The ratio or 

A' B' E 

-— >» etc., is the ratio of similitude of the polygons. 

x5 O 



Ex. 171. The locus of the middle points of all chords 
which pass through a given point, is a circle 
whose diameter is the line connecting the 
given point and the center of the circle. 

Prove that the circle described on O 5 is 
the required locus. 
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Proposition XVII. 
298. Theorem. Two triangles which are muttuUly 
equiangular are similar. 

A A' 





Let ABC and MWC be two triangles in which the 
angle A is equal to the angle A', the angle B is equal to 
the angle B^ and the angle C is equal to the angle C 

To prove that the triangles ABC and A' W C are 
similar. 

Suggestion i. What part of the definition of similar 
triangles remains to be proved ? § 294. 

2. Place A A' W C upon A .4 S C, so that A' W lies 
upon A B^ with A' upon A, and B' upon A B, or A B 
extended, as at M. 

3. What direction does A' C take ? Why ? Let C 
fall at some point, as at iV. 

4. MiVis II 5C. Why? 

AB AC ^. ,„ AB AC 

5. = . (§ 291.) Hence = 

^ AM AN A' B' A' a 

6. What remains yet to be proved ? 

7. Again place A B' A' C upon A BA C, B' upon S, 

AH Ti f^ 

B' A' upon B A, etc. Compare the ratios with . 

^ ' ^ A'B' B'C 

AB B C _,AC 

8. Compare -^,, — ,, and — ,. Give auth. 
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Therefore — 

299. Corollary I. // two triangles have two angles 
0} one, equaly respectively , to two angles of the other y 
the triangles are similar. 

300. Corollary II. Two right triangles which have an 
acute angle of one equal to an acute angle of the other, 
are similar. 

301. Scholium. In similar polygons homologous sides 
are opposite equal angles, and equal angles are opposite 
homologous sides. 



Ex. 172. Through one of the points common to two 
intersecting circumferences, draw the diameters of the 
circles and prove that the line connecting the other ex- 
tremities of the diameters passes through the other point 
of intersection of the circumferences. 

Ex. 173. The bisectors of all angles inscribed in the 
same segment pass through a common point. 

Ex. 174. Draw any two equal chords of a circle that 
do not intersect. Connect their adjacent extremities. 
Prove the connecting chords are parallel. 

Ex. 175. Draw any two parallel chords, connect their 
extremities. Prove the connecting chords are equal. 

Ex. 176, Draw a tangent to a given circle that shall 
make a given angle with a given line. 

Ex. 177. Given a triangle A B Cy how could you use 
§ 299 to construct a triangle similar to A B C upon a 
given line M homologous to -4 C of the triangle ? Ho- 
mologous to i4 J5 of the triangle ? 

Ex. 178. If triangle A B C, Ex. 177, is a right triangle, 
the right angle at C, solve the Exercise. § 30c. 
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Proposition XVIII. 

302. Problem. To constrtict upon a given line^ a 
triangle similar to a given triangle. 
A 



B 




Let A B C be a given triangle and E G a given line. 

To construct upon E Gy a triangle similar to triangle 
A B C, E G being homologous to B C. 

Let X be the required vertex. 

Suggestion i. What must be true that the required 
A EGX may be similar to ^4 ^ C ? § 299. 

2. Make the required construction. 



Ex. 179. If you take a pole as long as you are tall, lie 
upon your back with the pole upright at your feet, and 
sight over the top of the pole to some adjacent object, 
how high is the object ? 

What measurement must you take to find out ? 

Ex. 180. How could you measure the height of a church 
spire, a tree or a building ? How could you use shadows 
to find heights of objects ? 

Ex. 181. Determine as accurately as possible the height 
of the gable of your school building. 

Note. — Not over two should work together, and answers should be 
compared in class. 

Ex. 182. To measure height A B. 
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Suggestion. Set up a pole perpendicularly at a conven- 
ient point, as at D. From O sight to 
A. Let another person move a card 
upon the pole until a point in line A O 
is determined on the pole. Make the re- 
quired measurements and determine the height AB. § 298. 

Note. — ^The line O B may be the line of the ground or some other 
convenient line. 

Ex. 183. If the sum of the opposite 
angles of a quadrilateral equals two right 
angles, prove that a circumference is 
possible through the four vertices. 

Suggestion. A circumference can be 
described through three vertices, as -4, J5 
and C. If it does not pass through Z>, it must cut the 
line C D,ox C D extended, as at M. Compare the sum 
of ^s B and C M A with two right Z.s. Also, the sum 
of Z.S B and C D A with two right Z.s. 

Ex. 184. If a quadrilateral is circum- 
scribed about a circle, the sum of one pair 
of opposite sides is equal to the sum of the 
other pair. 

Ex. 185. If two circles are tangent, and 




two secants are drawn through the 
point of contact, the chords joining 
the intersections of the secants 
and the circumferences are parallel. 

Prove A D parallel to B C. 

Suggestion. Draw the common tangent, M N. Com- 
pare Z AOM with Z CON. Compare Z AOM 
with ZADO; also, Z COiV with Z0J5C. 
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Proposition XIX. 
303. Theorem. // tnvo triangles have an angle of 
one equal to an angle of the other, and the sides includ- 
ing the equai angles proportional, the triangles are 
similar, A a' 




In the triangles A B C and A' B' CS let the angle A equal 
the angle A' and let the ratio — r; equal the ratio 7777,- 

To prove that the triangles ABC and A' WO are similar. 

Suggestion i. What must be proved in addition to the 
hypothesis to make the triangles similar according to the 
definition ? 

2. Place the A .4 jB C upon the A A' W C, with A 
upon A', and A B and A C upon A' B' and A' C, re- 
spectively. Why is this possible ? 

5. Where do B and C fall? 

4. 5Cis II \.oW C, Why? §292. 

5. How do the Z.% B and C compare with the A.^ W 
and C, respectively ? Why ? 

6. Complete the demonstration. 
Therefore — 

Ex. 186. Let .4 B C and A' B' C be two similar trian- 
gles. AB= ^ feet, A' B' = 10 feet, A C = 14 feet. Find 
the length of A' C\ If .4 ^ is 13 feet. A' B' and .4 C 10 
and II feet, respectively, find the length of i4'C'. 
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Proposition XX. 
304. Theorem. Two triangles whose corresponding 
sides are proportional are similar. 
A 




Let ABC and A'B'C be two triangles such that 

AB ~ BC ~ AC * 

To prove that triangles A ^ C and A^ W C are similar. 

Suggestion i. What remains to be proved according to 
the definition of similar triangles ? 

2. Upon A B hij oZ A M equal to A' 5', and upon 

A C Idij oS A N equal to A' C; connect M and N. 

Compare As A M N and ABC. § 303. 

AM ., MN A'B' 

J. Compare the ratios —— with — — ; also — — and 
T>f r^f A B B C A B 

Tc' 

4. Compare M N and JB' C; give auth. (§ 288); As 
A M N B,nd A' W C. Give auth. 

5. Compare A .4 J5 C and A i4' 5' C 
Therefore — 

Ex. 187. The sides of triangle ABC are, respectively, 
4, 8, and 11 feet. In a similar triangle, A^ B' C, the 
side homologous to 4, is 6 feet. Find the other two sides 
of triangle A' 5' C'. 
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Give a summary of the tests for similarity of tri- 
angles. 

Proposition XXI. 

305. Theorem. The ratio of homologous altitudes 
of similar triangles is equal to the ratio of similitude 
of the triangles. 

E 

A 





Let A M and E N be homologous altitudes in the similar 

AB 
triangles ABC and E F G, and let — — represent the ratio 

£ r 

of similitude of the triangles. 

, AM AB 

To prove that — — = — -- . 

^ EN EF 

Suggestion i. Compare As -4 Af J5 and E N F. ^ 300. 
Complete the demonstration. 

306. Corollary. In similar triangles homologous aiii- 
tudes are proportional to the bases. 

AM BC 

To prove — — = ■— -. 
^ EN FG 



Ex. 188. Through a given point, to draw a straight line 
so that the portion of it intercepted between two given 
intersecting lines is divided at the point into two equal 
parts. 

Suggestion. Through the point draw a line parallel to 
one of the given hnes. § 290. 
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Proposition XXII. 

307. Theorem. // two polygons are composed of 
the same number of triangles, similar each to each and 
similarly placed, the polygons are similar. 





Let the polygons ABC, etc., and A'BX', etc., be com- 
posed of the same number of triangles, similar each to each 
and similarly placed, ABC being similar to A'BX', etc. 

To prove that the polygons are similar. 

Suggestion i. What must be proved to know that the 
polygons are similar ? § 294. 

2. Compare Z B with Z B\ Z C with Z C, Z D 
with Z U , etc. Give auth. 

AB BC 

J. Compare the ratio -rrzr with _. _, . Give auth. 



4. Compare the ratio 



CD ,, AC. 

with 



CD' 

CD 

CD* 



A' a 



B'C 

with f ; also the ratio 

BC 

How, then, does compare with 



A' B' 
BC 
B'C 



? 



5. In a similar manner compare the ratios of other cor- 
responding sides in the two polygons. 
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6. Apply the definition of similar polygons. Sug. i. 

Therejore — ■ 

308. In this early study of the subject, in stating a 
proportion deduced from two similar polygons, homolo- 
gous sides should be selected for the terms of each ratio; 
the antecedents of the ratios should be taken from one 
of the polygons and the consequents from the other. 

If any other form of the proportion is desired, it can 
be modified by the appropriate proposition in the. theory 
of proportion. For instance, if triangle I is similar to 
triangle II, and A is homologous to A% etc., the propor- 

A B 

tion ~=— niay be taken. (Apply above test.) If the 

A A' 
proportion, — := — , is desired, the original proportion 

can be taken by alternation. Later, when the pupil is 
sure of himself, the work can be abbreviated, and any 
desired proportion taken at once. 




Ex. 189. Straight lines drawn 
through any point intercept pro- 
portional segments upon two parallel 

lines. j^c CE EM 

Provethat — = — = — ,etc. 

,. r ,. ' AC ^ C E 

SuggesHon. Compare each of the ratios and 

/^ /^ B D D F 

with the ratio . Complete the demonstration. 

OD ^ 

Ex. 190. Upon a given base construct a right triangle, 

having given the perpendicular from the right angle to the 

hypotenuse. 
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Proposition XXIII. 
309. Theorem. Converse of Proposition XXII. 
Two similar polygons can be divided into the same num- 
ber of triangles, similar each to each and similarly placed. 



G A 




G' A' 




Let polygons ABC| etc., and A'B'C'i etc., be similar, 
and let all possible diagonals be drawn from two corre- 
sponding vertices, as A and A'. 

To prove that the triangles in one polygon are similar^ 
respectively J to those in the other polygon. 

Suggestion i. What must be proved to establish the 
theorem ? § 298, § 303 or § 304. 

2. Compare A A B C Sind A A' B' C. 

^ . BC .^ AC 

5. Compare the ratios _. _. with 

CD 



B'a 



BC 

A' a' B^C 



with 



CD' 



Give auth. 



AC 



CD 



Then, how do and compare ? Give auth. 

4. Compare A i and ^ /'. 

5. Compare As A D C and A^ D' C. Give auth. 

6. In a similar manner, compare the other pairs of As. 
Complete the demonstration. 

Therefore — 

Note. — It would be profitable to compare the demonstrations in 
§ 307 and § 309. 
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Proposition XXIV. 

310. Theorem. // a perpendicular be dropped to 
the hypotenuse from the vertex of the right angle in a 
right triangle: 

Part I. The triangles thus formed are similar to 
each other and to the whole triangle. 

Part II. The perpendicular is a m^an proportional 
between the segments of the hypotenuse. 

Part III. Each side is a mean proportional between 
the hypotenuse and the segmmt adjacent to that side, 

A 




^' M 

Let ABC represent a right triangle, the right angle at 
A, and A M the perpendicular drawn from A to the hypot- 
enuse B C. 

Part I. To prove that the triangles A M C\ AM By 
and B A C are similar. 

Suggestion, What are the tests for similarity of As? 

(§§ 298, 303, and 304.) Select the one suited to this case. 

„ ^ BM AM (See Ex. 119.) 

Part II. To prove = . ^ 

^ AM MC 

Suggestion, Select two As, one of which contains the 

two antecedents and the other the two consequents, and 

determine the required proportion. § 308. 

,,, ^ , CB AB , CB CA 

Part III. To prove that = ; or, that = . 

^ AB BM CA CM 

Suggestion, See Sug. Part II. 
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Proposition XXV. 

311. Theorem. The ratio of the perimeters of two 
similar polygons eqimls the ratio of similitude of the 
polygons. 




Let polygons AD and A'D' be similar. 

^ T 7 . perimeter ABC, etc, 

To prove that the ratto. : : — : — : 

^ pertmeter A' 5' C, etc., 

to the ratio of strmhtude ,, _, , or -rrrr.i etc 



is equal 



A' B' 



B'C 



Suggestion, § 284. 
Therefore — 




Ex. 187. If two parallel lines are cut 

proportionally by a set of secant lines, 

prove that the secant lines pass through 

,,AC C E 

a common pomt. If = .etc., 

^ BD DF 

prove that the lines B A, DC, FE, etc., intersect at a 

common point. 

Suggestion. Extend two of them, as £ -4 and D C, until 

they meet at O. Connect O and E, and extend O E 

to the other of the parallels at M. Compare EM and 

EF. 
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Proposition XXVI. 

312. Theorem. // two chords of a circle intersect^ 
the ratio of either segment of the first to either segment 
of the second is eqiml to the ratio of the remaining seg- 
ment of the second to the remaining segment of the first. 

A 
cA i^^D 




Let the chords A B and C D Intersect at Z. 

, AX CX AX DX 
Toprcrvethat—^—^ar—^—. 

Suggestion i. As no As are given in the theorem, two 
As must be constructed that contain, one the required 
antecedents, and the other the required consequents. Auth. 

2. Prove the constructed As are similar. 

5. Establish the required proportion. 

Therefore — • 

Establish both proportions in the special enunciation. 



Ex. I 88a a perpendicular dropped from the circum- 
ference of a circle upon the diameter is a mean pro- 
portional between the segments of the diameter. 

Ex. 1 89 A Use Ex. 188 to construct a A 
mean proportional to the lines A and B. B 
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Proposition XXVII. 

313. Theorem. If two secants intersect without a 
circle, the ratio of the first secant to the second is equal 
to the ratio of the external segment of the second to the 
external segment of the first. 




Let A B and A C represent two secants meeting at A 
and intersecting the circle in B, D) E, and C. 

^ AB AE 

To prove that -7— = — — . 
^ AC AD 

Suggestion, Make two As, by drawing construction 
lines, according to the principle laid down in Suggestion i, 
§312. 

Complete the demonstration. 



Ex. 190. By § 312 find a line X, that is a fourth pro- 

A X 
portional to -4, B and C; i. e., if — = — , find X. 

B C 9 _ 

§259. 
Suggestion, If the lines -4, B, 

and C are located as suggested 

by the theorem, three points are ^ 

fixed by which the circle can be . 

constructed. Then X can be found. C 
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Proposition XXVIII. 

314. Theorem. // a secant and a tangent meet with- 
out a circle^ the tangent is a mean proportional between 
the secant and its external segment. 




Let AC represent a tangent, and OC a secant meeting 
the tangent at the point C. 

OC AC 

Toprcrvethat — ^—. 

Suggestion. Construct As, so that the antecedents are 
in one A and the consequents in another. 

By the method suggested in § 312, complete the demon- 
stration. 



Ex. 191. A mean proportional between two lines can be 
constructedby this theorem, §314. Try it. 

A ^ ^. . ^ 

- = -. FindX. B 

X B 



Ex. 192. Construct a fourth proportional to three given 
lines by § 313. (Sug. for Ex. 190.) 

Ex. 193. Construct a third proportional to two lines. 

§310, II or III. 

Ex. 194. Construct a mean proportional to A and B 
by § 310, Part II. By Part III. 
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Proposition XXIX. 

315. Problem. To divide a given straight line into 
any number of equal parts. 




G H K 
Let A B be the given straight line. 

To divide A B into any number of equal parts; for 
example, into four parts. 

Suggestion. In what propositions has the truth that a 
Una is divided into equal parts been established ? 

§ 289, § 293, etc. 

Make the construction in accordance with the truth se- 
lected. 

Further suggestions: i. Draw an indefinite line through 
A, making any convenient ^ with the given Une. 

2. Lay off upon this Une from A an estimated fourth 
of A 5, -four times. Connect the last point of division 
with B. Complete the solution. 



Ex. 195. What is the locus of the vertex of the right 
angle of a right-angled triangle constructed upon a given 
line as a hypotenuse ? (See § 222.) 

Ex. 196. Construct upon a given line, as a chord, a 
segment of a circle which can contain a given angle. 

Suggestion. Construct at the ends of the given line, 
and upon it, angles whose sum is the supplement of the 
given angle. Circumscribe a O about the A thus formed. 
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Proposition XXX. 

316. Problem. To divide a given straight line 
into parts proportional to any given lines. 

M 




F G 

Let A B be the given straight line, and M, N, R, etc., 
be the given lines. 

To divide A B into parts such that the first part is to 
M as the second part is to N, as the third part is to i?, etc. 

Suggestion i. In what proposition has the truth concern- 
ing the division of a line into several proportional parts 
been demonstrated ? § 293. 

Apply the truth in the solution of the problem. (See 
method, §315.) 



Ex. 197. With a given fixed base, and a given vertical 
angle of a triangle, find the locus of the vertex. (See 
Exercise 196.) 

Ex. 198. Construct a triangle whose base and vertical 
angle are given, and whose vertex is at a given distance 
from the middle point of the base. 

Suggestion. Solve by intersection of two, loci. 

Ex. 199. If two circles intersect and their common 
chord be extended, prove that tangents drawn to the two 
circles from any point in the chord extended are equal. 
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Proposition XXXI. 

317. Problem. To constrtict a fourth proportional 
to three given lines. 



Let Af By and C be three given lines. 

To construct a jourth proportional to A, B, and C. 

Suggestion. Employ one of the many propositions from 
which a proportion of four different terms has been deter- 
mined. § 290, § 291, § 298, § 303,§ 304, §312, Ex. 189, etc. 

Make several solutions. 

Illustration of solution, using Exercise 189. 

Let Ay B, and C be the given lines. 

To find Xy the fourth proportional to A, B, and C. 

AC C E 

In Exercise 189, — — = . As our proportion is to 

^'BD DF ^ ^ 

A C 
read— = — , .4, B, C, and X must take the relative 
B X 

positions in the figure occupied, respectively, by A C, 

BDyCEy and D F. 

Since A C and B D are || , draw two indefinite II lines, 
and lay off A and B in the same relative positions as i4 C 
and B D. OB and O D oi the figure are determined by 
the ends of -4 C and B D. Hence, draw Unes through 
Qnds of A and B and extend until they meet, as at O. 
They must meet unless A and B are equal. Why ? §151. 

C can now be laid off in position of C £, an extension 
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of A. The line corresponding to O £ is now determined 
by points O and the end of C Hence, draw a line through 
O and end of C, meeting line B extended. X is now 
determined. 

Proposition XXXII. 

318. Problem. To constrtict a third proportional to 
two given lines. 

A B 



Let AB and CD be two given lines. 

To construct a third proportional to A B and C D. 

Query. Can you find a third proportional by means of 
§ 290, § 312, § 313, Exercise 189, etc. ? Try it. 

Suggestion, Every proposition in which a mean pro- 
portional has been established furnishes the basis of a 
solution also. § 310, II, § 310, III, § 314. 

Name all the theorems on which a solution can be based. 



Ex. 200. What is the locus of the vertex on one side of 
the base of a triangle having a given base and a given 
altitude ? 

Ex. 201. What is the locus of the vertex of a triangle 
having a given base and a given altitude ? 

Ex. 202. Construct a triangle having a given base, a 
given altitude, and a given vertical angle. Ex. 197. 

Suggestion. Solve by intersection of two loci. 
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Proposition XXXIII. 

319. Problem. To construct a mean proportional to 
two given lines. 

A B 



Let A B and C D be two given lines. 

To construct a mean proportional to AB and C D. 

A solution can be based on § 310, II, 310, III, and § 314. 



Ex. 203. Prove Proposition XXI, § 305, by taking 

BC 

— — as the ratio of similitude of the triangles. 
F G 

Ex. 204. Construct a line that shall ^ 
equal the \/ ab. 
Suggestion i. To find Une x, 



Then:v=\/ a b (§268 and § 268-note) {2) xx=ah; 
Why? (3) §264, (4) §319. 

Ex. 205. Construct a line that shall equal \/ 2. Sug- 
gestion. \/2 = \/ 2 X 1. 

Select a line for a unit. 

Ex. 206. Construct a line that shall equal \/ y, \/5; 
\/6; \/io5 V 12. 

Make two solutions each for \/ 6 and \y 10, Make 
three for \/ 12. Sug. \/6 = \/2X3, or\/6xi. 

Ex. 207. -4 5 is a chord of a circle. C -D is a diameter 
perpendicular to A B, and intersecting A B Sit E, C E 
is 5 in. and i4 C lo in. Find the diameter of the circle. 
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320. Review and Summary. 

I. If -- = —, name at sight what changes in the theory 

of proportion have taken place in the following, and verify 
your statement : 

{a) — = — . (e) = . 

^ M 5 ^ ^ M S 

,., M N ^. M+S N+0 



M+N S+0 '^' M-S N-0 

,^, N M+N ,,, M-N S-0 

(a) — = . (h) = . 

^ O S+0 ' ^ M S 

Extend the list. 

2. Name all the cases in which a mean proportional 
has been found. 

J. Name all the methods by which triangles are found 
to" be similar. 

4. Name the methods by which two polygons can be 
found to be similar. 

5. By what theorems can third proportionals be con- 
structed ? 

6. By what theorems can mean proportionals be con- 
structed ? 

Ex. 208. Construct a polygon similar to a given polygon 
upon a given line homologous to 
a given side of the polygon. Con- 
struct a polygon similar to M upon \ -'^^^ '•/'^ — 

line N homologous to ^, §§302, 307. 




CHAPTER IV. 
COMPARISON AND MEASUREMENT OF POLYGONS. 



Definition. 



321. The area of a surface is its ratio to some selected 
unit of measure, times the unit of measure. §§ 197 to 202. 

If M denotes the unit of measure for determining the 

area of surface A, and if the ratio — equals 6, the area of 

M ^ 

the surface A \sh M; i. e., h times the unit M, 

322. The unit of measure for surfaces is a square, whose 
side is a given linear unit; as a square inch, a square foot, 
etc. 

An acre is the one exception to this definition. 

Proposition I. 

323. Theorem. Two parallelograms having equal 
bases and equal altittddes, are equal in area. 



A m' 



B' A' 



m' B' 




D"—^' C 

Let A C and A' C be two parallelograms having the 
bases D C and DC equal, and the altitudes mn and niii 
equal. 

To prove that the area 0} AC is equal to the area 0} A^C\ 

177 



178 
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Suggestion. Place O AC upon D A^ C, D C upon 
D' C, and compare the parts external to each other. 

There jore — 

Make drawings for the superposition of one parallel- 
ogram upon the other in many different forms, but all 
under the conditions of the theorem. 



Proposition II. 

324. Theorem. 7/ two rectangles have equal alti- 
ttules, the ratio of their areas is eqtuil to the ratio of their 
bases. A B e F 



D 






~C H 

Let AC and EG be two rectangles having equal alti- 
tudes, DA and HE. 

area of AC , , DC 

To prove that : — ts equal to — -. 

^ area of EG ^ HG 

Case I. When D C and H G are commensurable. 

Suggestion i. By thorough preparation on § 215 and 
§ 290, this proposition can be demonstrated as an original 
exercise. 

2. Measure D C and H G hy some common unit of 
measure. Let the unit be contained m times in D C, and 
n times in IZ" G. 

3. What does the ratio oi D C to H G equal ? Why ? 

4. At the points of division erect J_s to D C and H G, 
and extend to the secondary bases, thus dividing A C and 
E G into rectangles. Why rectangles ? 
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5. How do these rectangles compare in size? Why? 
How many rectangles in i4 C ? In £ G ? Why ? 

6. What does the ratio of the areas of the rectangles 
A C and E G equal ? Why ? ^ § 202. 

7. Compare the ratio of the areas with the ratio of the bases. 
Case II. When the bases are incommensurable. 

ARM B £ G 



D S N C K I 

Suggestion i. Take any unit of K I and lay it oflF 
on Z> C as many times as possible. There must be a 
remainder less than one of these parts. Why ? Suppose 
the unit of -K^ / is contained in Z> C a certain number 
of times with a remainder D N, Erect iV Af -L to Z> C, 
at the point N. 

2. Compare the ratio of the areas of M C and E I with 
the ratio of N C and K I. 

J. Apply a unit of measure smaller than D N, Let the 
remainder be D S. Erect a .L as before. Compare ratio 

R C S C 

with . Let the unit continually decrease. 

E I KI 

R C* 

4. The ratio — is a variable. Why? What is its 
^ EI ^ 

SC 

limit ? What is the hmit of variable ? 

KI 

5. Compare the limits. 
Therefore — 

325. Corollary. — 1} two rectangles have equal bases^ 
the ratio of their areas is equal to the ratio of their altitudes. 



i8o 
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Proposition III. 

326. Theorem. The number of units of area in any 
rectangle is equal to the product of the measures of its 
base and altitude. 




B 



m u u 

Let A represent a rectangle, U a unit of measure for 
area, and n the linear unit, viz., a side of the square U. 
Let u be contained a times In base m, and b times In alti- 
tude n; 1. e., — = a and - = A. 

To prove that — is equal to a Xh, or that A contains the 

unit U a X b times. 

Suggestion i. Construct a rectangle B whose altitude is 
equal to n and whose base is equal to u, 

2. What is the ratio of .4 to 5 ? OiBtoU? § 324. 

3. What, then, is the ratio oi A to U? § 269. 
Therefore — 

Ex. 179. The ratio of the squares of the legs of a right 
triangle is equal to the ratio of the segments of the 
hypotenuse formed by dropping a perpendicular from 
the vertex of the right angle upon the hypotenuse. 

Suggestion i. See figure in § 310. By use of Part III of 
the proposition in § 310, find an expression for the square 
of each leg of the triangle. § 268. 

2, What is the ratio of the squares found ? 
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iSl 



Model. 

Proposition III. 

Theorem. The number of units of area in any 
rectangle is equal to the product of the measures of its 
base and altitude. 




u 



Let A represent a rectangle, U, a unit of measure for 
area, and u the linear unit, viz., a side of the square U. 
Let u be contained a times in base m and b times in alti- 
tude n ; i, e., let — = a, and — = b. 
u u 

To prove thai — = aXb, or that A contains the unit U 
aXb times. 

Construct rectangle B with base equal to u and altitude 

equal to n. 

Am . 5«-- A ,«, 

-= -=a. §324. -:= - = 6. §325. -^aXb. §269. 

^ ^ ^ ^ ^ Q.E.D. 

327. Corollary. — The area of a rectangle is equal to the 
product of the measures of the base and altitude, times the 
unit of measure. 

Since — = a X 6, -4 = (^ X 6) Z7, i. e., the area of A is 

aXb times the unit U. 

Illustration: If a rectangle is 6 ft. by 10 ft., the area is 
(6X10) square feet. 
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328. Scholium I. In the applications of this theorem 
the base and altitude must be expressed in terms of the 
same unit, and the unit of area must be the square whose 
side is the Hnear unit. 

329. Scholium II. The expression, "the product of the 
base and altitude," is a common abbreviation for "the 
product of the measures of the base and altitude times the 
unit of area." 

(a) "The product of two lines," or "the square of a 
line," when "square" means the algebraic second power, 
must not be interpreted in any other sense than that just 
stated. With this interpretation, the Corollary is usually 
stated as follows: The area of a rectangle is equal to 
the product of its base and altitude. 

(b) The numbers which represent the measures of the 
lines may be integral, fractional, or incommensurable. 

(c) The rectangle of two lines is an expression which 
is sometimes used instead of the product of two Unes. 

Note. — Possibly the thought in the foregoing demonstration can be 
made clearer by an illustration in the arithmetical form of analysis. 

(a) Since A contains B a times, and B con- 

tains U b times, A must contain U a X h times. 

(b) To take a particular case, let the base 
and altitude be measured by some linear unit, 
as I inch; and suppose this unit is contained 4 — f^ 
times in the altitude and 6 times in the base; ' — ' — ' — LJ — I — I 1 — I 
then, as seen in the ngure, there are 6 columns, 

with 4 squares in each column, and hence, in all, 6x4 squares; i. e., 
24 square inches. 

It can be readily seen, by constructing a figure, that if 
the unit is contained a fractional number of times in the 
base and altitude the same rule is reached. 

Query: Can the conclusion of the proposition, in all 
its generality, be drawn from the method in common use 
in arithmetic ? § 324. Case II. 



^^ 
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Proposition IV. 

330. Theorem. The area of a parallelogram is eqital 
to the prodtict of Us base and altitude. 

Suggestion. § 323 and § 326. 

Proposition V. 

331. Theorem. The area of a triangle is equal to 
one-half the product of its base and altitude. 

A M B 



C D 

Let ABC represent a triangle , AB Its base, and HC 
its altitude. 

To prove that the area of the triangle A BC is eqiml to 
one-half of the product of A B and M C. 

Suggestion i. Enlarge A^l 5 C so as to make a O with 
A B and i4 C as two of its sides. State authority for your 
construction. 

2. Compare the figures ABC and A B D C in respect 
to area. Compare their bases and altitudes. 

J. What is the area oi h. A BC in terms of its base and 
altitude ? 

332. Corollary I. — A triangle is equal in area to 
one-half a rectangle if it has the same base and altitude. 

333. Corollary II. — If two triangles have equal alti- 
tudes their areas have the same ratio as their bases. 
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A A' 





In triangles .4 C i? and A' C D', let the altitudes A B 
and A' B' be equal. 

A CD \ AB X CD CD' . Giveauth. 
^^ A' C D' ^ \A' B' XCD'^ CD (§ 272.) 

In a similar manner,prove that if two triangles have equal 
bases their areas have the same ratio as their altitudes. 

334. Scholium. — For the interpretation of the expres- 
sion, "the product of the base and altitude," in proposi- 
tions IV and V, see § 329. 

Proposition VI. 

335. Theorem. The area of a trapezoidis equal to one- 
half the prodtict of its altitude and the sum of its bases. 




,,^ 



^ M 

Let A B C D represent a trapezoid, and A H its altitude. 

To prove that the area of the trapezoid^ A BC D,is equal 
to one-half the product of AM and the sum of A B and D C. 

Suggestion i. Draw the diagonal, B D. 

2. Let -4 B be the base of A D -4 B, i? C be the base of 
L.DCB, and A M the altitude of each. Why is A M 
the altitude of each A ? 

5. Find the area of each A. Find the area of the 
trapezoid. 
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Therefore — 

Further suggestions: 

Ave?LDAB = ^(AMXAB). 

Area D B C = ^ (A MXD C). 

Area D A B C = ^ {A MXA B) + ^ (A MXD C) = 
iAM{AB+DC). 

Explain the reductions algebraically. 

Query: In terms of what other lines can the area of a 
trapezoid be expressed ? Ex. 139. 

Area of a Polygon. 

336. Various methods have been used to find the area 
of irregular polygons. Among the methods used the fol- 
lowing may be noticed : 

From any vertex of the polygon draw all 
possible diagonals, as in Fig. i. The poly- 
gon is by this means divided into tri- 
angles, and if the bases and altitudes of 
these triangles are measured, their areas 
can be computed, and by addition the area of the polygon 
can be found. 

Another method is to draw the longest 
diagonal of the polygon, and from the 
vertices drop perpendiculars upon this 
diagonal, as in Fig. 2. The polygon is, 
in this way, divided into triangles and 
trapezoids, and if the bases and altitudes of these tri- 
angles and trapezoids are measured, their areas can be 
computed and the area of the polygon obtained. 

Still another method is to draw, through any vertex of 
the polygon, a straigth line, exterior to the polygon, and 




Fig. I. 
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from the vertices drop perpendiculars upon this line, as 
in Fig. 3. In this way, triangles and trape- 
zoids are formed. If the various bases 
and altitudes are measured, the areas of 
the triangles and trapezoids can be com- 
puted, and if the areas of the parts exterior 
to the polygon be subtracted from the sum ^^^' ^' 

of the other areas, the difference is the area of the polygon. 
The method just described is the one by which sur- 
veyors sometimes compute irregular areas bounded by 
straight lines. If the map or outline of a field, or any 
irregular polygon, is drawn to scale, any Une of the 
polygon can be determined by means of the homologous 
line in the constructed polygon. § 294. 



Ex. 210. The sum of the squares of the legs of a right 
triangle equals the square of the h)^otenuse. 
Suggestion i. See Sug. i, of Ex. 209. 
2. Add the squares. 

Ex. 211. To construct a triangle similar to a given tri- 
angle having a given perimeter. 

Ex. 212. If two triangles have an angle of one equal to 
an angle of the other, the ratio of their areas equals the 
ratio of the products of the sides including the equal angles. 
A A B C A B X A C a 




AAB'C A B' X AC 

Suggestion. Connect B and C\ Com- y'^^^><^ 
pare each A with A B C\ § 269. 

Ex. 213. Prove that the area of a rhombus equals one 
half the product of its diagonals. 
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Proposition VII. 

337. Theorem. The ratio of the areas of two similar 
triangles is eqiml to the ratio of the sqtcares of their 
homologous sides, or homologous altitudes. 





c F 



Let ABC and EF6 represent two similar triangles, 
and A H and E N homologous altitudes. 



To prove 



AABC 



BC^ AM' 
or 



AEFG FlP "' E N' 
Suggestion i. The area of AABC = ^BCXAM. 

2. The area ot A E F G = ^ F G XEN. 

3. .-. area AABC \BCxAM , 

= ( & 202) = 

areaAEFG ^FGXEN^^ ^ 

BCXAM BC AM _BC_ BC /BC AM 

'^ Fa FO \Fn'^ R m' 



FGXEN 
Why?^ = 



FG^ EN 



BC AM" 



FG' EN' 
Give authority for each step. 
Therefore — 



Ex. 214. Given the area of a trapezoid equal to 104 sq. 
ft., the altitude equal to 6 ft., and the difference between 
the bases equal to 2 ft. Find the two bases of the trape- 
zoid. 
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Proposition VIII. 

338. Theorem. The ratio of the areas of two similar 
polygons is eqtcal to the ratio of the squares of two 
homologous sides. 




Let and 0' represent two similar polygons. 

To prove that — = ==-, or the square of the ratio of 
similitude. 

Suggestion i. Divide the polygons into similar As; i 
similar to i', etc. § 309. 

Ai A B AC 

2, What does the ratio equal in terms of ? of ? 



Ai' A'W 

A2. . ^C ^ ^ A I 

— m terms of ? Compare -; — : with 



A 2' 



A' a 



A I' 



A2 . , A J 

Compare — — - with — — ;, etc. 

^ A 2' Ay 

A J A 2 A J 
J, Compare -^^— ;, -;;—;, -j—^, etc. 



A'C 
A2 
Ay' 

§337- 



A I'' A 2" A y' 

O 

4, Compare — with any of the ratios in (3) § 284. 

. O . 

5. State the ratio — in termsof homologous sides (Sug. 2). 

Therefore — 
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339. Corollary. — The ratio oj the areas of two similar 
polygons equals the ratio oj the squares 0} any two homolo- 
gous lines. 

Name all the cases in which the ratio of areas has been 
found. 

Notice that ratio of areas is always expressed by the 
ratio of the products of two factors. If there is a common 
dimension this factor may be canceled out of both terms of 
the ratio. State all the cases in which this is true; in 
which the ratio remains a product. When may this pro- 
duct be stated as a square ? 

Proposition IX. 

340. Problem. Upon a given line as base, to con- 
strtcct a rectangle equal in area to a given square, 

A B 



F E 

Let C D be the given line, and A E the given square. 

To construct upon CD as a base, a rectangle equal in 
area to the square A E, 

Suggestion i. Let X be tne required altitude. Hence 
ABXAB = CD XX, 

2, Make a proportion from the above equation, having 
X for the fourth term. § 263. 

J. What problem is involved to find Xt § S^?' 

4, Construct the rect?tngle. 

Therefore — 
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Proposition X. 
341. Theorem. The sqtcare described upon the 
hypotenuse of a right triangle is equal to the sunt of the 
squares described upon the other two sides. 




Let ABC represent a right triangle, whose hypotenuse 
is AC, A E the square upon the hypotenuse, and BS and 
B H the squares on the other two sides. 

To prove that A E is equal to the sum of B S and B M. 

Suggestion i. Draw B G \\ to C E, and extend it to meet 
NE2XO. DT8iwBN,BEyCS,SLndAM. What kind 
of polygons are C O and -4 0? Why ? 

2. Compare As B C E and ACM. 

5. Compare the area oi A A C M with the area of the 
square B M, and the area of A BC E with the area of the 
rectangle CO. § 332. 

4. Compare the area of the square B M with the area 
of the rectangle C O. 

5. Compare As C A S and N A B. 

6. Compare the square B S with the rectangle A O. 

7. Compare the sum of the areas of the squares B M 
and B S, with the sum of the areas of the rectangles C O 
and A O; i. e., with the area of the square C N. 

Therefore — 
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342. Scholium I. This proposition is known as the 
Pythagorean proposition. It is so named in honor of 
Pythagoras, who is supposed to have given the first demon- 
stration of it. 

343. Scholium II. The ** square of a line" is an ex- 
pression often used instead of the square described upon 
a line, and when so used means a plane surface in the 
form of a square whose side is the given line. But when 
this is used algebraically to express the area of the square 
surface whose side is the given line, it must be interpreted 
as in § 329. 

(a) The Pythagorean proposition is often stated: The 
square of the hypotenuse of a right triangle equals the 
sum of the squares of the other two sides. It is frequently 
expressed as an algebraic equation, thus: 

A C^ = A B^ -f B C% in which the terms may be inter- 
preted as pure numbers. 



Ex. 215. If the diagonals of a quadrilateral intersect at 
right angles, show that the area of the quadrilateral is 
one-half the area of a rectangle whose sides are equal 
to the diagonals of the quadrilateral. 

Ex. 216. To draw a common tangent to two given circles. 

Ex. 217. If three equal circles are tangents to one an- 
other, the lines joining their centers form an equilateral 
triangle. 

Ex. 218. Draw a circle with its center at a given point 
tangent to a given circle. When is there only one solu- 
tion ? When two ? 

Ex. 219. Construct a triangle with an area equal to 9 
times the area of a triangle whose sides are 6, 7, and 9. 



192 PLANE GEOMETRY. 

Proposition XI. 
344. Problem. To constrtict a sqimre eqtcal in area 
to a given rectangle. 

A B 



D C 

Let A C be a given rectangle. 

To construct a square equal in area to rectangle A C. 

Suggestion i. Let X represent the side of the square 
required. 

2. Express the area of -4 C in terms of base and 
altitude; of the required square in terms of X. 

J. Make an equation, and from it a proportion, and 
find X. §§ 263, 319. 

Note — ^There are three previous propositions by which the value of 
X can be found. It may be time well used by pupils to work out more 
than one solution. 



Ex. 220. Construct a square equal in area to a given 
trapezoid. 

Ex. 221. Construct a square equal in area to a given 
triangle. 

Ex. 222. Construct a square equal in area to a given 
parallelogram. 

Ex. 223. If the hypotenuse of a right triangle is 15 ft. 
and the ratio of the legs is f , what is the area ? 

Ex. 224. Prove that the area of an equilateral triangle 
constructed on the hypotenuse of a given right triangle, is 
equal to the sum of the areas of the equilateral triangles 
constructed on the other two sides of the given right tri- 
angle. §§ 341 and 337. 
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Proposition XII. 
345. Problem. To construct a sqimre whose area is 
equal to the sum of the areas 0} two given squares. 




Let A and B be two given squares. 

To construct a square whose area is equal to the stim 0} 
the areas 0} A and B. 

Suggestion. What proposition is suggested by the 
theorem ? 

Proposition XIII. 

346. Problem. To construct a squcire whose area is 

equal to the difference of the areas of two given squares. 

§ 343 (^)- 

Ex. 225. Construct a square whose area is equal to the 
sum of the .areas of three given squares. 

Ex. 226. Upon a given line as a base, construct a rec- 
tangle whose area is equal to the sum of the areas of a 
given square, a given trapezoid, and a given triangle. 

Ex. 227. The area of a square inscribed in a circle is 
one-half the area of a square circumscribed about the 
same circle. 

Ex. 228. Construct a parallelogram having a given 
base and a given angle, whose area is equal to a given rec- 
tangle. 

Ex. 229. Find the dimensions of a rectangle whose per- 
imeter is 16 in. and whose area is 15 sq. in. 



CHAPTER V. 
REGULAR POLYGONS AND CIRCLES. 



347. A reg^ular polygon is a polygon which is both equi- 
lateral and equiangular. The equilateral triangle and 
square are regular polygons. 

Proposition I. 

348. Theorem. An equilateral polygon inscribed in 
a circle is a regular polygon. 



C ' 




E 
Let A D represent an equilateral polygon inscribed in a 

circle. 

To prove that A D is a regular polygon. 

Suggestion i. What remains to be proved to make A D 
a regular polygon according to the definition, § 347 ? 

2. Compare Z.s A B C, BC D, etc. Give auth. 

J. Apply the definition of a regular polygon to A D. 

Therefore — 

349. Corollary. A regular polygon may have any 
number 0} sides. 
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If the circumference of a circle be divided into any num- 
ber of equal parts, the lines joining the points of division 
form an inscribed equilateral polygon. How does the num- 
ber of sides of the polygon compare with the number of 
parts into which the circumference is divided ? 

Proposition II. 

350. Theorem. A circle can be circumscribed about 
a regular polygon. A circle can be inscribed in a regur 
lar polygon. A M b 



Let A D represent a regular polygon. 

1. To prove that a circle can be circumscribed about A D. 
Suggestion i. At M and N, the middle points of two 

adjacent sides, erect J_s and extend them until they meet, 
as at O. Why do they meet ? O is the center of a cir- 
cumference which passes through Ay JB, and C. Why ? 

2. To prove O i4 = O Z> = O £, etc. 

(a) Join O with each vertex of the polygon. Compare 
O C with O B (Auth.); ZOBA with ZO CD (Auth.); 
AO BA with AOCD, and hence, O A with O D. 

(b) The circumference through Ay B, and C also passes 
through Z>. Why? 

(c) In a similar manner show that the same circumfer- 
ence passes through E, etc. Can a O be circumscribed 
about the polygon AD? 
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II. To prove thai a circle can he inscribed in the polygon 
AD. 

Suggestion i. Compare the distances of the various sides 
of the polygon from O. § 188. 

2, Complete the demonstration. 

Therefore — 

Query: How many sides has polygon ADf See the 
theorem. 

351. The radius of a regular polygon is the radius of 
the circumscribed circle. 

352. The apothem of a regular polygon is the radius of 
the inscribed circle. 

353. The center of a regular polygon is the center of 
the inscribed or circumscribed circle. 

354. The angle at the center of a regular polygon is 
the angle formed by two radii drawn to two adjacent 
vertices of the polygon. 

From the definitions just given the following corollaries 
may be deduced. Prove them. 

355. Corollary I. The angle at the center of a regular 
polygon is equal to jour right angles divided by the number 
oj sides of the polygon. 

356. Corollary II. An interior angle 0} a regular 
polygon is equal to the sum of all the interior angles oj the 
polygon divided by the number oj sides oj the polygon. 

357. Corollary III. The angle at the center oj a reg- 
ular polygon is the supplement oj an interior angle oj the 
polygon. 

358. Corollary IV. The radius oj a regular polygon 
bisects the angle oj the polygon to which it is drawn. 
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Proposition III. 

359. Theorem. // a circumference is divided into 
any number of equal parts, the tangents drawn through 
the points of division form a regular circumscribed 
polygon. jr 




Let the circumference ABC, etc., be divided into equal 
parts, A B, B C, etc., and at the points A, B, etc., let tan- 
gents be drawn forming the polygon G H E, etc. 

To prove that G H K, etc, is a regular polygon. 
Suggestion i. Compare ^s G, H, K, etc. Ex. 130. 

2. Compare lines FA, AG, G B, B H, etc. Exs. 64 
and 125. 
J. Compare lines F G, G H, H K, etc. 
4. Apply definition of a regular polygon. 
Therefore — 

360. Corollary I. // the vertices of a regular inscribed 
polygon are connected with the middle points 
of the arcs subtended by the sides, a regular 
inscribed polygon of double the number of 
sides is formed. § i79- r r^ ^ 

361. Corollary II. The perimeter of 

a regular inscribed polygon is less than the perimeter 
of a regular inscribed polygon of double the number of 
sides. 
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362. Corollary III. // a regular polygon is circum- 
scribed about a circle, and if tangents Ar 
are drawn at the middle points 0} the 
intercepted arcs, a regular circumscribed 
polygon 0} double the number 0} sides is 
formed, § 359. 

363. Corollary IV. The perimeter of a regular cir- 
cumscribed polygon is greater than that of a regular cir- 
cumscribed polygon of double the number of sides. 




Proposition IV. 

364. Theorem. // a regidar polygon is inscribed 
in a circle, and if tangents are drawn at the middle 
points of the arcs subtended by the sides of the inscribed 
polygon: 

I. A regidar circumscribed polygon is formed, 

II. The sides of the regular circumscribed polygon 
are parallel to the sides of the inscribed polygon, each 
to each. 

III. The vertices of the circumscribed polygon lie in 
the radii extended of the inscribed polygon. 

B 




Let SAD represent a regular inscribed polygon; M, N, 
etc., the middle points of the arcs subtended by the sides; 
MB, B N, etc., tangents drawn through M, N, etc. 
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To prove — 

1. M B N is a regular polygon. 

II. M B is parallel to S A, B N is parallel to A D, etc. 

III. B lies in O A extended, etc. 
Suggestion for I. § 359. 

Suggestion for II. Draw a radius _L to a side of the 
inscribed polygon and extend. 

Suggestion for III. Draw O M and O N to adjacent 
points of tangency. Draw O B and O ^ to the vertices 
of the circumscribed and inscribed polygons, respectively, 
included between those points of tangency. Compare 
AsSAOsLudDAO; As M B O smd N B O. 

2. .-. Z Af O iV is bisected by i40 and also by 50. Why? 
5. Complete the demonstration. § 47. 
Therefore — 

Ex. 230. The ratio of similitude of two similar polygons 
is — , and the sum of their areas is 518 sq. in. Find the 

area of each polygon. § 279. 

Ex. 231. Find the base of a rectangle whose area is 
108 sq. ft. and whose altitude is 6 ft. Compare your 
method with that of §340, 

Ex. 232. Find the area of a right triangle whose hypote- 
nuse is I ft. 8 in., and one of whose legs is i ft. 

Ex. 233. The area of a polygon that circumscribes a 
circle equals one-half the product of its perimeter and the 
radius of the circle. 

Ex. 234. If the middle points of two adjacent sides of a 
parallelogram be joined, a triangle is formed equal in area 
to one-eighth of the area of the parallelogram. 
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Proposition V. 

365. Theorem. Regular polygons of the same num- 
ber of sides are similar. 
A £ 





Let A D and H P represent two regular polygons of the 

same number of sides. 

To prove that A D and H P are similar polygons 
Suggestion i. What must be established to make the 

polygons similar ? 

2. Compare A A with AH'y AB with Z. K^ etc. 

AB ,^ HK A B .^BC 

3. Compare — with — , etc.; — with — , etc. 

Extend the series. 
Therefore — 

Ex. 235. What is the locus of centers of circles which 
are tangent to a given Une at a given point ? 

Ex. 236. Two parallel chords of a circle are, respectively, 
36 inches and 48 inches long; the radius of the circle is 30 
inches. What is the distance between the chords ? 

Ex. 237. Find the dimensions of a rectangle whose per- 
imeter is 16 in. and whose area is 15 sq. in. Of one whose 
perimeter is 28 ft. and whose diagonal is 100 ft. 

Ex. 238. If a parallelogram be inscribed in or circum- 
scribed about, a circle, the diagonals pass through the 
center. 
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Proposition VI. 

366. Theorem. The perimeters of two similar regu- 
lar polygons have the satne ratio as their radii, or their 
apothems, a M B 

/\ I A ' H N K 



Let A D and H P represent two similar regular poly- 
gons. 

^ 5 + 5C + tAetc. OA OM 

To prove that — — — — -;; = — — : = ^ ,^ . 

^ HK+KL + LP, etc. S H S N 

Suggestion i. Compare the ratio of the perimeters 

with the ratio of any two homologous sides, as with 

A B ^ A B ,0 A ,0 M 

. Compare with , with - - . Give auth. 

H K ^ HK SH S N . ^ 

§ SOS- 
Complete the demonstration. 

There jore — 

Proposition VII. 

367. Theorem. The areas of two similar regular 
polygons have the same ratio as the squares of their 
radii, or the squares 0} their apothems. 

Let and S represent two similar regular polygons. 

■ O AO^ MO"^ 

To prove that — = = . 

^ S HS" N S^ 

Suggestion. The same method may be used as in § 366 . 

See §337. 
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Proposition VIII. 

368. Theorem. The area of a regidar polygon is 
equal to one-half the product of its perimeter and 
apothem. 




Let A D be a regular polygon, N its apothem, and 
ABC, etc., its perimeter. 

To prove that the area of the polygon is equal to one-half 
the product of A B C, etc., and O N, 

Suggestion i. Circumscribe a circle, and draw radii to 
the vertices of the polygon. 

2. Compare the distances from the center to the sides 
of the polygon. Give auth. 

3. What is the area ofA^OJ5? Oi A BOC? etc. 

4. What is the sum of the areas of all the As ? 
Therefore — 

Work out Sug. 4 algebraically as well as geometrically. 

369. A Lemma is a proposition, corol- 
lary, or postulate inserted out of its Ajt 
natural order for the purpose of immediate 
use in demonstrating another proposition. . 

370. Lemma. // the number of sides 
of a regular inscribed polygon be in- 
creased indefinitely the apothem is a variable which 
approaches the radius as a limit. 
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O H, O H\ O H^j etc., is a variable which approaches 
.4, or radius, as its limit. 

371. Lemma. I j the number of sides 
of a regular inscribed polygon be in- 
creased indefinitely, the perimeter of the 
polygon is a variable which approaches 
the circumferance of the circle as a limit. 

Perimeter^ BC,AEBG, etc., A F E, 
etc., is a variable approaching the circumference as its 
limit. 

372. Lemma. // the number of sides of a regular 
inscribed poloygon be increased indefinitely, the area of 
the polygon is a variable which approaches the area 
of the circle as a limit. 

Polygon ABC, ABB G, etc., A FE, etc., is a vari- 
able approaching the circle as its Umit. § 211 (d) and (e). 

Are §§ 371 and 372 true if the words circumscribed be 
substituted for inscribed ? 

Ex. 239. If one acute angle of a right triangle is 60°, 
prove that the area of the equilateral triangle constructed 
on the hypotenuse is equal to- the area of a rectangle whose 
adjacent sides are the two legs of the right triangle. 

Ex. 240. If two triangle shave two sides of one equal 
respectively to two sides of another and the included angles 
supplementary, the triangles are equal in area. 

Ex. 241. Draw a circle through a given point tangent 
to a given line at a given point. 

Suggestion, Find two loci of the center. 
- Ex. 242. The diagonals of a parallelogram divide it 
into four triangles equal in area. 
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Proposition IX. 

373. Theorem. The circumferences of two circles 
have the same ratio as their radii. 





Let and S represent two circles, R and R ' their radii, 
and C and C their circumferences. 

rr. , C R 

To prove that — = — . 
^ C R' 

Suggestion i. Inscribe in the two circles similar regular 

polygons. Let P and P' represent their perimeters. 

P R 
Then — = — . Give auth. 

F R' ^ 

2. From the equation in Sug. i, P = — X P'. §270, 
Note I. 

J. Now, let the number of sides of each polygon be indefi- 
nitely increased, always, however, keeping the number of 
sides of one polygon the same as the number of sides of 
the other polygon. During this change the variable P is 

always equal to the variable — X P'. Why? 

4. Since P and P' are variables which approach C and 
C respectively, as their limits (§371), therefore, P and 

/? R 

— X P', are variables which approach C and — X C, re- 
K K _ 

spectively as their limits. Why ? § 214 (a). 
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5. Compare C and — X C. Give auth. 

6. CompStre — and — . 

Therejore— p r /j 

Query: In Sug. i, — = — . Is — a variable ? Why ? 

Is — a variable ? 
P' 

374. Corollary I. The circumferences of two circles 
have the same ratio as their diameters. 

C D 

If D and D' represent their diameters, — = — . Auth. 

375. Corollary II. The ratio of the circumference of a 

circle to its diameter is constant. 

CD C C 

For, by Cor. I, — = — , and by alternation — = — 

This ratio is represented by the Greek letter r (pi). 

C C 

Hence, — = - ; or, = tt. 

D 2R 

376. Corollary III. C = 7rZ>; or, C = 2wi?. 



Ex. 243. What is the locus of the vertex of all isosceles 
triangles upon a given base ? 

♦ Ex. 244. -4 5 C is a triangle, and D any point in 
B C extended. Find a point Em A B or A B extended, 
such that the area of the triangle EB D will be equal 
to the area of the triangle ABC. § 3i7- 

Ex. 245. Draw a line through a given point in a side 
of a triangle so as to divide the triangle into two parts 
equal in area. 
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Proposition X. 

377. Theorem. The areas of two circles^ have the 
same ratio as the squares of their radii. 





Let A and A' represent the areas, and R and R' the 
radii of the circles and S, respectively. 

A R" 

To prove that — is equal to — . 

Suggestion i. Inscribe in the two circles regular poly- 
gons of the same number of sides, and let M and Af' rep- 
resent their respective areas. 

2. Proceed as in § 373. 

Therefore — 

378. Corollary I. The areas of circles have the same 
ratio as the squares of their diameters. 

379. Corollary II. The areas 0} similar sectors have 
the same ratio as the squares of their radii. 



Ex. 246. Two tangents to a circle, whose radius is 8 • 
inches, are drawn from a point 1 2 inches from the center. 
Find the length of the chord joining the points of tan- 
gency. 

Ex. 247. The legs of a trapezoid are each 15 inches, 
and the bases are 12 inches and 30 inches respectively. 
Find the area of the trapezoid. 
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Proposition XI. 

380. Theorem. The area of a circle is equal to one- 
half the product of its circumference and radius. 




Let represent a circle, R its radius, C its circumfer- 
ence, and A its area. 

To prove that A is equal to one-half the product of C 
and R, § 329. 

Suggestion i. Inscribe in the circle a regular polygon, 
and let P denote its perimeter, M its area and r its apothem. 

2. What is the area of M in terms of P and r ? § 368. 

J. If the number of sides of the polygon be indefinitely 
increased, M is a variable. Why ? 

4. What is its limit ? § 372. 

5. To find the limit of J P X r, the area of M: 

(a) P is a variable. Why ? What is its limit ? Why ? 

(b) r is a variable. Why ? What is its limit ? Why ? 

(c) P X r is a variable whose limit is C X P. § 214 (c). 

(d) ^P Xr= ? Why? § 214 (a). 

6. Compare the limits of the two equal variables, M 
and i P X r. 

.-. the area of O = ? Why? 
Therefore — 

381. Corollary I. The area of a circle is equal to n 
times the square of the radius. 
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Substituting the value of C, (§376), i4 = iC X R, = 
iX2-RxR= irR\ 

Commit to memory this formula for the area of a circle. 

382. Corollary II. The area of a sector is equal to 

one- half the product of its radius and arc. 

Sec. arc of sec. __ _ . i r 

_ — = _ Hence, if a sector is - of a 

circle circumference. n 

I I 

circle, its arc is — of its circumference; hence its area, — of 
n ' fi 

iCxR = JarcXi^. 

Proposition XII. 

383. Theorem. One side of a regular hexagon is 
equal to the radius of the circumscribed circle. 




Let ABC, etc., represent a regular hexagon inscribed 
in a circle whose radius is A. 

To prove A B = O A. 

Suggestion i. Draw radius OB and prove that AAOB 
is equiangular and equilateral. 
Therefore — 



Ex. 248. Describe a circle through a given point that 
shall touch a given circle at a given point. Find two loci 
of the center of the required circle. 
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Proposition XIII. 
384. Problem. Given the radius 0} a circle and the 
side of a regular inscribed polygon, required to find the 
side of a regular inscribed polygon of double the num- 
ber of sides. c 




Let represent a circle, R its radius, A B the side of 
a regular inscribed polygon, and A C the side of a regu- 
lar inscribed polygon of double the number of sides. 

To find value of AC in terms of A B and R. 

Suggestion i. Connect O and A. 

2. In A A S Cy express ^4 C in terms of ^ 5 and C S 
(§341); of .4 5 and C 5. 

J. Express C 5 in terms of R and S O. Express 5 O in 
terms of R and ^4 5 (§ 341); in terms of R and A B. 

4. Find value of C 5 in terms of R and A B, 

5. Find value of ^4 C in terms of R and A B. Reduce 

to simplest form, viz. : AC = V 2R'-R V^ ^R" - AB" 

If i? = unity,..4 C = \/ 2-^ ^--AE' 
Partial demonstration : 

AC = sj AS'^-CS' =i\/\AB'^C^ = 
^\rw + (RS Oy =A/i AB'^ i^R-^R^-\ABy = 

\/\A'B'-{-R? -2R'^¥ ^^A'B'+R'^iA~B' = 
\/2R'-2R ^ R'-iA^' = \/ 2R'-R ^aR" -ATB". 
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Proposition XIV. 

385. Problem. To compute approocimaiely the ratio 
0} the circumference of a circle to its diameter. 

If i4 C (§ 384) is one side of a regular polygon of n sides, 
n XA C = the perimeter which is an approximation of the 
circumference of the circumscribed circle, and the greater 
n is the closer the approximation. Why ? 

If i4 C is one side of a regular hexagon, R being unity, 
the perimeter = 6. § 383. 

li A B {% 384) = one side of a regular hexagon, -4 C = 

/y 2— V 4- (i)^= \/ 2— V 3 =.51763809. Hence, the 
perimeter of a regular twelve-sided polygon = 12 X 
.51763809 = 6.21 165708. 

If the value of one side of the regular twelve-sided poly- 
gon be substituted for A B in the formula, ^4 C is 
the value of one side of a regular twenty-four sided 
polygon. 

By continuing the operation the perimeters of regular 
polygons of greater and greater number of sides may be 
found, and consequently, closer and closer approximations 
of the circumference in terms of radius. 

In this way, the perimeter of a polygon of 768 sides has 
been computed to be 6.283169 + . 

Dividing this result by the diameter, i. e., by 2 (§ 375), 
gives 3.141584 + , as an approximate value of the ratio of 
the circumference of a circle to its diameter, an approxi- 
mate value of TT. 

The approximate value usually used is 3.1416. 

Therefore, tt = 3.1416 approximately. Q. E. D, 
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(a) Some of the computed results are given in the fol- 
lowing table: 



No. 
Side?. 


One Side. 


Perimeter. 


6 


\/ 2- 


I 


6. 


12 


""V7= .51763809 


6.21 165708 


24 


-\/4- (.51763809)'=. 26105238 


6.26525722 


48 


-V4 — (. 26105238)^=. 13080626. 


6.27870041 


96 


-\/4- (.13080626)2 =.06543817. 


6.28206396 


192 


-V4- (.06543817)2= .03272346 


6.28290510 



386. Corollary. As an approximate value 0} n has 
been foundy the area of a circle may be found approximately 
in terms of its radius. The approximate value is found by 
multiplying the square of the radius by 3.1 416. § 381. 

387. Scholium. Archimedes (bom 287 B. C.) found 
an approximate value of tt. He proved that its value is 



between ^-- and ^ — . The former of these two values is 

often used as an approximate value of tt when great accu- 
Tdicy is not required. 

In modem times the value of n has been computed to 
a large number of decimal places. Clausen and Dase, 
independently of each other, computed the value to the 
two-hundredth decimal place. Other computers have 
given the value to over five hundred decimal places, but 
their results have not been verified. The number is in- 
commensurable, and cannot be expressed exactly by any 
number of decimal places. 
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Proposition XV. 

388. Problem. To inscribe a square in a given 
circle 




Let be a given circle. 

To inscribe a square in the circle O. 

Suggestion. In any square, at what A do the diagonals 
intersect ? 

389. Corollary. By bisecting the arcs subtended by the 
sides of the square, and joining each point 0} division with 
the two adjacent vertices, a regular inscribed octagon is 
formed. 

Ex. 249. Measure the diameter and circumference of 
several articles in the form of a circle, as the end of a barrel, 
tin cup, etc., and divide the latter by the former to see how 
an approximation of ~ can be obtained. 

Ex. 250. Compute the length of a perimeter of twenty- 
four sides and verify by the table, P. 211. 

Ex. 251. Show that one side of an equi- 
lateral triangle inscribed in a circle is equal 
to R VJ, or if R equals unity, V^. 

Ex. 252. Use the formula, (§ 384), /\/2 — V4 — 06^ in 
the case of a regular inscribed equilateral triangle, to prove 
that the value of one side of a regular hexagon is one. 

Suggestion. A B = V^. (Ex. 251.) 
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Proposition XVI. 

390. Problem. To inscribe a regular hexagon in a 
given circle. 




Let be a given circle. 

To inscribe a regular hexagon in the circle O. 
Suggestion. § 383. 

391. Corollary I. By joining the alternate vertices 0} 
the regular inscribed hexagon in order y an equilateral tri- 
angle is inscribed in the circle. 

392. Corollary II. By bisecting the arcs subtended by 
the sides 0} a regular inscribed hexagon, and joining the 
points 0} division with the adjacent vertices 0} the hexagan, 
a regular dodecagon is inscribed in the circle. 

393. General Scholium. Methods have already been 
given of inscribing in a circle a regular polygon of 3, 4, 
5, 6, 8, or 10 sides (see appendix). Any regular inscribed 
polygon being given, a regular inscribed polygon of double 
the number of sides can be formed by bisecting the arcs 
subtended by the sides and joining the points of division 
to the adjacent vertices of the given polygon. Hence, by 
means of the inscribed square regular polygons of 8, 16, 
32, etc., sides can be inscribed; by means of the regular 
inscribed hexagon, regular polygons of 12, 24, 48, etc., 
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sides can be inscribed; by means of the regular inscribed 
decagon regular polygons of 20, 40, 80, etc., sides can be 
inscribed. There is still one more set of polygons which 
can be inscribed in a circle. For, if from any point on 
the circumference of a circle a chord be drawn equal to one 
side of a regular inscribed hexagon, and from the same 
point another chord be drawn equal to the side of a regu- 
lar inscribed decagon, the first chord subtends an arc which 
is one-sixth of the circumference, and the second chord 
an arc which is one-tenth of the circumference, and the 
difference between these two arcs is one-fifteenth of the 
circumference. Hence, the chord joining the extremities 
of the two chords previously drawn is one side of a regular 
inscribed polygon of fifteen sides, and from this figure 
regular polygons of 30, 60, etc., sides can be inscribed. 

Until the beginning of the present century it was sup- 
posed that the polygons already enumerated were the only 
ones which could be inscribed by elementary geometry, 
but in a work published in 1801, Gauss proved, by means 
of the ruler and dividers only, that it is possible to inscribe 
regular polygons of 17 sides, of 257 sides, and in general, 
of any number of sides which can be expressed by 2"^+!, 
n being an integer, provided that 2*"+ 1 is a prime number. 



Ex. 253. If the diagonals of a quadrilateral intersect 
at right angles, prove that the sum of the squares on one 
pair of opposite sides is equal to the sum of the squares 
on the other pair. 

Ex. 254. Construct a triangle equal in area to a given 
triangle, the base, an angle adjacent, and the distance from 
the vertex to the middle point of the base being given. 
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CHAPTER VI. 
LINES AND PLANES. 



Definitions. 



394. Geometry of three dimensions treats of figures 
whose parts are not confined to a single plane. 

(a) Geometry of three dimensions is also called solid 
geometry and geometry of space. 

(b) The results of plane geometry furnish the basis for 
investigations in geometry of three dimensions, but it 
must be remembered that the statements of plane geom- 
etry are made with respect to figures which are entirely in 
one plane, and are not necessarily true in geometry of 
three dimensions. For instance: It has been proved in 
plane geometry that only one perpendicular can be erected 
to a line at a given point. In solid geometry many per- 
pendiculars can be so erected. This may be illustrated 
by the spokes of a wheel all perpendicular to its axis. 
Therefore, in geometry of three dimensions, the theorems 
of plane geometry must not be applied unless the reference 
is to parts of a figure all of which are in one plane; but 
those theorems may be applied first to one plane, then to 
another, and so on. 

In reasoning from plane geometry to geometry of three 
dimensions, the following axiom is used; 
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395. Axiom 19. The relations of the parts of a figure 
or figures in one plane are not changed by moving the 
plane containing the figures from one position to another. 

Note. — In solid geometry even more than in plane the tendency is 
to fail to give authority for more or less of the statements in the demon- 
strations, owing to their greater length. Great care should be exercised 
to see that authority is fully and freely given, for therein lies in great 
part the rigor of the demonstration. (See Suggestion to Teachers.) 

396. A plane is indefinite in extent. From the defini- 
tion (§10) it follows that if a straight line of a plane is 
extended indefinitely it must always he in the plane. 

397. A plane is determined when it is exactly located, 
or is distinguished from every other plane. A plane is 
determined by lines or points when it is the only plane 
which contains those lines or points. 

398. A plane embraces a line when the line lies wholly 
in the plane. The plane is then said to be passed through 
the line. 

399. The intersection of two planes is that portion of 
them which is common to both. 



Ex. 255. Draw a line through the vertex of a triangle 
so as to divide the triangle into parts whose areas have the 
ratio 2 to 5. §333. 

Ex. 256. Two circles are tangent externally; locate a 
Une of a given length so that it shall pass through the point 
of contact and have its extremities in the circumferences 
of the circles. 

Ex. 257. Given one leg of a right triangle and the radius 
of the inscribed circle, construct the triangle. 

Ex. 258. Inscribe a circle in a given rhombus. 

Ex. 259. One side of an inscribed square = R\/2. 
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Proposition I. 

400. Theorem. Two planes can embrace the same 
straight line. 





Let M N and C D represent two planes. 

To prove that M N and C D can both embrace the same 
straight line. 

Suggestion i. Let M N and C D intersect and let A 
and B be two points in their intersection. Connect A and 
5 by a straight line. 

2. Where does line A B lie in respect to each plane ? § 10. 

There jore — 

401. Corollary I. A plane can be made to occupy 
different positions and still embrace the same line. 

402. Corollary II. A straight line does not determine a 
plane. § 397. 

403. When a plane takes in succession the various pos- 
sible positions while a given line of the plane embraces a 
given line, as A B, the plane is said to revolve about A B, 



R — 
Ex. 260. The apothem of an inscribed square = — \/2. 

Ex. 261. The altitude of an equilateral triangle is equal 
to one and one-half times the radius of the circumscribed 
circle. 
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Proposition II. 

404. Theorem. A plane is determined — 
I. By a straight line and a point without the line. 
II. By three points not in a straight line. 

III. By two intersecting straight lines. 

IV. By two parallel straight lines. 



z: In 



1. Let A B represent a straight line, and C a point not 
in the line A B. 

To prove that the line A B and the point C determine a 
plane. 

Suggestion i. Through the line A B pass a plane M N 
and let it revolve about il 5 as an axis until it contains 
the point C. § 403- 

2. How much can the plane be revolved either way 
about A By and still contain point C ? Why ? §§3 and 4, 

5. How many planes can embrace the given Hne and 
point ? Do ilJB and C determine the plane Af iV ? § 397. 
Therefore — 




II. Let Ay B, and C represent three points not in one 
straight line. 

To prove that the points A, B, and C determine a plane. 
Suggestion. Connect two of the points. 
Therefore — 
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ni. Let A B and C D represent two intersecting lines. 
To prove that A B and C D determine a plane. 
Suggestion i. Pass a plane, M N, through the line A B 
and some point oi C D not in A B. 

2. How many planes can occupy this position ? Why ? 
J. Where is CZ> with respect to the plane ? Why ? § 10. 

Therefore — m 

^ b/ 

V 

w 
IV. Let A B and C D represent two parallel lines. 

To prove that A B and C D determine a plane. 

Suggestion i. In how many planes do two II lines lie? 

§101. 

2. How many different planes may be passed through 
one of the lines and one point of the other line ? 

J. Where does the plane of the || lines lie with respect 
to this plane ? 

Therefore — 



Ex. 262. From a point without a circle two tangents are 
drawn which, with the chord connecting the points of 
contact, form an equilateral triangle whose side is 18 
inches. Find the diameter of the circle. 

Ex. 263. Two posts set 24 feet apart on level ground 
are 8 and 12 feet high, respectively. How far apart are 
their tops ? 
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405. A line is perpendicular to a plane when it is per- 
pendicular to any line in the plane drawn through its foot. 

(a) The plane is then perpendicular to the line. 

406. Corollary. When a line is perpendicular to a 
plane it is perpendicular to every line in the plane drawn 
through its foot. 

407. A line is oblique to a plane when it is oblique to 
one or more lines in the plane drawn through its foot. 



Proposition III. 

408. Theorem. From a given point without a plane 
one, and only one, perpendicidar can be dropped to the 
plane, and the perpendicular is the shortest line from 
the point to the plane. 




Let M N represent the given plane, and A the given 
point without the plane. 

To prove that from A, one and only one perpendicular 
can be drawn to the plane M N, and that the perpendicular 
is shorter than any other line from A to the plane M N, 

Suggestion i, (a) Of all lines from A to the plane M N, 
either there is one shortest line or a group of equal shortest 
lines. Suppose A C and A D are two of a group of equal 
shortest lines. A C and A D form a plane. § 404, III. 

Connect C and D, 
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(6) If A C=A D, what kind of A is .1 CD? 

(c) From A^ draw A B ^^io C D. (§ 94.) Compare 
A B and AC in. respect to length. 

{d) Then, how many shortest lines are there from A to 
the plane M Nl 

2. (a) Let A O represent the shortest line from A to 
the plane M N, and draw E O, any line in the plane M N, 
through the point O. 

. (b) Since -4 O is the shortest line from A to plane M N, 
what relation does A O sustain to £ O ? § 130. 

(c) Since £ O is any line drawn through the foot ot A O 
in plane M N, what relation must A O sustain to the 
plane JlfiV? §405« 

(d) Suppose another line from A to plane M N can be 
±to M NySisA F. Connect O and F, Can AFhe ± 
to plane M N? Why ? § 94. 

(e) How many _Ls can be drawn from A to the plane 
MN? Why? 

Therefore — 



Ex. 264. The apothem of a regular inscribed hexagon is 
equal to J R\/ 3, R representing the radius of the circle. 

Ex. 265. In a given circle, inscribe an isosceles triangle 
in which each base angle is one-half the vertical angle. 

Ex. 266. Divide a circle into segments such that an 
angle inscribed in one segment shall be three times an 
angle inscribed in the other segment. 

Ex. 267. Find the locus of the center of a circle which 
passes through two fixed points. 

Ex. 268. Find the locus of the points of intersection of 
tp^ngents to a fixed circle which.int^rsect at a given angle. 
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Proposition IV. 

409. Theorem. The intersection of two planes is a 
straight line. 





Let M N and C D represent two planes that intersect 
and let the straight line A B lie in the intersection. 

To prove thai A B is the intersection 0} M N and C D. 
Suggestion i. What is the intersection of two planes ? 

§ 399- 

2, Take any point, O, of the plane M N, not in A B. 
Does this point lie in plane CD? Why ? 

J. /. A B bears what relation to the intersection ? 

Therefore — 

Query: What is the difference in meaning in the two 
statements as used above: A B lies in the intersection, 
and A B is the intersection ? 

410. The locus of a point in space is a line or lines, a 
surface or surfaces to which the point is limited and in 
any point of which it may be found. Compare with the 
definition of locus of a point in a plane, § 136. 

411. Corollary. A straight line found in each of two 
planes is the intersection of the two planes. 

Query: What is the locus of a point common to two 
planes ? Apply the definition. 

412. The point in which a straight line intersects a 
plane is the foot of the line. 
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Proposition V. 

413. Theorem. At a given point in a plane ^ one 
perpendicular^ and only one, can he erected to the plane. 

,G 
I 



M^ 



/ 
/ 

/ 



^E7 /S3. 

Let C D represent a plane, and a given point in the plane. 

To prove thai one, and only one, perpendicular can be 
erected to the plane C D at the point 0. 

Suggestion i. Let M N represent another plane, and 
-4 B a J_ from A to the plane M N. § 408. 

2. Place the plane Af iV in the plane CD, so that B 
is upon O; then revolve plane M N until two more points 
of Jlf iV lie in the plane CD. (§ 82, Sug. I. § 404, 11.) 
What relation does A B sustain to the plane CD? § 395. 

Therefore — 

Suggestion, If more than one .L can be erected, let O E 
and O G represent two _Ls to C J9, at O; £ O and O G de- 
termine a plane. Let R S be the intersection of the plane 
EOG with the plane CD. What relation do OE and OG 
sustain to RS? Why ? Can a second _L be erected to a 
plane at a given point in the plane ? Give auth. § 46. 

Therefore — 

Query: Why should if 5 be taken as the intersection 
of the planes ? 394 (6). 

Note. — The section references are not expected to be used except in 
verification of the student's authority, or when he is unable to find an 
authority for himself. The student would do well to take pride in 
seeing how few references he needs to use. 
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Proposition VI. 

414. Theorem. //, from any point in a perpen- 
dicular to a plane, oblique lines be drawn, those which 
meet the plane at equal distances from the foot of the 
perpendicular are equM\ and, of two unequ^ oblique 
lines, that which meets the plane at the greater distance 
from the foot of the perpendicular is the greater. 

A 




Let M N represent a plane, A B a perpendicular to the 
plane, A D, A C, and A E oblique lines meeting the plane 
M N at the points D, C and E, respectively, so that B C is 
equal to B E, and B D is greater than B E. 

I. To prove that oblique lines A C and A E are equal. 

1. Suggestion i. What relation does A B sustain to 
B C, and also to B E? Why? § 406. 

2. Compare As A BC and ABE; AC and A E. 
11. To prove that A D is longer than A E. 

I. Suggestion, Compare A C and A D (^ 129, III.); 
A C Bind A E; A E and A D. 
Therefore — 

Ex. 269. From any point in the perpendicular to a 
plane, equal oblique lines drawn to the plane cut off equal 
distances from the foot of the perpendicular; and of two 
unequal oblique lines the greater cuts ofif the greater dis- 
tance from the foot of the perpendicular. 
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Proposition VII. 

415. Theorem. // a straight line is perpendicular 
to two lines of a plane at their point of intersection^ it 
is perpendicular to th£ plane. 




Let H N represent a plane, A B and C D two lines of 
the plane, and £ a perpendicular to AB and C D at their 
point of intersection 0. 

To prove that O E is perpendicular to the plane M N. 

Suggestion i. Extend O £ to 5, making O S equal O E, 
and let O R represent any line of the plane through the 
point O. Draw the line B D, intersecting O -R at some 
point, as at R. Connect both E and S with the points 
By R and D. 

2. In the figure B ES compare B E and B S. In the 
figure D ES compare D E and D S. Auth. § 129, II. 

J. Compare As £5 2) and 5 5 Z>; Zs EBD and 
SBD. Auth. 

4. Compare As E B R smd S B R; lines ERsnidS R. 
Auth. 

5. Compare As EO R smd S O R; Zs EOR and 
SOR. What relation does E O sustain to O R? Or 
relate £ O and O i? by Ex. 29 (3). 
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6. Since O R\s any line of the plane through point O, 
what relation does E O sustain to the plane ? § 405. 

Therefore — 

Queries: How many planes are represented in the 
figure ? Read them. Why prove E B equal to S B? 
Why prove angles EB R and S B R equal ? 

Proposition VIII. 
416. Theorem. (/.) All the perpendictdars to a 
given line at the same point lie in the same plane, and 
(II.) the given line is perpendicular to the plane of 
the perpendicular lines. 

B 

:a 




Let B be a given line, and A, C, D, etc., lines 
perpendicular to B at 0. 

To prove (I) that O A, O C, O D, etc., are in the same 
plane, and (II) tfiat B O is A. to the plane of these lines. 

I- Suggestion i. Two of the Unes, as O i> and O C, 
determine the plane DOC. Auth. What relation does 
B O sustain to plane DOC? § 415- 

2. O B and another of the lines, as O i4, determine an- 
other plane. Auth. Let these planes intersect in O Af . 
Why must the planes intersect ? 

5. What relation does BO sustain to OM? (§406.) 
What relation does B O sustain to O -4 ? Auth. .*. What 
relation must O A sustain to O M ? § 46. 
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4. Where is O ^4 with respect to plane DOC} 
II. Suggestion, What relation does B O sustain to the 
plane olAODCt 
Therefore — 

Note. — Note carefully the construction of O M. Would the fol- 
lowing answer the purpose ? Let O M be any Une through O in plane 
DO a Why? §394(&). 

417. Corollary I. Through a given point in a straight 
line, only one plane can be drawn perpendicular to the line. 

Suppose two planes can both be J_ to ^4 5 at a point, 
as at O. Pass a plane through A B cutting 
both planes elsewhere than their intersec- 
tion, as in I O and 2 O. What relation 
must A B bear to i O and 2O? 

§§ 406, 394 (6). / 

418. Corollary II. From a given point without a line, 
only one plane can be drawn perpendicular to the given line. 

If two planes can be drawn through a m 

point, as iV, J_ to a line, as If 5, let them ' a 




be represented hy A B and C B. A"^^^ 

Connect N with the feet of the J» to the '^"^ 
planes. What relation do O iV and S N sustain to Af 5 ? 
Why ? What do you think of the possibility of drawing 
two planes from the same point _L to a line ? Give auth. 



Ex. 270. If a plane is perpendicular to a 
straight line at its middle point, (i) Every 
point in the plane is equally distant from the 
extremities of the hne. (2) Every point out 
of the plane is unequally distant from the 
extremities of the straight line, 
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Proposition DL 

419. Theorem. //, from the joal of a perpendicular 
to a fianCj a line is drawn perpendicular to any line 
of the planCj andj from this point of intersection, a line 
is drawn to any point of the perpendicular to the plane, 
the last line is perpendicular to the line of the plane. 




Let M N represent a plane and A B a perpendicular to 
the plane. Let C D represent any line of the plane M N. 
Let B be perpendicular to D C at 0, and let be joined 
to Ff any point in A B. 

To prove that F O is perpendicular to C D. 

Suggestion i. On the line D C, take O D equal to O C. 
Connect F with C and D, B with C and D. 

2. In ABC D, compare B C and B D. Auth. 

J. Compare F C and F D. § 414 (I.). 

4. What relation does FO sustain to DC? §89 or 
Ex. 29 (3). 

Therefore — 

Make a physical representation of this theorem using 
wire or other material. Show that the theorem is always 
true as F moves along A B. 

420. A straight line is parallel to a ^lane when the line. 
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and plane cannot meet however far they may be ex- 
tended. 

(a) The plane is then parallel to the line. 

421. Two planes are parallel when they cannot meet 
however far they may be extended. 



Proposition X. 

422. Theorem. // one of two parallel straight lines 
is perpendicular to a plane, the other is also perpen- 
dicular to the plane. 

C 

A 




Let A B and C D be two parallel lines, meeting the 
plane H N in the points B and D, respectively, and let 
C D be perpendicular to the plane H N. 

To prove that A B is perpendicular to the plane M N. 

Suggestion i, A B and C D determine a plane which 
intersects M N in B D. Why ? Connect B with any point 
of C Dy as O. Draw £ i^ in the plane M N± to B D. 

2. What relation does EF sustain to BO (§419)? 
To BD? To the plane AD? § 415. 

3. What relation does E F sustain to ^4 5 ? Or ^4 5 
sustain to EF (§46)? A B to B D (§ 109)? A B to 
plane M N? Auth. 

Therefore — 
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Proposition XI. 

423. Theorem. // two lines are perpendictUar to 
the same plane, they are parallel. 

A c 




Let the two straight lines A B and C D be perpendicu- 
lar to the plane H N. 

To prove that A B and C D are parallel. 
Suggestion i. If A 5 is not II to C D, draw, through 
any point, O, of A 5 a line, O £, II to C D. 
2. What relation does O E sustain to M N? § 422. 

J. §408. 
Therefore — 

Ex. 271. What is the locus of a point at equal dis- 
tances from two given points. Ex. 270. 

Ex. 272. Prove the converse of Proposition IX, §419, 
in which i^ O is given perpendicular to C D, Required 
to prove BO is ± to CD. 

Suggestion. Draw B M A.to C D and connect M and F. 

Ex, 273. What is the locus of the foot of an oblique hne 
of constant length drawn from a point in a perpendicular 
to a plane ? 

Ex. 274. What is the area of a sector whose arc is J of 
the circumference, in a circle whose radius is 15 in. § 382. 
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Proposition XII. 

424. Theorem. // two straight lines are parallel to 
a given straight line, they are parallel to each other. 

C 
A £ 



D 



M^ 



B 



T 



Let A B and C D each be parallel to £ F. 

To prove that A B and C D are parallel. 

Suggestion i. Draw a plane, M N, 1. to EF. 
2. What relation does A B sustain to the plane M N? 
CD to plane MN? AB to CD? 
Therefore — 

Ex. 275. Construct three equal circles which shall be 
tangent to one another and to a given circle. Consider 
two cases: (i) that in which the three circles are within 
the given circle; and (2) that in which the three circles are 
without the given circle. 

Ex. 276. The hypotenuses of three isosceles right tri- 
angles form a right triangle. Prove that one of the isosceles 
triangles is equal to the sum of the other two. 

Ex. 277. Find ^the locus of the center of a circle tangent 
to two intersecting straight lines. 

Ex. 278. If any two polygons whatever be circumscribed 
about the same circle prove that their areas have the same 
ratio as their perimeters. 
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Proposition Xm. 

425. Theorem. // a line is parallel to a line of a 
plane J it is parallel to the plane. 

Q J) 



1. 



Let M N embrace A B, and let C D be parallel to A B. 

To prove thai the line CD and the plane MN are 
parallel. § 420. 

Suggestion i, A B and C D determine a plane C B. 
Why? 

2. What is the intersection of the planes M N and 
CB? Why? §406. 

J. It C D meets the plane M N, it must meet it in the 
Une A B. Why ? § 396. 

4. Is it possible for C i> to meet the plane M i\r ? Why? 

§101. 

Therefore — 

426. Corollary. Through a given straight line, a 

plane can be passed parallel to any ^ ^ 

straight line which does not intersect the m^-^ ^ 

given line. /^ q 

To prove that a plane can be passed ^ 

through C D parallel to A 5, i/ A B does not intersect CD. 

Suggestion. From any point in C D, draw a Une II to 
A B; as the line OP. The plane determined by CD 
and O P bears what relation to -4 5 ? Why ? 
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Query : How many such planes can be passed ? 
2. Suppose A B and C D are in the same plane, answer 
query? 

427. Corollary II. A plane can be passed parallel to 
any two straight lines through any given ^ 
point without the lines. "^^^^Cb^ 

Let AB and CD be any two lines, and XHyA::'// 
any point without the lines. ^ 

Suggestion, Through O, draw two lines || to ^4 5 and 
CD, respectively. 

Query : Same as in Cor. I. 

Proposition XIV, 

428. Theorem. Converse of Proposition XIII. 
// a line is parallel to a plane, any plane that embraces 
the line and intersects the plane, intersects it in a line 
parallel to the given line, 

r, ^D 



-'N 



Let the line C D be parallel to the plane M N and the 
plane C B, embracing the line C D, intersect M N in the 
line A B. 

To prove that A B and C D are parallel. 

Suggestion i, li C D and A B are not parallel they will 
meet at some point, as O. Why ? 
2, Can they meet ? Why ? § 420. 

Therefore — 
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429. Corollary. The plane CB may revolve, under 
the conditions of the theorem, about C D, 

Query: Is there any position in the revolution in 
which the planes do not intersect ? 

Note. — The statement if two lines are not parallel they will meet is 
true in plane geometry, but not necessarily true in solid geometry. 
Why? 

Why is the statement true in Sug. i ? 



Proposition XV. 

430. Theorem. // two lines in one plane are re- 
spectively parallel to two lines in another plane the 
planes are parallel. 



M^ 




Let AB be paraUel to C D and E F to H I. 

To prove M N, the plane of A B and E F, is parallet 
to O Py the plane 0} C D and H I. 

Suggestion i. Plane O P bears what relation to A B? 
ToEF? 

2, If plane M N intersects plane O P it must do so only 
in a line || to A B {% 428) and also only in a line II to 
E F. Why ? Why can this not be ? 

Therefore — 
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Proposition XVI. 

431. Theorem. Planes perpendicidar to the same 
straight line are parallel. 

A 




Let the planes N H and P be perpendicular to the 
straight line A B. 

To prove that the planes M N and O P are parallel. 

Suggestion i. Let C and D be the points of intersection 
of the line A B with the planes M N and O P respectively. 

2. If the planes M N and O P intersect, connect any 
point of their intersection, as O, with the points C and D. 

J. What relation do these Unes sustain to A B? Why ? 

4. What is the conclusion ? 

Or see § 418. 

Therefore — 

Ex. 279. A straight line and a plane, both perpendicular 
to the same straight hne, are parallel. 

Ex. 280. Find the Une on which a paper triangle must 
be folded in order that the vertex may fall upon a given 
point of the base. 

Ex. 281. If a straight line and a plane are parallel, any 
line parallel to the line is parallel to the plane also. 
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Proposition XVII. 

432. Theorem. The intersections of two parallel 
planes with a third plane are parallel lines. 

A 




Let M N and P represent two parallel planes, and 
A B a plane intersecting them in the lines C D and E F. 

To prove that C D and E F are parallel lines. 

Suggestion. C D and £ F are in the same plane. Why ? 
Can they meet ? § 42 1 . 

There jore — 

See note § 429. 

433. Corollary. Parallel lines intercepted between 
parallel planes are equal. 



Ex. 282. The locus of points in space equally distant 
from all points in the circumference of a circle, is a straight 
line through the center of the circle perpendicular to its 
plane. 

Ex. 283. If two parallel planes intersect two parallel 
planes, the four hnes of intersection are parallel. 

Ex. 284. Prove that through a given point in space 
one and only one Une can be drawn parallel to a given 
line, the given point being without the given Une. 
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Proposition XVIII. 

434. Theorem. If two angles not in the same plane 
have their sides parallel and lying in the same direc- 
tion from their vertices they are eqiMl. 

M . 



Let B A C and £ D F represent two angles in the 
planes H N and P, respectiyely, having their sides par- 
allel and lying in the same direction from their vertices. 

To prove that angles B AC and ED F are equal. 

Suggestion i. Take A C equal to D F; A B equal to 
D E; connect A and D, C and F, B and £, C and 5, F 
and E. 

2. Compare AD and CF (§151); AD and BE; 
CFsindBE. Auth. 

3. Compare CB and F E; As C A B and F D E; 
As A and D. Auth. 

Therefore — 

435. The distance between two parallel planes is 
measured on a line intercepted between them and perpen- 
dicular to one of them. 



Ex. 285. Prove that two parallel planes are ever3rwhere 
equally distant. Prove the converse oif this exercise. 

Ex. 286. What is the locus of a point equidistant from 
two given points, and at the same time equidistant from 
two other given points ? 
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Proposition XIX. 

436. Theorem. A straight line perpendicular to 
one of two parallel planes is perpendicular to the 
other also. 



IT- 



M^ 



C- 



K- 

E ■" 



D /^ 






1 



Let H N and P represent two parallel planes, and let 
the line A B be perpendicular to the plane H N. 

To prove that the line A B is perpendicular to the plane 
OP. 

Suggestion i. Draw two lines in plane M N intersecting 
Bi Ay 2LS G H and CD. Pass planes through GH and 
A By CD and A B. Let them intersect plane PO in 
K L and E Fy respectively. 

2. What relation does EF sustain to C D? K L to 
HG? Why? 

3. What relation does A B sustain to CD? To GH? 

4. What relation does A B sustain to EF? To KL? 
To plane OP? §415. 

Therefore — 

Ex. 287. What is the locus of the foot of an oblique line 
10 inches long drawn from a point 8 inches from a plane ? 
Compute the area of the figure bounded by the locus. 

Ex. 288. Two planes parallel to the same plane are 
parallel to each other. §§ 436 and 431. 
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Proposition XX. 

437. Theorem. // three parallel planes are inter- 
sected by two lines J the segments of the lines are pro- 
portional, 

h\G_ yfr 



Let H N, P and R S represent three parallel planes, 
and A B and C D two lines intersecting them, intercepting 
segments E I and I L on A B, and E H and H F on C D. 

, EI KH 

To prove thai — = . 

^ I L H F 

Suggestion i. Connect E and F, and let the line E F 
intersect the plane O P at G. 

2. The plane EFK intersects the planes M N and 
O P in what lines ? The plane ELF intersects O P and 
RS in what lines ? 

J. What relation between / G and LF? Between E K 
2indGH? Why? 

. EI E G K H 

4. Compare the ratios , — — and . § 290. 

I L G F H F 

Complete the demonstration. 

Therefore — 

Reconcile the two cuts. 

After studying §§ 438-440, illustrate by use of the figure, § 437. 
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Dihedral Angles. 

438. Two planes which meet or intersect form a 
dihedral angle. The planes A B and 
CD, in Fig. i, meet in the line A C 
and form a dihedral angle. 

439. The intersecting planes, 2is A B 
and C D are the faces of the angle, and 
the line of intersection, as ^4 C is its 
edge. 

440. -A dihedral angle is read by first reading one face, 
then the edge, then the other face. This can be done 
by reading four letters, if none are repeated; sls B A C D 
or B C A D. When but one dihedral angle is formed at 
an edge, it may be read by reading the edge, as dihedral 
angle A C. 

441. The plane angle of a dihedral angle is an angle 
formed by drawing two lines, one in each face, perpen- 
dicular to the edge at the same point. 

In Fig. I, \i F E and F G are perpendicular to the edge 
A C, the angle E F G is the plane angle of the dihedral 
angle. 

442. Two dihedral angles are equal when they can be 
made to coincide. 

443. The magnitude of a dihedral angle does not de- 
pend upon the extent of its faces. If a plane be made to 
revolve from the position of one face about the edge as 
an axis to the position of the other face, it revolves or 
turns through the dihedral angle, and the greater the 
a,mount of turning the greater the angle, 
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Proposition XXI. 
444. Theorem. All of the plane angles of the same 



dihedral angle are eqiml. 




r 



Let A B C and D E F be two of the plane angles of the 
same dihedral angle. 

To prove angle ABC is equal to angle D EF. 
Suggestion, §434. . 

Ex. 289. Determine a point in a plane, /^ 

the difference of whose distances from two r A 
given points on opposite sides of the plane y^^K"W . 
is the maximum. "fe 

Suggestion. Drop a Jl to the plane from one of the 
points, as 5, and extend it to ilf , an equal distance on 
the other side of the plane. Connect A and M , and ex- 
tend the line to meet the plane at C Prove that C is 
the required point. 

Ex. 290. Determine a point in a plane, the sum of 
whose distances from two given points on 
the same side of the plane is the minimum. ^ / 

Suggestion, Drop a J. to the plane from yc\---\b/ 
one of the points A^ and extend to M^ an \/ ^ 

equal distance beyond the plane. Connect ^ 

M, the extremity of the _L, with the other point B. 

Prove that O, the point in which MB intersects the 
plane, is the required point. 
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445- 



Proposition XXII. 
Theorem. // a plane be passed perpendicular 



to the edge of a dihedral angle, its intersections with 
the faces form the plane angle of the dihedral angle. 




Let H N be a plane perpendicular to the edge, A B^ of a 
dihedral angle, and let the lines of intersection form the 
angle COD. 

To prove that angle COD is the plane angle of the 
dihedral angle. 

Suggestion i. What must be proved to know that 
^C O D is the plane angle of the dihedral ? 

2. What relation does A B sustain to O D and O C? 

Therefore — 

Query: By what authorities may the plane angle of a 
dihedral be known ? 



Ex. 291. Find the locus of a point equidistant from 
two given parallel planes. 

Ex. 292. What is the locus of a point equidistant from 
two given parallel planes, and at the same time equi- 
distant from two other parallel planes ? 

Ex. 293. If a Une and a plane are parallel, a Une drawn 
from any point in the plane parallel to the given Une will 
he wholly in the plane. § 428. 
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Proposition XXIII. 

446. Theorem. Two dihedral angles are eqtuil if 
their plane angles are equal. 





Let A D and E H be two dihedral angles whose plane 
angles and S are equal. 

To prove that the dihedral angles A D and E H are 
eqiml. 

Suggestion i. Place dihedral A AD upon dihedral 
EH so that edge A D coincides with edge E H, point O 
upon 5. Where do Unes O N and O M Ue with respect 
to the plane 5 TjR? Why? §416. 

2. Revolve dihedral A AD upon E H until line O N 
coincides with S T. Where does O M ]ie? Why ? 

5. Where do the planes A B and A C]ie with respect to 
the planes £F and £G? Why? §404,111. 

4. Compare the dihedral ^s. Give auth. 

Therefore — 

Ex. 294. A and B are two points equally distant from 
a plane. Prove that line A B is parallel to the plane. 

Ex. 295. What is the locus of a point at a given dis- 
tance from a given plane ? 
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Proposition XXIV. 

447. Theorem. The ratio of two dihedral angles is 
equal to the ratio oj their plane angles. 





Let H N and G K be two dihedral angles, and A O F 
and P H T their plane angles. 



To prove that 



dihedral M N Z.AOF 
dihedral GK ~ ZPHT 



Case I. When the plane angles are commensurable. 

Suggestion i. Divide the plane ^s by a common unit 
of measure. Pass a plane through the edge M N and 
each of the lines of division of the plane angle A O F; 
through G K and each of the lines of division in the 
angle P H T. 

2. Let the unit of measure be contained m times in 
AAOF, and w times in Z P if T. Then what is the 
ratio of Z 4 O F to Z P/f r? 

5. How do the small dihedral Zs, into which the given 
dihedral Zs are divided, compare ? Why '^ How many 
small dihedral Zs in dihedral Z. M Nf How many in 
dihedral ZGZ? 
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4. What is the ratio of dihedral Z. M N to dihedral 
ZGK? Apply § 202. 

5. How does the ratio of the plane Zs compare with 
the ratio of the dihedral Zs ? 

Case II. When the plane angles are incommensurable. 
Suggestion. Use the method of § 215, II., in working 
out the demonstration. 
Therefore — 

448. Scholium. Since dihedral angles are proportional 
to their plane angles, they are said to be measured by 
their plane angles. Thus, a right dihedral angle is a 
dihedral angle whose plane angle is a right angle, and a 
dihedral angle of 27° is one whose plane angle is an angle 
of 27°, etc. 

(a) Compare the method of leading up to the measure- 
ment of dihedral angles with that of leading up to the 
measurement of plane angles by arcs. 

449. A plane is perpendicular to another plane if it 
forms with the other plane a right dihedral angle. 

450. Dihedral angles are adjacent, vertical, acute, ob- 
tuse, etc., when their plane angles are adjacent, vertical, 
acute, obtuse, etc., respectively. 



Ex. 296. If two planes intersect each other, the verti- 
cal dihedral angles are equal. §§ 446 and 448. 

Ex. 297. If one plane intersects another, the sum of 
the two adjacent dihedral angles on the same side of 
either plane, is equal to two right dihedral angles. 

Ex. 298. Ii the sum of two adjacent dihedral angles is 
equal to two right dihedral angles, their exterior faces are 
in the same plane. Fig. Ex. 299. 
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Proposition XXV. 

451. Theorem. // a straight line is perpendicular 
to a plane J every plane containing thai line is per pen- 
dicidar to the plane. 

aA 




Let A B be a straight line perpendicular to the plane 
H N, and let C D be any plane containing the line A B. 

To prove that the plane C D is perpendicular to the 
plane M N. 

Suggestion i. What must be known to prove C D l^to 
MN? 

2. In the plane M N, erect B E ±. to B D the line of 
intersection of the two planes at point B. 

J. How many degrees m^EBA? Why ? AEB A 
is the plane angle of the dihedral Z.y N B D A. Why ? 

4, Then, what relation does the plane Ci) sustain to 
the plane M N? 

Therefore — 



Ex. 299. If a plane intersects two par- 
allel planes, the alternate interior dihedral 
angles are equal. 

Suggestion. Pass a plane, i 4, -L to the 
edge 7 8. What relation does this plane sus- 
tain to edge p-70 ? Compare the plane angles 
of the dihedrals thus formed. 
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Proposition XXVI. 

452. Theorem. // two planes are perpendictdar to 
each other ^ a line drawn in one of them perpendicular 
to their line of intersection is perpendicular to the other. 

Ay 






Let H N and C B be two planes perpendicular to each 
other, mtersecting in the line B D, and let A B be the line 
in C D perpendicular to B D. 

To prove that A B is perpendicular to the plane M N. 

Suggestion i. What is it necessary to prove, in addition 
to what is given in the theorem, to know that ^ 5 is -L 
toMiV? 

2. In the plane M N, draw B O ±to B D, Sit B. The 
Z ^ 5 O is the plane Z of the dihedral Z. Why ? 
How many degrees in Z. A BO? Why ? 

J. What relation does A B sustain to the plane M N? 
Why? §415. 

Therefore — 

453- Corollary I. // two planes are perpendicular to 
each other, a perpendicular to one of them at any point of 
their intersection, lies in the other. 

Let A B be drawn perpendicular to H N at point B in B D. 

To prove that A B lies in plane C D. 

Suggestion i. Draw £ 5 in plane C D 1. to B D aX B. 
What relation does E B bear to M N? A B to M N? 
Give auth. 
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2. How many _Ls can be erected to If A" at 5 ? 

454- CoROLLAKY II. // me plane is perpendicular to 
another, a perpendicular dropped from a point in the first 
plane to the second, lies wholly in the first plane. 

Let A B be drawn from A in plane C D, J. to M N. 

To prove A B lies in ^ne CD. 

Suggestion, Draw A F in plane C D 1. to B D and 
follow plan of proof in Cor. I. 

Proposition XXVII. 

455. Theorem. If two planes are each perpendicular 
to a third plane, their intersection is perpendicular to 
thai plane. r a E 



M 



Let C D and £ F be two planes, each perpendlcnlar to 
the plane M N, and let A be the line of intersection of 
•C D and £ F. 

To prove that A O is perpendicular la the plane M N. 

Suggestion i. From the point O, which is common to 
all three planes, erect a _L to the plane M N. 

2. Where does this Jl lie with respect to the plane C D'^ 
With respect to £ i^ ? § 453. 

J. What relation does the Jl sustain to the intersection 
of the planes C i> and £ F ? Why ? 

Therefore — 

456. Corollary. // a plane is perpendicular to the inter- 
section of two planes it is perpendicular to the planes, § 451. 
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Proposition XXVIII. 

457. Theorem. Through a given straight line ob- 
lique to a given plane, one, and but one, plane can be 
passed perpendicular to the given plane. 

A 




Let A B be a given straight line oblique to a given 
plane, H N. 

1. To prove that one plane can be passed through A B 
±to MN. 

Suggestion i. From any point, in A B, a.s A, drop a 
± AC to the plane M N. 

2. A B and A C determine a plane, ABC, Why ? 

5. What relation does the plane ABC sustain to the 
plane AfiV? §451. 

II. To prove that but one plane can be passed through 
AB±toMN. 

Suggestion i. If another plane can be drawn J. to Af iV 
embracing A B, what relation does A B sustain to this 
plane and the plane ABC? § 4ii- 

2. Then what relation must A B sustain toM N? § 455. 

J. Compare this relation with the hypothesis. 

Therefore — 

Ex. 300. If a plane intersects two parallel planes, the 
corresponding dihedral angles are equal. 
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Proposition XXIX. 

458. Theorem. Every point in a plane which bi- 
sects a dihedral angle is equidistant from the faces of 
the dihedral angle. ^ 

D 




A 

Let A M be a plane bisecting the dihedral angle formed 
by the planes A C and A D^ let P be any point in the 
plane A M^ and P £ and P F perpendiculars from P to 
the faces A C and A P respectively. 

To prove that P E and P F are equal 

Suggestion i. P E and P F determine a plane, E F. 
Let O E, O P, and O F be the intersections of this plane 
with the planes A C, A My and A D, respectively. 

2. What relation does the plane E F sustain to each of 
the planes A C and AD? § 451. 

5. What relation does the plane E F sustain to A 5, the 
edge of the dihedral ^ ? Why ? 

4. Why are P O £ and P O F the plane angles of the 
dihedrals ? 

5. Compare Zs P O £ and P O P, (§ 446); As P O £ 
and POP; hnes P E and P F. 

Therefore — 

Query: What statement in the theorem makes it neces- 
sary that P E and P F should be perpendicular to planes 
C A and A Dy respectively?- 
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Proposition XXX. 

459. Theorem. Every point out of the plane which 
bisects a dihedral angle is unequally distant from 
the faces of the dihedral angle. 




A 

Let A H bisect the dihedral angle C A B D, let X be any 
point without plane A H, and X E and X F be perpen- 
diculars from X to planes A C and A D. 

To prove X E and X F are unequal. 
Suggestion. One of the lines, as X E, cuts plane M A^ 
as at P, 
See method of Ex. 70. 

460. The projection of a point upon a plane is the 
foot of the perpendicular from the point ^ 
to the plane. 

461. The projection of a line upon a y^c^ 
plane is the Une in the plane which 

contains the projections of all the points of the Une. 
In the figure, point C is the projection of point Ay and 
the line C D is the projection of line A B. 

Ex. 301. Prove the converse of proposition § 446, viz. 
that if two dihedral angles are equal their plane angles 
are equal. 
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Proposition XXXI. 

462. Theorem. The projection of a straight line upon 
a plane is a straight line. 




Let A B be a given straight line and H N a given plane. 

To prove that the projection 0} A B upon the plane M N 
is a straight line. 

Suggestion i. Let a plane embracing A B and JL to 
M iV be represented hy A D. Let C D represent the 
intersection of the planes A D and M N. 

2. Where must all _Ls dropped from AB\,o plane M N 
lie? Why? (§454.) In what line must the feet of the 
_Ls lie ? Then what kind of Hne is the projection ? 



Ex. 302. If any point in a plane is equally distant from 
two intersecting planes, the plane is the bisector of the 
dihedral angle formed by the two planes. 

Suggestion. Use the indirect method. 

Another method. Prove A M bisects dihedral angle 
C A BD in figure, § 458. 

Suggestion. Prove ZEOP = ZPOF. 

Ex. 303. If a plane intersects two parallel planes, the 
interior dihedral angles on the same side of the cutting 
plane are supplements of each other. 
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Proposition XXXII. 

463. Theorem. The angle which a straight line 
makes with its own projection upon a plane is the 
least angle the line makes with any line 0} the plane. 




Let S B represent any straight line, and B C its pro- 
jection upon the plane M N. 

To prove that the angle S B C is the least angle the line 
A B makes with any line 0} the plane M N, 

Suggestion i. Through B, draw any other Una of the 
plane, as B D, From any point in S B,2iS A, drop a _L to 
the plane M N, sls A C. Where does C fall ? Why ? 
Cut oS B D equal to B C and connect A and D. 

2. Compare A C and -4 J9 in respect to length. Give 
auth. 

J. Compare Z.ABC with AABD. Auth. § 139. 

Therefore — 

464. The angle which a line makes with its projection 
on a plane is the angle of the line and the plane, or the 
inclination of the line to the plane. 



Ex. 304. What is the locus of all lines drawn through 
a given point parallel to a given plane ? 
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Fig. I. 



POLYHEDRAL ANGLES. 

465. When three or more planes meet at a common 
point they form a polyhedral angle. In 
Fig. lyA-BCD represents a polyhedral 
angle. 

(a) The conmion point A is the vertex 
of the angle. 

{b) The portions of the planes meet- 
ing at the point are the faces of the poly- 
hedral angle, 2iS B AC^ C A D^ etc. 

{c) The intersections of the faces are the edges of the 
polyhedral, as -4 -B, ^ C, etc. 

(d) The plane angles formed by the edges are the face 
angles of the polyhedral, as Z -B 4 C, Z C A D, etc. 

{e) The faces of a polyhedral angle are indefinite in 
extent. 

466. If the intersections of a plane with all the faces of 
a polyhedral angle form a convex polygon, the polyhedral 
angle is a convex polyhedral angle. 

467. In a polyhedral angle each pair of adjacent faces 
forms a dihedral angle; as B-A CD, etc., Fig. i. 

468. A polyhedral angle of three faces is a trihedral 
angle, one of four faces is a tetrahedral angle. 

469. A trihedral angle is 
isosceles if two of its face 
angles are equal. 

470. Two polyhedral an- 
gles are equal when they can 
be made to coincide. ^^°* *• 

471. Two polyhedral angles are symmetrical when the 
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dihedral and face angles of one are equal respectively to 
the dihedral and face angles of the other, each to each, 
but arranged in reverse order. 

A'BCD and A'- W C U are symmetrical M ABAC 
= Z B' A' C\ Z C A D = ZC A' D', arnd Z B A D =^ 
< B'A'D'; if dihedral < AC ^ dihedral < A' C\ 
dihedral ZAB^ dihedral ZA' B'^ etc., Fig. 2. 

472. A polyhedral angle cannot be made to coincide 
with its symmetrical polyhedral angle except as in § 477. 

Note. — ^The two hands, or the two sides of the face, of the human 
body will serve to illustrate symmetrical solids. The right glove can- 
not fit the left hand. 

Proposition XXXIII. 

473. Theorem. The sum of any two face angles of 
a trihedral angle is greater than the third face angle. 

A 



Let A-B C D represent a trihedral angle in which each 
of the face angles DAB and B A C is smaller than the 
face angle D A C. 

To prove that the sum of the face angles DAB and 
B AC is greater than the face angle D A C. 

Suggestion i. In the face D A C draw A J/, making 
ZMAD = ZDAB. 
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2. Cut the edges by a plane 
DBCjSJO that AM = AB. 

3. Compare As DAB and 
ZMAD\ DM and D B] BC 
2Lnd M C; ZB A C SindZM AC. 
Give auth. 

4. Compare ZBAC+ <BAD 
with <DAC. 

Therefore — 

Proposition XXXIV. 

474. Theorem. The sum of the face angles of any 
convex polyhedral angle is less than four right angles. 

A 





Let A-B C D, etc., represent a convex polyhedral angle; 
B A Cy C A Dy etc., the face angles. 

To prove that the sum of B A C, C A D, etc., is less 
than four right angles. 

Suggestion i. Pass a plane cutting the edges of the 
polyhedral Z, as in the points 5, C, J9, etc. 

2. Connect O, any point within the polygon B D, with 
each of the vertices. Compare the number of As whose 
vertices are at A with the number of As whose vertices 
are at O; the number of degrees in the sum of 
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the interior Z,% of the As whose vertices are at A with 
the number of degrees in the sum of the interior Z,% 
of the As whose vertices are at O. 

5. In trihedral < B compare ACBF with A ABC 
^' AABF{\ 473) in the trihedral Z C compare ZBCD 
with <ACB-{-<ACD] in trihedral D compare 
< CDE with <CDA+ < A D E; etc. 

4. Compare the number of degrees in the sum of 
the base Zs of the As whose vertices are at O with the 
number of degrees in the sum of the base Zs of the As 
whose vertices are at A. 

5. Compare the number of degrees in the vertical 
Zs at A with the number of degrees in the vertical 
Zs at O. Sug. 2 and 4, and Ax. 8. 

6. Compare the sum of the Zs at A with four rt. Zs. 
Therefore — 

Proposition XXXV. 
475. Theorem. // two trihedral angles have the 
three face angles of one eqtml, respectively, to the three 
face angles of the other, the corresponding dihedral 
angles are equal, 

A A' 





Let A-B C D and A-B' CD' represent two trihedral 
angles whose face angles are equal; viz., B AC=B' A' C\ 
C A D=C' A' D' , and B A D=B' A' D'. 
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To prove that the corresponding dihedral angles C B A D 
and C W A' D', etc.^ are equal. 

Suggestion /. Pass planes BCD and B' C ly^ making 
the edges AB,AC,AD, A'B', A' C\ 
A' U, all equal. 

2,\xi AB and A' W take points M 
and M' so that AM =^ A' Af', and at 
M and M' pass planes J. to ^4 B and 
A' B' respectively. 

J. Plane MON must intersect B C 
and B Z), or these lines, extended, and 
plane M' (T N\ B' C and B'ly, or 
these lines extended. Why ? 

4. What relation does <OM N sus- 
tain to the dihedral Z .4 5 ? CyM'N' 
to the dihedral Z .4' 5' ? Why? 

The question now is how do plane Zs M and M' of 
the dihedrals A B and A' B' compare ? To discover this: 

5. Compare £^s ABC and A' B' C; <s .4 5 C and 
A' Wa\ BCaxiAB'C. 

6, Compare Zs i4 5 Z> and A' B' D\ B D and B' D', 

7. Compare As B M O and B' M'O'; BO and B'O' ; 
M O and Af'O'. In As 5 JIf iVT and 5' M' iVT' compare 
5i\r and B' N'; M N and M' N\ 

8, Compare As DBC and D' B' C, Zs O B N 
and O'B'N'; AsBON and B' O' N', O N and O' iV'. 

p. Compare Zs M and M'. 
10. Compare dihedrals A B and A' B\ 
Give auth. for each step. 

In the same way compare dihedrals A C and A^ C, etc. 
Therefore — 
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Proposition XXXVI. 

476. Theorem. If two trihedral angles have the' 
three face angles of one eqtml respectively to the three 
face angles of the other, and arranged in the same 
order, the trihedral angles are eqtud in all respects. 




Let A and A' represent two trihedral angles in which 
ZBAC=B'A'C', ZCAD=C' A' D',and ZBAD= 
B'A' D'y etc., the angles being ^arranged in the same 
order. 

To prove that trihedral angle A is equal to trihedral 
angle A\ 

Suggestion i. Place thl. ^ A upon thl. 2^ A' with line 
A Bin A' W and face A B C lying in the plane of .4' 5' C, 
where does line -4 C lie ? Why ? 

2. Where does plane -4 C J9 he (§ 475) ? Where does 
line A D lie with respect io A' D'f Why ? 

5. Where does plane i5 ^4 Z> lie ? Why ? 

Therefore — 

Ex. 305. If two planes are cut by a third plane so that 
the corresponding dihedral angles are equal and the edges 
of the dihedral angles formed are parallel, the two planes 
are parallel. Fig. Ex. 299. 
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Proposition XXXVn. 

477. Theorem. Two symmetrical isosceles irihe- 
dral angles are equal in all respects. 

A A' 




\c \c 

Let A-B C D and A'-B' C D' represent two symmet' 
rical isosceles trihedral angles; i. e., let ^B A C = 
Z B' A' C, Z C A D = Z C A' D, etc. Also let 
ZBAC = ZCAD, andB' A' C =C' A' D'. 

To prove that the trihedral angles A-B C D and 
A'-B' C D' are equal in all respects. 

Suggestion i. Because they are symmetrical, what face 
Zs and dihedral <s are equal ? 

2. Because they are isosceles, what face angles are equal ? 

5. Compare face ABAC with face < J9' A' C, face 
ACAD with face Z C A' B\ 

4. Compare thl. Z A and thl. Z A\ § 476. 

Therefore — 

Ex. 306. In any trihedral angle the three planes passed 
through the edges, and the bisectors of the respectively 
opposite face angles intersect in a straight line. 

Ex. 307. In any trihedral angle the three planes bisect- 
ing the dihedral angles intersect in a straight line. 

§§ 458 and 459. 
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Ex. 308. If any plane be passed through either diagonal 
of a parallelogram, the perpendiculars 
to this plane from the extremities of 
the other diagonal are equal. 

Ex. 309. Having given a fixed 
straight line, and two points not in 
the line, find a point in the fixed line equally distant 
from the two fixed points. 

Ex. 310. What is the locus of a point equidistant from 
two given parallel planes and ^t the same time equi- 
distant from two given points ? 

Ex. 311. If two planes are cut by a third plane so that 
the alternate interior dihedral angles are equal and the 
edges of the dihedral angles thus formed are parallel, the 
two planes are parallel. 

Ex. 312. Find in a given plane a point which is equally 
distant from the vertices of a given triangle which is in 
another plane. 

Review. 

1. When is a line parallel to a line ? To a plane ? A 
plane parallel to a plane ? 

2. When is a line perpendicular to a line ? To a plane ? 
A plane perpendicular to a plane ? 

3. When are trihedral angles equal? When s)mimet- 
rical ? 

4. When are symmetrical trihedral angles equal in all 
respects ? 

Look carefully for all possible authorities in answering 
above review questions. 



CHAPTER VII. 
POLYHEDRONS. 




Definitions. 

478. A polyhedron is a geometric solid bounded by 
planes. 

(a) The bounding planes of a polyhe- 
dron are its faces. 

(b) The lines in which the faces intersect 
are the edges of the polyhedron. 

(c) The points in which the edges inter- pTg. i. 
sect are the vertices of the polyhedron. 

Any face designated is the base of a polyhedron. 

479. A straight line joining any two vertices not in 
the same face, is a diagonal of the polyhedron. 

480. The intersection of a polyhedron and a plane is a 
plane section of the polyhedron; as Fig. 2. 

481. Polyhedrons are classified accord- 
ing to the number of their faces. 

(a) A polyhedral angle requires the 
meeting at its vertex of at least three ^^^.2. 
planes; to completely inclose space requires at least one 
more plane; hence a polyhedron cannot have less than 
four faces. 

482. A polyhedron of four faces is a tetrahedron; one 
of five faces, a pentahedron; one of six faces, a hexahedron; 
one of eight faces, an octahedron; one of ten faces, a 
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decahedron; one of twelve faces, a dodecahe- 
dron; one of twenty faces, an Icosahedron, etc. 
483. A convex polyhedron is one in 
which every possible plane section is a 
convex polygon. 

Prisms. 



Pig. 3. 




.484. A prism is a polyhedron two of whose faces are 
equal polygons which he in parallel planes, 
and whose remaining faces are parallelo- 
grams; as Figs. 3 and 4. 

485. The bases of a prism are the equal 
polygons in the parallel planes. 

(a) One of the bases is the lower base 
and the other is the upper base. 

486. The lateral faces are the remaining faces of the 
prisms, as / C, if Z>, etc.. Fig. 4. 

487. The basal edges of a prism are the intersections of 
the lateral faces with the bases; a,s K I, G H, EA, etc., 
Fig. 4. The lateral edges are the intersections of the 
lateral faces, as J9 /, £ G, etc.. Fig. 4. 

488. A right section of a prism is a section whose plane 
is perpendicular to the lateral edges of the prism, as in 
Fig. 4. 

489. An oblique section of a prism is a section that is 
obUque to the lateral edges of the prism. 

490. The altitude of a prism is a line that is perpendic- 
ular to the planes of its bases and intercepted between 
them, as 12, Fig. 4. 

491. Prisms are classified as triangular , quadrangular, 
etc., according as their bases are triangles, quadrilaterals, etc. 
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492. A light prism is one in which the lateral edges 
are perpendicular to the bases, Fig. 5. ^.^-4-^^^ 

493. An oblique prism is one in which ^^_c?\ 
the edges are oblique to the bases, 
Fig. 4. 

494. A regular prism is a right prism 
whose bases are regular polygons. ^ Pig. 5. 



li 
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Proposition I. 

495. Theorem. Parallel lines intersecting the same 
plane make eqtml angles with it. 




Let A B and C D represent two parallel lines which in- 
tersect plane M N. 

To prove that A B and C D make equal angles with plane 
MN. 

Suggestion i. Draw B O and D 5, the projections of 
A B and C D respectively, upon M N. (Why draw these 
projections ?) 

2. Drop _Ls from A and C, any two points in A B and 
C D, to the plane. Where do the feet of these J_s fall ? 
Why? 

5. Compare As A and C; B and D. Give auth. 

Therefore — 
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' Proposition II. 

496. Theorem. The lateral edges of a pHsm^ are 
eqiud and parallel, and make equal angles with the 
plane oj either base, 

V 




B 



tiS 



Let A 6 represent a prism and A E, B F, etc., its lat- 
eral edges. 

To prove that A E, B Fy etc., are equal and parallel^ and 
that they make equal angles with the plane oj either base. 

Suggestion i. Compare A E, B F, C G, etc. § 433. 

2. Compare the ^^s made by any two lateral edges with 
the plane of either base. Give auth. 

Therefore — 



Ex. 313. If a line is parallel to each of two planes it is 
parallel to their intersection. 

Suggestion. Let a plane embrace the given line and one 
point in the intersection of the planes. Where does it 
intersect each of the planes ? § 428. Or apply in order 
§§ 428, 428, 424, 425, 428, and 424. 

Ex. 314. How does a carpenter set up a studding per- 
pendicular to the floor upon which it rests ? Give geo- 
metrical authority for his work. 
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Proposition III. 



497. Theorem. Sections of a prism made hy par- 
allel planes are polygons which are equal in all re- 
spects. 



F. 




L 
Let ABC and A' B'C be sections of the prism F-K L M, 
made by parallel planes. 

To prove that the polygons ABC and A' W O are equal 
in all respects. 

Suggestion i. What double relation does line A B sus- 
tain to A' W, AC to A' Cy etc. ? § 432. 

2. Compare Zs A BC and A' W C, also Zs 5 C ^ 
and B' C A\ etc. Give auth. 

Therefore — 

498. Corollary. A section of a prism made by a plane 
parallel to a base is in all respects equal to the base. 



Ex. 315. Given a plane and a point without the plane, 
find the locus of a point in the plane at a distance, M, 
from the given point. 

Ex. 316. Determine a point that is in a given plane and 
at equal distances from the circumference of a given circle ? 

Ex. 317. A point is equidistant from two points, it !» 
also in a given plane. What is its locus ? 
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Proposition IV. 

499. Theorem. The lateral area of a prism is equal 
to the prodtict of a lateral edge and the perimeter of a 
right section of the prism. 




E 
Let A D represent a prism, C D a lateral edge, and M P 
a right section of the prism. 

To prove that the area of the lateral faces of the prism is 
equal to the prodtict, C D times perimeter of M P. § 329. 

Suggestion i. What relation does P O sustain to C 2) ? 
(§ 488.) What relation does any side of the right section 
sustain to a lateral edge which meets that side ? 

2. What is the area of the face C £, in terms of P O 
and CD? 

J. Express the area of each lateral face. 

4. Express the total lateral area of the prism. 

Therefore — 

Additional Helps. 

The number of units of area in C E = P O XC D 

The number of units of area in EF = N O XC D 

The number of units of area in F B = M N XC D 

Number of units of lateral area = (POxCD) + (NO 
XC D) + (M NXC D) etc.= {P 0+N 0+M N etc.)C D 
(factoring) = Perimeter X lateral edge. 
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Proposition V. 
500. Theorem. // two prisms have the three faces 
of a trihedral angle of one respectively equal in all 
respects to the three faces of a trihedral angle of the 
other ^ and are similarly placed^ the prisms are eqttal in 
all respects, a a' 




I H r tr 

Let A H and k' W be two prisms in which the three 
faces A D, A Gy and A E of trihedral angle A are re- 
spectively equal in aU respects to the three faces A' D% 
A' G\ and A' K' of trihedral angle A\ and are simi- 
larly placed. 

To prove that the prisms A H and A' H' are equal in 
all respects. 

Suggestion i. Compare the trihedral ^s A and A\ § 476. 

2. Apply the prism A' H' to the prism A H, so that the 
face A' Z>' coincides with the face A D. Can this be done ? 
(Ax. 13.) 

5. In what plane does the face A' G' fall ? Why ? In 
what A' K't § 475. 

4. Where does the line A' F fall? Why? The point 
F'? The point G'? The point X'? The plane G' F' if' ? 

5. Compare faces K G and K' G'. 
Complete the superposition. 
There jore — 
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501. Corollary. Two right prisms are equal in all 
respects if their altitudes are espial, and the bases of one are 
equal in all respects to the bases of the other. 

502. A truncated prism is a portion of a prism included 
between a base and a section of the prism made by a plane 
not parallel to the base. 



Proposition VI. 

503. Theorem. // two truncated prisms have the 
three faces about a trihedral angle of one respectively 
equal in all respects to the three faces about a trihedral 
angle of the other , and the faces are similarly placed, 
the truncated prisms are equ^al in all respects, 
A A 





Let AB and A'B' represent two truncated prisms; let 
the three faces about the trihedral angle A equal respec- 
tively the three faces about A and be similarly placed. 

To prove A B is equcU to A' B\ 

Suggestion, See the method used in § 500. 
Therefore — 

Ex. 318. Determine the locus of a point in space that is 
equally distant from the three vertices of a given triangle. 
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Proposition VII. 

504. Theorem. An oblique prism is equalin magni- 
tude to a right prism whose base is a right section and 
whose altitude is eqiud to a lateral edge of the oblique 
prism. A 




■^; I'l' 

i ^ 

Let BE be an oblique prism, E'B' a right section, 
and £ E a lateral edge. 

To prove that the prism B K is equal in magnitude to a 
right prism having for a "base E' B\ and an altitude E K. 

Suggestion i. Extend the lateral edge, EK to K\ mak- 
ing E' K'= E K. Through K' pass a plane K' G ± to 
the lateral edge E K. Extend the other lateral edges to 
meet the plane K' G' in the points /', -ff', etc. £' G' is a 
right prism whose base is a right section oi B K and 
whose altitude is equal to E K, an edge of E G. 

2, £ Z)' is a trapezoid. Why ? Under what conditions 
are two trapezoids equal ? Compare trapezoids E D^ and 
KF; EA' and K F' ; polygons EB^XiAK G. Give auth. 

J, Compare the truncS^ted prisms E B' and K G'. 

4. Compare prisms E G and £' G'. 

Therefore — 
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PARALLELOPIPEDS. 

505. A parallelepiped is a prism whose bases are 
parallelograms; as A B. 

506. A right parallelopiped is a parallelopiped whose 
lateral edges are perpendicular to the 

bases. If A C, D £, etc., are per- ^ 

pendicular to the bases A F and C B, ^^^ 

il 5 is a right parallelopiped. 

Query: If ^4 J5 is a right parallelopiped, what kind of 
quadrilateral may its base be ? Why ? 

507. A rectangular parallelopiped is a right parallelo- 
piped whose bases are rectangles. If -4 5 is a right 
parallelopiped, and \i A F and C B are rectangles in the 
figure, § 506, i4 5 is a rectangular parallelopiped. 

508. A cube is a rectangular parallelopiped whose faces 
are squares. 

509. The volume of a polyhedron is its ratio to some 
selected unit of measure times that unit. For example, if 
a cubic inch is contained twenty-five times in a given poly- 
hedron the volume of the polyhedron is twenty-five cubic 
inches. 

510. The unit of measure for volume is a cube whose 
edge is a given Unear unit. 



Ex. 319. Prove that the lateral area of a right prism is 
less than the lateral area of any oblique prism having the 
same base and an equal altitude. 

Ex. 320. If from any point in space perpendiculars are 
drawn to the lateral edges of a prism, or the lateral edges 
extended, these perpendiculars are all in the same plane. 
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Proposition Vni. 

511. Theorem. Opposite faces of a paraUelopiped 
are parallelograms which are equal in all respects, and 
lie in parallel planes. 




Let A G be a paraUelopiped, A C and £ G its iMtses. 

To prove that ike opposite faces ^ as AH and BG or 
A F and D G are equal in all respects. 

Suggestion i. What kind of a polygon is J5 G ? Is 
AH? Why? §484. 

2. Compare face A H with B G. 

J. Are A H and JB G in || planes ? Why ? § 430. 

Therefore — 

Ex. 321. Every section of a prism made by a plane 
parallel to a lateral edge is a parallelogram. 

Ex. 322. If from any point in space perpendiculars are 
drawn to the lateral faces of a prism, or the lateral faces 
extended, these perpendiculars are all in the same plane. 

Ex. 323. Any straight line drawn through the middle 
point of any diagonal of a paraUelopiped, terminating in 
two opposite faces, is bisected at that point. 

Ex. 324. The four diagonals of a rectangular paraUelo- 
piped are equal to one another. 
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512. Theorem. A plane passed through the diag- 
,onally opposite edges of a parallelopiped divides it 
into two triangular prisms which are equal in magni- 
tude 




Let A 6 be a parallelopiped, and D B F H a plane passed 
through the diagonally opposite edges D H and fi F. 

To prove that the triangular prisms, E F H-A and 
G F H-C, into which the parallelopiped is divided, are 
equal in volume. 

Suggestion i. Pass a right section M N O P through the 
parallelopiped. What kind of quadrilateral is it ? 

2. Compare the right triangular prism whose base is 
M P O and whose altitude is a line equal to G C, with 
MNO-EA (base = if iV O and alt. =^EA). § 501, 

3. Compare MP O-GC and H G F-C; M N 0-E A 
SiYidHEF-A. §504. 

Draw conclusion. 

Therefore — 

Query: H E F-A and H G F-C have equal bases and 
altitudes; why cannot they be compared directly? What 
relation do they sustain to each other ? 
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Proposition X. 

513. Theorem. Any paraUelopiped is equal in 
volume to a rectangular paraUelopiped having an equal 
altitude and a base equal in area. 




Let E C represent a parallelepiped, and A C its base. 

To prove that EC is equal in volume to a rectangular 
paraUelopiped which has an altitude equal to the altitude 
0} EA and a base equal in area to A C. 

Suggestion i. Extend the edges A D, BC, FG and 
E H. Take E W ^ E H, and pass the right sections 
£' 5' and H' C. What kind of a parallelepiped is £' C ? 
Apply definition. 

2. Extend the edges H' G', D' C, A' B', and E E. 
Take S R = H^ G', and pass the right sections 5 K and 
R L. What kind of a paraUelopiped is O if ? § 507. 

J. Compare in respect to volume E C and £' C ; £' C 
and Oilf; £ C and Oilf. §504. 

4. Compare in respect to area the bases A C and A^ C; 
A'CsindKM; ACsmdRM, §330. 

5. Compare the altitudes of £ C and O M. § 433. 
Therefore — 
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Proposition XI. 
514. Theorem. If two rectangular parallelopipeds 
have equal bases, the ratio of their volumes is equal to 
the ratio of their altitudes. 
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Let A D and £ H represent two rectangular parallelo- 
pipeds whose bases A C and £ G are equal, and whose al- 
titudes are A B and £ F respectively. 

^ AD AB 

To prove that = . 

^ EH EF 

*Case I. — When the altitudes A B and E G are com- 

mensurable. 

Suggestion i. Divide the altitudes by a common unit 
of measure. Let it be contained m times in A B and 
n times in E F. Determine the ratios of the altitudes. 

2. Pass planes making right sections of the parallelo- 
pipeds at the points of division. Compare in volume and 
number the parallelopipeds formed. Determine the ratio 
of the parallelopipeds. 

Compare the ratio of the altitudes with the ratio of the 
parallelopipeds. 

Therefore — 

♦Note. — ^The student should study the method in §§ 215 and 290 and 
test his understanding of it by trying to demonsti;ate both cases of this 
proposition without &e suggestions. 
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Case IL — When the aUiiudes are tmcammemsmraNe. 



Af 



L 



H 



Suggestion i. If A B and E F are incommensurable, 
divide A B hy any unit of measure of E F. There will be 
a remainder, as K B, less than the unit of measure- Why ? 

2. Through K pass a right section of the parallelopiped 
AD,CisK L. 

J. By making the unit of measure oi EF smaller and 
smaller continually, the remainder is made to decrease 
indefinitely. Why? , , . 

4. What relation exists between the ratios ::r:::: and -^-^ ? 



AN ^AM^ 
and ? 

EH E F ^^ 

5. What is the limit of ? 

6, Compare the limits. 



EH EF 



E F 



Therefore — . , 

Query: Why is — a variable? 
E H 



AM 
E F 



? §2I4(i). 



Ex. 325. The square of a diagonal of a rectangular 
parallelopiped is equal to the sum of the squares of the 
three dimensions. 

Ex. 326. Find the lateral area of a regular triangular 
prism whose basal edges are each 4 feet and whose lateral 
edges are each 2 yards. 
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Proposition XII. 
515. Theorem. The number of units of volume in 
a rectangular parallelopiped is equal to the product of 
the number of linear units in the edges meeting at any 



vertex. 





A 

C 


V 



/SA 



/W\ 



Vu 



Let A represent any rectangular parallelopiped, and let 

a, b and c represent three edges meeting at a vertex. Let 

U be the unit of measure for volume and u, the edge of 

a b c 

U, be the linear unit. Let - = m, - = n, and - = r ; i.e., 

u u ' u ' 

m represents the number of linear units in a, n in b, and 

r in c. 

To prove that — = wXwXr. 

Suggestion i. Construct a rectangular parallelopiped, 
5, having three edges meeting at a vertex = to c, i, and u 
respectively; a rectangular parallelopiped, C, having the 
edges at a vertex = to c, w and u respectively. 

T. . t. . ^ ^ C 

2. Determine the ratio — ; — ; — . § 514. 



B C U 

3. What then is the value of — ? 
Therefore — ^ 



§269. 



516. Scholium I. — In the appUcations of this theorem, 
the three edges must be expressed in terms of the satne 
unit, and the unit of volume must be a cube whose edge 
is the Unear unit. § 510. 
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517. Scholium II. — By comparison of the theorem 
with the definition of volume ( 509) it will be observed 
that the volume of a rectangular parallelopiped is equal 
to the product of the measures of three edges meeting at 
any vertex times the unit of measure for volume. 

518. Scholium III.— The expression, "The product 
of the three dimensions," is a common abbreviation for 
the expression in Scholium II., "the product of the meas- 
ures of three edges meeting at a vertex times the unit 
of measure for volume." 

The product of three Unes must not be interpreted in 
any other sense than that just stated. With this interpre- 
tation. Proposition XII. is usually stated as follows: The 
volume of a rectangular parallelopiped is equal to the pro- 
duct of its three dimensions. 

519. Scholium IV. — When each dimension of the 
rectangular parallelopiped is divisible by 

the linear unit which is the edge of the 
unit of volume, the truth of the theorem 
may be shown by dividing the parallelo- 
piped into cubes, each equal to the unit 
of measure. This method is usually employed in arith- 
metic. 

520. Scholium V. — If the three edges of a rectangular 
parallelopiped meeting at any vertex are equal, the 
volume is equal to the third power of the edge and hence 
the third power of a number is called the cube of it. 






Ex. 327. Find the total area of a regular triangular 
prism whose basal edges are each 4 feet, and whose lateral 
edges are each 8 feet. 
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Proposition XIII. 

521. Theorem. The volume of any parallelopiped 
is equal to the product of the area of its base by its 
altitude. 

Suggestion. § 513. 

522. Corollary I. // two parallelopipeds have bases 
which are equal in area, the ratio of their volumes is equal to 
the ratio of their altitudes. 

Suggestion i. Let F, 5, and A represent respectively 

the volume, the area of the base, and the altitude of one 

parallelopiped, and F', JB, and A' the volume, area of the 

base, and altitude of the other parallelopiped. Then by 

the theorem F = 5X^4, and F'= BXA'. 

^^ V BXA A 

2. Then — = = — . § 202. 

F' BXA' A' ^ 

523- Corollary II. // two parallelopipeds have equal 
altitudes, the ratio of their volumes is equal to the ratio of 
the areas of their bases. 

Suggestion. As in Cor. I., F = 5X^4, and F'= 5'Xil. 

F 
What is the ratio — equal to ? 



Ex. 328. Find the lateral area of a regular pentagonal 
prism each edge of which is 3 inches. 

Ex. 329. Find the length of a diagonal of a rectangular 
parallelopiped which is i foot long, 9 inches wide, and 
3 feet high. 

Ex. 330. A rectangular tank 2'-^" by 3'-6'^ by 18' con- 
tains how many barrels ? 

Indicate the solution of the problem and solve by cancellation 
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Proposition XIV. 

524. Theorem. The volume of a triangular prism 
is equal to the product of the area of its base by its 
altitude. D 




Let £ F 6-B represent a triangular prism and £ F 6 its 
base. 

To prove that the volume of EF G-B is equal to the pro- 
duct of the area of E F G by the altitude of the prism. 

Suggestion i. Extend the planes of the bases. Pass a 
plane through the Hne C G II to the face E B; through line 
A E \\ to face B G. The figure B H is a, parallelopiped. 
Why? 

2. What is the volume ot B H? Give auth. 

J. Compare E F G-B and B H. Compare the bases of 
E F G'B and 5 fl"; the altitudes of £ F GB and B H. 
Give auth. 

4. What is the volume ot EF G-B in terms of its base 
and altitude ? 

Therefore — 

Ex. 331. Compare the volumes of two parallelopipeds 
whose edges are respectively 2', 3' and 7', and 5', 3' and 8'. 

Ex. 332. A parallelopiped has an altitude of 8 inches 
and its base is a rhombus 10 inches on a side whose 
shorter diagonal is 12 inches. Find its volume. 
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Proposition XV. 

525. Theorem. The volume of any prism is equal 
to the product of the area of its base by its altitude. 

A 




Let B K represent any prism, B D its base, and S its 
altitude. 

To prove that the volume of B K is eqtial to the product of 
BDbyOS. 

Suggestion i. Through any lateral edge, as A Fy pass 
diagonal planes, A fZ", etc. 

2. Into what kind of figures is the given prism divided by 
these planes ? 

3. What is the volume oiABC-G? oi A C D-H ? etc. 
Give auth. What does the sum of the bases of these 
prisms equal ? What is their altitude ? 

4. Express the sum of these volumes in the simplest 
form. See § 499 for method. 

5. What is the volume of 5 if in terms of its base and 
altitude ? 

Therefore — 

526. Corollary I. — // two prisms have bases which are 
equalin area, theirvolumes have the same ratio as their altitudes. 




l8l SOLID GEOMETRY. 

527. CoROLLAKY II. — // two prisMs hove equal alii- 
iudeSf their volumes have the same ratio as the areas of their 
bases. 

Pyramids. 

528. A pyramid is a polyhedron all but one of whose 
faces meet m the same point. Fig. i. 

529. The point in which the faces meet 
is the vertex, as A. 

530. The face which does not meet the 
vertex is the base, os BC D^ etc. 

(a) The vertex is always opposite the 
base. 

531. The faces which meet at the vertex are the lateral 
faces, siS A PEy A ED, etc. 

532. The edges formed by the intersections of the 
lateral faces are the lateral edges, as A F, A Ey etc. 

533. The edges formed by the intersections of the base 
with the lateral faces are the basal edges, as -F £, £ D, etc. 

534. The altitude of a pyramid is the perpendicular 
from the vertex to the plane of the base. 

535. Corollary. — The altitude may be taken as the 
perpendicular between the base and a plane through the ver- 
tex parallel to the base. Why ? 

536. A pyramid is triangular, quadrangular, pentag- 
onal, etc., according as its base is a triangle, a quad- 
rilateral, a pentagon, etc. 

(a) In a triangular pyramid any face may be taken for 
the base; the vertex of the opposite polyhedral angle then 
becomes the vertex of the pyramid. 

537. A regular pyramid is one whose base is a regular 



POLYHEDRONS. 



283 




polygon and whose vertex is in a perpendicular to the base 
erected at its center. 

538. The slant height of a regular pyramid is the per- 
pendicular from the vertex of the pyramid 
to any basal edge. 

539. A truncated pyramid is the portion 
of a pyramid included between the base and 
a plane cutting all its lateral edges. 

540. The frustum of a pyramid is a trun- 
cated pyramid in which the cutting plane 
is parallel to the base. Fig. 3. The section 
of the pyramid made by the cutting plane 
is the upper base of the frustum, as H F. 

541. The altitude of the frustum of a 
pyramid is the perpendicular between its 
bases. 

Ex. 333. The sum of the squares of the four diagonals 
of a rectangular parallelopiped is equal to the sum of the 
squares of its twelve edges. 

Ex. 334. Find the total area of a cube whose edge is 7 
inches; 12 inches; a inches. Fine the volume of each cube. 

Ex. 335. A rectangular box 12^^ by 18" by 22^^, outside 
measurement, made of inch boards, contains how many 
cubic inches ? How many cubical boxes 2^^ on an edge 
can be packed in it ? 

Ex. 336. A cistern in the form of a regular hexagonal 
prism is 6' on its basal edges and 7' on its lateral edges. 
How many gallons does it hold ? 

Ex. 337. The volume of a rectangular parallejopiped 
is 6,720 cubic inches, and its edges are in the ratio of the 
numbers 3, 5, and 7. Find the three edges. 



Pig. 3. 
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Proposition XVI. 

542. Theorem. If a pyramid is cut by a plane parallel 
to. the base: 

I. The edges and altitude are divided proportionally. 
II. The section is a polygon similar to the base. 

N^ ^ — I 




Let A-GHK9 etc., represent a pyramid, BD a section 
made by the plane S T parallel to the base, A the alti- 
tude, and P the point in which A intersects the plane S T. 

X ^ , AB AC 

I. To prove that 



AD AP 

, etc.. = . 

AK' AO 



AG AH 

Suggestion i. Through A pass a plane iV i? H to the 

plane^GL. aBACAP 
2. Compare — -, -— _, -— -, etc. ^ 437- 

AG AH AO 

II. Tq prove that B D is: similar to GK. 
Suggestion i. What are similar polygons ? 
2. Establish the conditions necessary to make B D and 
G K similar polygons. 
Therejore — 
Query: May point O be in the base extended? 
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Additional Helps for II. 

1. Compare Zs BFE and GML\ FED and MLK, etc. 

FE,^AF^^,^BF.^AF 

2. Compare -— with -— (§ 303); -— with -— ; 

F F B F 

with , etc. Complete the conditions of the defi- 

M L G M 

nition of similar polygons. 

Proposition XVII. 

543. Theorem. The areas of parallel sections of a 
pyramid are proportional to the squares of the distances 
of the cutting planes from the vertex. 

In figure § 542 let C E and H L represent two parallel 
sections of a pyramid and A P and A their respective 
distances from the vertex. 

^ area C E JP' 

To prove = ^=^. 

area H L AO' ^ c. 

r, . T^ 1 . area C E , 

Suggestion i. Express the ratio in terms of two 

area H L 

homologous sides of the polygons, as CJ5 and HG 

(§§ 338 and 285); in terms of two lateral edges, as -4 J5 

and A G; in terms of -4 P and A O. 

Ex. 338. Find the volume of a regular hexagonal prism 
whose basal edges are each 2 feet, and whose lateral edges 
are each 2 yards. 

Ex. 339. The three edges of a rectangular parallelo- 
piped meeting at a point are 2, 5 and 10. feet, find its 
lateral area and volume. 

Ex. 340. A right triangular prism has an altitude of 20 
inches and its basal edges are 10, 10 and 12 feet, re- 
spectively. Find its lateral area and volume. 
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Proposition XVIII. 

544. Theorem. In pyramids whose bases are equal 
in area and whose altitudes are equal, sections at equal 
distances from the vertices and parallel to the bases are 
equal in area. 

Or -^ ^ 




Let A-BCDy etc., and M-NOP, etc., represent two 
pyramids having equal altitudes, OS, and bases equal in 
area. Let B' C D' and N' C P' represent two sections 
parallel to the bases and at equal distances from A and M 
respectively. 

To prove BCD' and N'O'P' are equal in area. 

Suggestion i. Let O 5' and O S represent the distance 
from A to the section and base of pyramid A, respectively; 
also the distances from M to the section and base, respec- 

tively, of the pyramid M. Compare ratio with 



N P O 

2. Compare B' C D' and N' O' F. 
There jore — 



§543- 



Ex. 341. Any two diagonals of a parallelopiped bisect 
each other. 

Ex. 342. The diagonals of a parallelopiped meet in a 
point. 
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Proposition XIX. 
545. Theorem. The lateral area 0} a regular pyra- 
mid is equal to one-half the product of the perimeter 
of the base by the slant height. 




F E 
Let 0-A D represent a regular pyramid^ AB D its base 

and M its slant height. 

To prove thai the lateral area 0} the pyramid is equal to 
one-half the perimeter A B D by O M. 
If suggestions are needed see method § 499. 

Proposition XX. 
546. Theorem. The lateral area of the frustum of 
a regular pyramid is equal to the product of the slant 
height by one-half the sum of the perimeters of the two 
bases. F 




C 7? 

Let G E represent the frustum of a regular pyramid 

and M N its slaat height. 
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To prove that the lateral area of the jrustum G Eis eqtuU 
to the product of M N by one-half the sum of the perimeters 
of the two bases. 

If a suggestion is needed see § 499. 

547. A regular polyhedron is a polyhedron whose faces 
are all equal regular polygons and whose polyhedral angles 
are all equal. 



Proposition XXI. 

548. Theorem. Two triangular pyramids having 
equal altitudes and bases equal in area, are equal in 
volume. 




Let S-A B C and S'-A' B' C represent two triangular 
pyramids having equal altitudes, A R, and bases, ABC 
and A' B' CS equal in area. 

To prove that S-A B C and S'-A' B' C are equal in 
volume. 

Suggestion i. Divide the altitude A R oi the pyramids 
into equal parts, and through the points of division, M, N, 
etc., pass planes parallel to the bases, thus making sec- 
tions in the pyramids. Upon each section of 5-^4 B C 
as upper base construct a prism whose altitude is equal to 
the perpendicular distance between the section^ 2^ncl whps? 
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lateral edges are parallel to the edge 5 ^4 of the pyramid 
S-A B C. Similarly, construct prisms upon each section 

of s'-A' B' a. 

2. Compare the areas of the sections D E F and 
D' E' F'. Give auth. § 544. 

3. Compare the prisms D E F-A and D' £' F''A'\ the 
two prisms adjacent to them; the next two, etc. Give 
auth. 

4. Compare the sum of the prisms in 5-^4 B C with the 
sum of the prisms in 5' --4' B' C. 

5. If the number of parts into which the altitude is 
divided be continually increased the sum of the prisms in 
S-A 5C is a variable; also the sum of the prisms in 
S'-A' B' C. 

6. Compare these variables, the number of prisms in 
each pyramid being the same. What is the limit of each ? 

7. Compare their limits. 
Therefore — 



Ex. 343. Lateral faces of right prisms are rectangles. 

Ex. 344. Find the lateral area of a regular pentagonal 
pyramid whose basal edge is 2 feet, and whose slant height 
is I yard. 

Ex. 345. Find the total area of a regular quadrangular 
pyramid whose basal edge is 8 feet, and whose lateral edge 
is 6 feet. 

Ex. 346. The base of a regular pyramid is a square 
whose side is 6 feet and the lateral area of the pjrramid is 
f of its total area; find the altitude and the slant height of 
the pyramid, ' 
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Proposition XXII. 

549. Theorem. The volume of a triangular pyra- 
mid is one-third the volume of a triangular prism hav- 
ing the same base and altitude. 

F 




Let A-B C D represent a triangular pyramid. 

To prove that the volume of A-B CD is one-third the 
volume of a prism having BC D for a base and an altitude 
equal to the altitude oj A-B C D, 

Suggestion I. Through A pass a plane II to BCD; 
extend the planes of the faces A C D and BAG; through 
B D pass a plane II to the edge AC, § 484. 

2. Why is the resulting figure a prism? Pass a plane A £Z). 

3. Compare pyds. A-EFD and A-EBD] D-E A B 
(A-E B D) and D-A B C {A-B C D). 

4. What part of the prism is A-B C D? Compare its 
base and altitude with that of the prism. 

Therefore — 

550. Corollary. — The volume 0} a' triangular pyramid 
is equal to one-third of the product of the area of its base by 
its altitude, 

Ex. 347. Find the volume of a regular triangular prism 
each edge of which is 4 feet. 
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Proposition XXIII. 
551. Theorem. The volume of any pyramid is equal 
to one-third the product of the area of its base by its 
altitude. O 



Let 0-E B represent a pyramid, E B its base and M 
its altitude. 

To prove that the volume of O-E B is equal to one-third 
of the product of the area of the base EB by its altitude M. 

Suggestion i. Through a lateral edge, as O ^4, pass all 
possible diagonal planes. 

2. Express the volume of 0-A BC? oi 0-A C D, etc. 
Give auth. 

J. Express, in its simplest form, the sum of the volumes 
of the figures O-A B C, O-A C D, etc. 

4. What is the volume of the pyramid O-E B ? 

See method § 525. 

Therefore — 

552. Corollary I. — // two pyramids have bases which 
are equul in area, their volumes have the same ratio as their 
altitudes. 

Suggestion. See method §522 or 523. 

553. Corollary II. — // two pyramids have equal alti- 
tudes, their volumes have the same ratio as the areas of their 
bases. 
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Proposition XXIV. 
554. Theorem. The volume of the frustum of a 
triangular pyramid is equal to the sum of the volumes 
of three triangular pyramids whose common altitude 
is the altitude of the frustum and whose bases are re- 
spectively, the upper base of the frustum, the lower base 
of the frustum, and a mean proportional between the 
bases of the frustum. 



A^ B 




7M 

F 

Let A B C-D E F represent the frustum of a triangular 
pyramid, A B C its upper base and D E F its lower base. 

To prove that the volume of A B C-D E F is equal to the 
sum of the volumes of three pyramids, each having the same 
altitude as the frustum, and whose bases are respectively 
ABC, D EF, and a mean proportional between ABC 
and DEF. 

Suggestion i. Through the edge B C and the vertex D 
pass a plane BCD, cutting off the pyramid D-A C B. 
Compare D-A C B with one pyramid of the theorem. 

2. Pass the plane C D E, cutting off the pyramid 
CD E F, Compare the pyramid C-D E F with the 
second pyramid of the theorem, 
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5. Draw CM II to B E, and connect D with M. 
Compare the remaining pyramid, D-C B £, with D-C M E. 

§548. 

4. Take C as the vertex of DC M E {% 536, a). What 
is its base ? Compare its altitude with that of the frustum. 

5. To prove that the base of C-D Jf £ is a mean pro- 
portional between the bases of the frustum: 

(a) Draw MN II to C A. Compare AT M and Z) F. 

^^ADFE FEADMEDE „^ , , 

(b) = : ; . Why? §33^ 

^^ADME MEANMENE ^ *^^^ 

,x^ i_ . P E ^ D E ^ 

(c) Compare the ratios and ; the ratios 

adfe \ adme ^^ ^^ 

and . 

ADME ANME 

(d) What relation does ADME sustain to As D F E 
andiVME? 

(e) Compare ANME with A A C B. 

(f) Then, what relation does ADME sustain to the 
bases D F E and A C B? Comparp the pyramid C-D M E 
with the third pyramid of the theorem. 

Therefore — 



Ex. 348. Find the volume of a regular triangular pyra- 
mid whose basal edge is 4 feet, and whose altitude is 5 \/ 3 
' feet. 

Ex. 349. The point of meeting of the three medians of 
an equilateral triangle is § of the length of the median 
from each vertex. Ex. 147. Ex. 261. 

Ex. 350. The edges of a regular tetrahedron (§ 547) 
are each a feet. Find its slant height, altitude, base area, 
lateral area, total area, and volume. 
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Proposition XXV. 
555. Theorem. The volume of the frustum of any 
pyramid is equal to the sum of the volumes of three 
Pyramids whose common altitude is the altitude of the 
frustum and whose bases are respectively the upper 
base of the frustum^ the lower base of the frustum^ and 
a mean proportional between the bases of the frustum. 




Let LB represent the frustum of any pyramid, L G its 
upper base, and E B its lower base. 

To prove that the volume of LB is equal to the sum of 
the volumes of three pyramids each having the altitude of 
L By and whose bases, are respectively L G, E B, and a 
mean proportional between L G and E B. 

Suggestion i. Let the lateral edges of the frustum L B 
be extended until they meet at the vertex O, thus forming 
the pyramid 0-EB. Let V-M N P be a triangular 
pyramid whose ahitude is equal to the altitude of O-E B, 
and whose base M N P is equal in area to the base 
E B. Let RS T be a section of the pyramid || to 
the base MNP, and the same distance from the vertex V 
as the plane L G is from the vertex O. 

^. Express volume of frustum R S T-N M P. 

3 Compare R S T-N M P with frustum L B. What 
then is the volume ot LB? 
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Additional Suggestions. 

Compare section L G and RS T. § 544- 

Compare pyramid O-L G and V-R S T; pyramid O-E B 
and V'MNP. 

Compare altitudes and bases of the frustums. 

Therefore — 

556. Corollary. — •// the volume of the frustum of a 
pyramid he represented by V, the altitude by H^ the area of 
the lower base by J5, and the area of the upper base by 6, 
the truth of the theorem is expressed by the formula^ V = 
^H (B+b+ \/BXb). Similarly the volume of a prism is 
expressed by the formula V = H B, and the volume of the 
Pyramid by the formula V = ^ B H. 

Note. — ^In solving numerical exercises in which formulae of volume, 
area, etc., are involved, it is usually more convenient to indicate the 
operation in full and so be able to abbreviate by cancellation when pos- 
sible, as: To find the volume of a frustum whose upper base is li ft. 
sq., the lower base 3 f t. sq., and th e altitude 8 ft Indicated, the volume is 
lX8(i + 9 + V(l)*'^X(3)0=lX8yi'/ = 42. 



Ex. 351. Find the volume of a regular quadrangular 
pyramid whose basal edge is 8', and whose slant height is 5'. 

Ex. 352. The volume of a truncated triangular prism 
is equal to the sum of the volumes 
of three pyramids whose common base 
is the base of the prism and whose 
vertices are, respectively, the vertices of 
the inclined sections. 

Let A B CD E F represent a truncated triangular prism. 

Ex. 353. Find the volume of a truncated triangular 
prism, if its basal edges are 5', 5' and 8', and its lateral 
edges f, 8' and 9', respectively. 




A 
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Proposition XXVI. 

557. Theorem. Only five regular convex poly- 
hedrons are possible. § 547. 

Suggestion i. The regular polygon which has the 
smallest number of sides is the equilateral A. 

2. How many degrees are there in an ^ of an equi- 
lateral A ? 

J. Is it possible for three equilateral As to meet so as 
to form a polyhedral A ? (Art. 474.) 

4. What is the least number of equilat- 
eral As that can be used completely to en- 
close space ? Fig. I. 

There is a regular polyhedron having four equal equi- 
lateral As for faces. It is called a regular tetrahedron. 

5. Is it possible for four equilateral As to meet at a ver- 
tex so as to form a polyhedral ^ ? Why ? 

6. How many equilateral As are required completely to 
inclose space if four As meet at each ver- 
tex? 

There is a regular polyhedron formed 
by eight equal equilateral As. It is called 
a regular octahedron. fig. 2. 

7. Is it possible for five equilateral As to meet at a ver- 
tex so as to form a polyhedral A ? Why ? 

8. How many equilateral As are required completely to 
enclose space if five As meet at each vertex ? 

Perhaps the question in Sug. 8 cannot easily 
be answered without the aid of a physical fig- 
ure, but by means of one constructed of 
cardboard, as suggested below, it is easily seen p^i^. 
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that there is a regular polyhedron formed by twenty equal 
equilateral As. It is called a regular icosahedron. 

9. Is it possible for six equilateral As to meet at a vertex 
so as to form a polyhedral Z. ? Why ? 

10. Are any other regular convex polyhedrons possible 
whose faces are equilateral As ? 

11. How many degrees in each Z. oi d^ square ? 

12. Is it possible for three squares to meet at a vertex so 
as to form a polyhedral Z. ? Why ? 

ij. How many squares are required completely to en- 
close space if three squares meet at each ver- 
tex? 

There is a regular polyhedron formed 



by six equal squares. It is called a regu- fig. 4. 

lar hexahedron or cube. 

14. Is it possible for more than three squares to meet 
at a vertex so as to form a polyhedral Z. ? Why ? Are 
any other regular convex polyhedrons possible whose 
faces are squares ? 

15. How many degrees in each ^ of a regular penta- 
gon? 

16. Is it possible for three regular pentagons to meet at 
a vertex so as to form a polyhedral Z ? Why ? 

17. With three regular pentagons meeting at each vertex, 
how many are required completely to enclose space ? 

The question in Sug. 17 may be too diflS- 
cult without the aid of a figure, but by means 
of a figure constructed of cardboard, as 
suggested below, it is easily seen that there 
is a regular convex polyhedron formed by Fig. 5. 

twelve equal regular pentagons. It is called a dodecahedron. 
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18. Is it possible for more than three regular pentagons 
to meet at a vertex so as to form a polyhedral -^^ ? Why? 

Are any other regular convex polyhedrons possible whose 
faces are regular pentagons ? 

19. How many degrees in each Aoi2, regular hexagon ? 
Is it possible for three or more regular hexagons to meet at 
a vertex so as to form a polyhedral A ? Why ? Are any 
regular convex polyhedrons possible whose faces are regu- 
lar hexagons ? 

20. Are any regular convex polyhedrons possible whose 
faces are regular polygons of more than six sides ? 

21. Five regular convex polyhedrons have been enu- 
merated; are any others possible? 

Therefore — 

558, Scholium. — The five regular polyhedrons can 
be constructed of cardboard, as follows: Cut the material 
in the shape of the following patterns, then cut it half 
through along the line separating the polygons. Fold it 
over and join the edges. Paste a strip of paper neatly over 
the joined edges. 




Fig. 6. 























Fi 


S.7. 




Fig. 9* 




Fig. zo. 



Ex, 354. The total areas of regular tetrahedrons have 
the same ratio as the squares of their altitudes, or as the 
squares of any two homologous edges. 



CHAPTER VIII. 
THE THREE ROUND BODIES. 




Fig. I. 



The Cylinder. 

559. A cylindrical surface is a surface formed by a 
moving straight line which always remains 
parallel to itself and continually touches a 
given curved line. The moving straight 
line is the generatrix, and the given curved 
line is the directrix. 

560. A straight line in a cylindrical surface which 
occupies any one of the positions of the generatrix is an 
element of the surface. 

561. A cylinder is a solid boimded by a cylindrical sur- 
face and two parallel plane surfaces. 

(a) The plane surfaces are the bases of the cylinder, as 
A and B. 

(b) The cylindrical surface is the lateral 
surface of the cylinder. 

(c) The perpendicular between the bases 
is the altitude of the cylinder, sls A B. 

(d) Corollary. — The elements of a cyl- 
inder are parallel and equal, 

562. A right section of a cylinder is a section of the 
cylinder that is perpendicular to an element of the surface. 

563. A circular cylinder is a cylinder whose bases are 
circles. 




Fig. 3. 
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564. The axis of a circular cylinder is the line that 
connects the centers of the bases. 

565. A right cylind^ is a cylinder whose elements are 
perpendicular to its bases. 

566. A cylinder of revolution is a right circular cylinder. 
It can be generated by the revolution of a rectangle about 
one of its sides. 

567. Similar cylinders of revolution are cylinders gen- 
erated by the revolution of similar rectangles about 
homologous sides. 

568. A line is tangent to a cylinder 
if it touchjBS the lateral surface in a 
point, but does not intersect it, 
M N.- M N touches the surface 
point O only. 

569. A plane is tangent to a cyl- 
inder if it embraces an element of the 
cylinder, but does not intersect the sur- 
face, as 5 P. S P embraces the element 12. 




Fig. 3. 



,Exv355. If from any point in an equilateral triangle 
perpendiculars be drawn to the three sides, the sum of those 
perpendiculars is equal to the altitude of the triangle. 

Suggestion. Divide the given A into three As whose 
common vertex is at the point from which the J_s are 
drawn. 

Ex. 356. If from any point within a regular tetrahedron 
perpendiculars be drawn to the four faces, the sum of these 
perpendiculars is equal to the altitude of the tetrahedron. 

Suggestion. Divide the tetrahedron into four triangular 
pyramids whose common vertex is at the given point. 
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Proposition I. 

570. Theorem. Every section of a cylinder made 
by a plane embracing an element is a parallelogram. 

Cm 




Let the plane A D embrace the element A B and inter- 
sect the lateral surface in D C. 

To prove that the section A D is a parallelogram. 

Suggestion i. Let D M represent the element of the cyl- 
inder through D. What relation does D M bear to line 
AB? (§ 561(d).). To phine A BD? To the line D C ? 

2. What kind of a quadrilateral is -4 Z> ? Why ? 

There jore — 

571. Corollary. Every section 0} a right cylinder em- 
bracing an element is a rectangle. 



Ex. 357. If the bases of two pyramids have the same 
ratio as the squares of their altitudes, prove that their 
yolunies-have the same ratio as the cubes of their altitudes. 

Ex. 358. What is the locus of a point in space which is 
at a given distance from an indefinite straight line ? 

Ex. 359. To cut a cylinder of revolution by a planepar- 
allel to an element in such a manner that the section shall 
•be a rectangle equal in all respects to the rectangle which 
generates the cylinder. 
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Proposition II. 

572. Theorem. The bases of a cylinder are equal. 

A 




Let A E be a cylinder whose bases are AB C and D £ F. 

To prove that the bases ABC and D EF are equal. 

Suggestion i. Take any three points in one of the bases, 
B,s A, B and C. Draw an element through one of them, 
as A D. Pass planes through B and the element A D; 
C and the element A D. Are these planes determined ? 
These planes intersect the cylindrical surface in B £ and 
CF. BE and CF determine a plane. Why? In what 
lines does this plane intersect the bases ? 

2. Compare AABCdindDEF. § 89. 

5. Place base ABC upon base D EF, A upon Z>, 
B upon £, etc. Why is this possible ? Where does point 
C fall ? How do the bases compare ? Why ? 

Therefore — 

573* Corollary I. Any two parallel sections cutting 
all the elements 0} a cylinder are equal. 

574. Corollary II. All sections of a cir- 
cular cylinder parallel to the bases are equal 
to the bases, and the axis passes through the 
centers of the sections. 

Suggestion. Draw two diameters of one of the bases, and 
through these diameters and elements of the cylinder pass 






THE THREE ROUND BODIES. ' S^S 

planes. These planes will intersect the sections in diam- 
eters. Why ? 

575. A cylinder is Inscribed in a prism when each lat- 
eral face of the prism is tangent to the cyl- 
inder, and the bases of the prism circum- 
scribe the bases of the cylinder. 

(a) When a cylinder is inscribed in a 
prism, the prism is circumscribed about the cylinder. 

576. A cylinder is circumscribed about a prism when 
each lateral edge of the prism is an element 
of the cylinder, and the bases of the prism are 
inscribed in the bases of the cylinder. 

(a) When a cylinder is circumscribed about 
a prism, the prism is inscribed in the cylinder. 

577. Corollary I. // the arcs 0} the hose 0} a cylinder 
subtended by the basal edges 0} the inscribed prism are 
bisectedy and through these points 0} division elements are 
drawn, and if planes are made to embrace these elements 
and the adjacent edges of the prism, an inscribed prism 
0} a greater number 0} faces is formed. 

578. Corollary II. // the number 0} faces of an in- 
scribed prism be increased (577) indefinitely: 

(a) The prism is a variable which approaches the cyl- 
inder as a limit, 

(b) The bases of the prism are variables which approach 
the bases of the cylinder as limits. 

(c) The lateral surface of the prism is a variable which 
approaches the lateral surface of the cylinder as its limit. 



Ex.360. Given a right circular cylinder, required to 
construct the largest possible section embracing an element. 
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Proposition III. 

579. Theorem. The area 0} the lateral surface 0} a 
cylinder is equal to the perimeter of a right section 
multiplied by an element of the surface. 




Let A G be a cylinder, K M a right section of the cyl- 
inder and A £ an element. 

To prove that the area of the lateral surface is equal to 
the perimeter of the section K M multiplied by A E. 
Suggestion i. Inscribe a prism within the cylinder. 

2. Let L = the lateral area of the prism, A the lateral 
area of the cylinder, P the perimeter of a right section of 
the prism, C the perimeter of a right section of the cyhnder 
and E an element of cylinder or edge of the prism. 

3. L = PX£. Why? 

4. Let the number of faces be increased indefinitely. 
L is a variable. What is its Umit ? Why ? (§578 (c).) 
P XEisa, variable. (§§ 371, 214 (a).) What is its Umit ? 
Why? 

.\A =CXE. Why? 

580, Corollary I. The lateral area of a cylinder of 
revolution is eqvul to the circumference of the base, multiplied 
by the altitude. This fact can be expressed by the formula 
A — 2^ RH (§376), in which A represents the area of tite 
lateral surface y H the altitude^ and R the radius of the base 
of the cylinder of revolution. 



THE THREE ROUND BODIES. 



305 





581. Corollary II. The lat- 
eral areas 0} similar cylinders of 
revolution are to each other as the 
squares of their altitudes, or as the 
squares of the radii of their bases. 

Let A, H, and R represent, rei^pectiyelyy the area, alti- 
tude, and the radius of the base o| one cylinder, and a, h, 
and r the area, altitude, and radius of the base of the 
other cylinder. 

Then a = 2 ^r fe, 
and A = 2it RH. 

r X h 



a 2nr h 

Hence. — = 

A 2 ^RH 

But - = -^. Why? 
R H 



_r_ A. 

RXH" R^H 

a r" h^ 
Hence, — = — , or — . 
A R" W 



Ex. 361. Prove that the total surface of a right circular 
cylinder is equal to the circumference of its base multi- 
plied by the sum of its altitude and the radius of its base. 

Ex. 362. The total area of a right circular cylinder is 
80- w square feet and the radius of the base is 5 feet. 
Find the altitude of the cylinder. 

Ex. 363. Which generates the greater lateral area, the 
revolution of a rectangle about its shorter or longer side ? 

Ex. 364. A cylindrical tank on a waterworks tower has 
a lateral area of 1,232 square feet; the radius of its base is 
one-fourth of its altitude. Find the altitude and radius 
of the base. 

Find its total area. What would its lateral area be if 
its altitude were twice as great ? Its total area ? 
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Proposition IV. 

582. Theorem. The volume 0} a cylinder is equal 
to the area 0} its base multiplied by its altitude. 




H O 

Let A G be a cylinder whose base is E G. 

To prove that the volume 0} the cylinder A G is equal to 
the area 0} the base E G multiplied by the altitude. 

Suggestion i. Inscribe a prism within the cylinder. 
Let M = volume of the inscribed prism, V the volume of 
the cylinder A G, B the area of the base of the prism, B' 
the area of the base E G of the cylinder, and H the com- 
mon altitude. To prove that V = B' X H. 

2. M = BXH. Why? 

5. Let the number of the faces of the prism increase 
indefinitely. M is a variable. What is its limit ? Why ? 
BX if is a variable. Why? What is its Umit ? Why? 

4. What is the volume of the cylinder ? 

Therefore — 

583. Corollary I. The volume of a cylinder of revolu- 
tion can be expressed by the formula V = ^ E^ H,in which 
V represents the volume, H the altitude and R the radius 
of the base of the cylinder of revolution. § 381. 

584. Corollary IL Tlte volumes of similar cylinders of 
revolution are to each other as the cubes of their altitudes^ or 
the cubes of the radii of their bases. 

Let V, /i, and r represent, respectively, the volume, 
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altitude, and radius of the base of one cylinder, and 7, 
//, and R the volume, altitude, and radius of the base of 
the other cyUnder. § 581 

Ex. 365. The depth of a cylindrical quart cup is 4f 
inches. What is the depth of a pint cup similar in form ? 

Review. 

I. Express the formulae for: 

1. The lateral area of a cylinder of revolution. 

2. The total area of a cylinder of revolution. 

3. The volume of a cylinder of revolution. 

4. The ratio of the lateral areas of two similar cylinders 
of revolution. 

5. The ratio of the lateral areas of any two cylinders of 
revolution. 

6. The ratio of the volumes of two similar cylinders of 
revolution. 

7. The ratio of the volumes of any two cylinders of 
revolution. 

II. State the rule for finding the volume of any cyUnder. 

Cones. 

585. A conical surface is a curved surface formed by a 
moving straight line which passes through 
a given fixed point and continually touches 
a given curve. 

(a) The moving straight line is the gen- 
eratrix. p,o ,^ 

(b) The given curve is the directrix. 

586. A straight Une in a conical surface which occu- 
pies one of the positions of the generatrix is an element 
of the surface. 
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587. A cone is a solid bounded by a conical surface 
and a plane surface. 

(a) The plane is the base of the cone. 

(b) The conical surface is the lateral 
surface or the convex surface of the 
cone. 

(c) The point in which the elements meet 
is the vertex of the cone. 

(d) The perpendicular from the vertex to the base is 
the altitude of the cone. 

588. A circular cone is a cone whose base is a circle. 
If base B C D in Fig. 2 is a circle, cone A is a circular 
cone. 

589. A straight Une joining the vertex of a circular 
cone with the center of the base is the axis of the cone, 
as -4 O in Fig. 2 or 3. 

590. A right cone is a cone whose axis is perpendic- 
ular to its base. 

59^- Corollary. The elements 0} a right circular cone 
are equal. 

Suggestion, Compare As A BO and ^ C O in Fig. 3. 

592. Aright circular cone is a. cone of 
revolution. 

(a) It may be generated by revolving a 
right triangle about one of its legs. 

(6) The hypotenuse in any one of its ^( 
positions is the slant height of the cone: it is 
also an element of the cone* 

593* Similar cones of revolution are cones that can be 
generated by the revolution of similar right triangles 
about homologous sides. 
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594* A line tangent to a cone is a line which touches the 
conical surface in a point but does not in- 
tersect it. BA^ Fig. 4, is tangent to the 
cone C O is the point of tangency. 

595* A plane tangent to a cone is a plane 
that embraces one of the elements of the 
cone and only one. Plane 3fiV em- 
bracing the element CD is ' tangent to 

Fig. 4. 

596, A truncated cone is that portion of a cone included 
between the base and a plane which intersects all the ele- 
ments. 

597. A frustum of a cone is a truncated cone in which 
the cutting plane is parallel to the base. 

(a) The base of the cone is the lower base 
of the frustum, and the section parallel to 
the base is the upper base. Fig. 5. 

(6) A Une perpendicular to the bases of ^^ig. 5. 

the frustum and intercepted by them is the altitude of the 
frustum, as 12, Fig. 5. 

(c) The slant height of the frustum of a cone of revolu- 
tion is that part of the slant height of the cone which is in- 
cluded between the bases of the frustum, as B £, Fig. 5. 




Ex. 366 (a). Which is the greater, a cylinder formed by 
the revolution of a rectangle about its longer side or about 
its shorter side ? 

Ex. 367. Two circular cyhnders have the same altitude, 
but the volume of one is four times the volume of the 
other. Find the relation between the radii of the bases 
of the two cyhnders. 
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Proposition V. 

598. Theorem. Every section of a cone embracing 
the vertex is a triangle. 




c 
Let AB C be a section of a cone embracing the vertex A. 

To prove that ABC is a triangle. 

Suggestion i. Draw a straight line from A to B, one 
point of intersection of the plane and the perimeter of the 
base of the cone; from A to the other point of intersection 
of the plane and the perimeter, as C What are these lines ? 

Where is the line A B with reference to the plane ? 
Why? AC? 

2. Since A B and A C are both in the surface of the 
cone and in the plane they are the intersections of the 
plane and cone. 

Complete the demonstration. 

Therefore — 

Ex. 368. In each of two right circular cylinders the 
altitude is equal to the diameter, and the volume of one 
is TgV t^2it of the other. Find the relation of their altitudes. 

Ex. 369. A cyUndrical cistern is 10 feet in diameter and 
7 feet deep. Taking 7^ gallons to the cubic foot, how 
many barrels does it hold ? 

Suggestion. Indicate the whole operation, then com- 
pute. 
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Proposition VI. 

599. Theorem. Every section of a circular cone 
made by a plane parallel to the base is a circle. 




Let be the base of a clrcttlar cone A-B C, and E S F a 
section parallel to the base. 

To prove that the section ES F is a circle. 

Suggestion i. Let A O he the axis of the cone, arid S 
the point in which the axis intersects the section ES F. 
Let E and F be any two points whatever in the perimeter 
of the section ES F. 

2. Through the axis A O and the point E pass a plane 
intersecting the base in the Une O B and the section in the 
line S E. Also through the axis A O and the point F 
pass a plane intersecting the base in the line O C and the 
section in the line S F. 

3. What relation does 5 E bear to 50? SF to 0C7 

. E S ., S F § 432. 

4. Compare ratio with . 

^ ^ BO OC 

5. Compare E S and S F. 
Therefore — 

Additional Suggestions: 

ES .^ASSF .^ASES .^SF 

Compare with ; with ; with . 

^ BO AO OC A O BO OC 
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Fig. 6. 



600. Corollary. The axis of a circular cone passes 
through the centers 0} ail sections parallel to the base. 

601. A cone is inscribed In a pyramid when the vertex 
of the cone coincides with the vertex of . 
the pyramid and the base of the cone is 
inscribed in the base of the pyramid. 

(a) When a cone is inscribed in a pyra- 
mid, the pyramid is circumscribed about the 
cone. 

602. A cone is circumscribed about a pyramid when 
the vertex of the cone coincides with the vertex of the 
pyramid and the base of the cone is circumscribed about 
the base of the pyramid. 

(a) When a cone is circumscribed about 
a pyramid the pyramid is inscribed in the 
cone. 

603. Corollary I. // the arcs sub- 
tended by the basal edges 0} an inscribed 
pyramid be bisected and through the points 
of bisection elements of the cone be drawn^ and if planes 
be made to embrace these elements and the adjacent edges 
of the pyramid, an inscribed pyramid of a greater number 
of faces is formed. 

604. Corollary II. If the number of the faces of an 
inscribed pyramid be made to increase indefinitely: 

(a) The pyramid is a variable which has for its limit the 
cone. 

(b) The base of the pyramid is a variable which has for 
its limit the base of the cone. 

(c) The lateral area of the pyramid is a variable which 
has jor its limit the lateral area of the cone. 




Fig. 7. 
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(d) Ij the inscribed pyramid is regtUar, the slant height 
is a variable which approaches an element of the cone as a 
limit. § 414. 

605, Corollary III-IV. Formulate jor corollaries 
III and IV statements similar to corollaries I and II con- 
cerning the pyramids circumscribed about a cone. 

Compare the slant height 0} the inscribed pyramid with 
that of the circumscribed pyramid. 

Proposition VII. 

606. Theorem. The lateral area of a cone of revo- 
lution is equal to one-half the product of the circumfer- 
ence of its base by its slant height. 



Let A-B D be a cone of revolutioiiy B £ D the circum- 
ference of its base and A M its slant height. 

To prove that the lateral area of the cone is equal to one- 
half the product of BED by AM. 

Suggestion i. Inscribe a regular pyramid in the cone. 

2. What is the lateral area of the pyramid equal to ? 

Complete the demonstration by a method similar to that 
of § 579- § 214 (c). 

Another method. Use a pyramid circumscribed about 
the cone and prove the proposition. Which authority in 
§ 214 should be used ? 

Therefore — 
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607. COROLLASY I. The truth of the theorem can be 
expressed by the formula A = « /? 5; in which A represents 
the lateral areay R the radius of the base, and S the slant 
height of the cane of revolution. 

608. CoROLLASY n. The lateral areas of two similar 
cones of revolution are to each other as the squares of their 
slant heights J the squares of their altitudes or the squares 
of the radii of their bases. 

See method of § 581. 

609. Corollary III. The lateral area of a frustum oj 
a cone of revolution is equal to one-half the product of its 
slant height. by the sum of the perimeters of its bases. 

Suggestion. Circumscribe the frus- 
tum of a regular pyramid about the 
frustimi of the cone and use the method 
of the proposition. Let r be the ra- 
dius of the upper, if the radius of 
the lower base and S the slant height. pig. s. 

Prove that the lateral area of the frustum may be ex- 
pressed as n S (r + R). 

610. Corollary IV. Let M represent the radius of a 
section of the frustum parallel to the bases and midway 
between them. Prove that the lateral area of the frustum of 
a cone of revolution is equal to 2 n S M. 




Ex. 370. The volume of the frustum of any cone is 
equal to one-third the altitude multiplied by the sum of 
the upper base, the lower base, and a mean proportional 
between the two bases of the frustum. § 555. 

Ex. 371. How many square yards of cloth in a conical 
tent 12^ feet high the diameter of whose base is 12 feet? 
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Proposition VIII. 

6ii. Theorem. The volume of a cone is equal to 
one-third the product of the area of its base by its 
altitude. 4 




Let A-B D represent a cone, A its altitude, and B D 
its base. 

To prove that the volume of the cone is eqtuU to one-third 
the product of A O by B D. 

Suggestion i. Inscribe a pyramid in the cone. 

2. Express the volume of the pyramid, in terms of base 
and altitude. 

J. Complete the demonstration by a method similar to 
that of § 582. 

Therefore — 

612. Corollary I. The volume of a circular cone can 
be expressed by the formula 

in which V represents the volume, H the altitude, and R 
the radius of the base of the cone. 

613. Corollary II. The volumes of similar cones of 
revolution are to 6ach other as the cubes of the radii of their 
bases, the cubes of the altitudes, or the cubes of the slant 
heights. 

Suggestion. For method, see § 581. 
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Review: 

614. State formulae for: 

1. The area of a circle. 

2. The lateral area of a cone of revolution. 

3. The lateral area of the frustum of a cone of revolution. 

4. The volume of a circular cone. 

5. The ratio of the volumes of two similar cones of 
revolution. 

6. The ratio of the lateral areas of two similar cones 
of revolution. 



Ex. 372. Find the volume of the solid generated by 
revolving an equilateral triangle whose side is 6 feet 
about one of its sides. 

Ex. 373. The altitude of the frustum of a cone of revo- 
lution is ^ the altitude of the cone. Find the relation be- 
tween the volume of the frustum and the cone. 

Ex. 374. What is the volume of a piece of timber 15 feet 
long, whose bases are squares, each side of one base 
being 14 inches, and each side of the other base 12 
inches ? 

Ex. 375. If four similar cylinders of revolution have 
their altitudes proportional to the numbers 3, 4, 5, and 6, 
prove that the voluiiie of the largest cylinder is equal to 
the sum of the volumes of the other three. 

Ex. 376. Prove Proposition § 611 by circumscribing a 
pyramid about the cone. 

Ex. 377. What is the locus of a point at a given distance 
from a given point (i) in a plane (Ex. 100) ? (2) In 
space ? 
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The Sphere. 

615. A sphere is a solid bounded by a surface all points 
of which are equally distant from a fixed point within. 

(a) The fixed point is the center of the 
sphere, as O, Fig. i. 

(6) The bounding surface is the surface 
of the sphere. ^^ 

616. Corollary. A sphere can be genet- ^'o. i. 
ated by the revolution 0} a semi-circle about its diameter. 

617. The radius of a sphere is any straight line drawn 
from the center to the surface of the sphere, as A O, Fig. i. 

618. The diameter of a sphere is any straight line 
drawn through the center and terminated by the surface, 
aSilOJS, Fig. I. 

619. Corollary I. All radii 0} a sphere or equal 
spheres are equal. 

620. Corollary II. All diameters of a 
equal spheres are equal. 

621. A line is tangent to a sphere if it 
touches the surface of the sphere at one and 
only one point, as A J5, Fig. 2. 

622. A plane is tangent to a sphere if it 
touches the sphere at one and only one point, 
as. AfiV, Fig. 2. 

623. Two spheres are tangent to 
each other if they touch at one and only 
one point, as O and 5, Fig. 3. 

624. The point at which the line, 
plane, or sphere touches the sphere is the point of tangency, 
as A or C, Fig. 2, or 2?, Fig. 3, respectively. 




Fig. 3. 
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Proposition IX. 

625. Theorem. Every section of a sphere made by 
a plane is a circle, m 




Let the plane M N intersect the sphere in the sec- 
tion A S B. 

To prove that the section A S B is a circle. 

Suggestion i. From the center of the sphere O drop a 
-L O 5 to the plane, and from S draw S A and 5 J5 to any 
two points in the perimeter of the section. Connect A 
and O, B and O. ^ 

2. Compare As A O S and BO Sj lin6s 
SA^ndSB. Whyisthesectioni4 5J5aO? ^i 

Therefore — 

626. The section of a sphere made by a 
plane is a circle of a sphere. 

627. A great circle of a sphere is a circle of the 
sphere that contains the center of the sphere, as 34, Fig. 4. 

628. A small circle of a sphere is a circle of the sphere 
that does not contain the center of the sphere, as 12, Fig. 4. 

629. A diameter of a sphere perpendicular to a circle of 
the sphere is the axis of the circle of the sphere, asAB 
Fig. 4. 

630. Corollary I. The line drawn from the center of 
a sphere to the center of a circle of the sphere is perpendicular 
to the circle of the sphere. 
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631. Corollary II. Ij two circles 0] a sphere are equally 
distant from the center, they are equal. 

632. Corollary III. Of two circles of a sphere un- 
equally distant from the center, that one is greater which is 
nearer the center. 

633. Corollary IV. All great circles of a sphere are 
equal. 

634. Corollary V. The center of a great circle lies at 
the center of the sphere. 

635. Corollary VI. Two great circles of the same 
sphere intersect in their diameters. 

636. Corollary VII. Two great circles of the same 
sphere bisect each other, the sphere and the surface of the 
sphere. 

637. The poles of a circle of a sphere are the extremities 
of the axis of the circle of the sphere, as points A and B, 
Fig. 4. 

Proposition X. 

638. Theorem. Three points, on the surface of a 
sphere, determine a circle of the sphere. 

Suggestion i. How many points determine a plane ? 
Give auth. 

2. What relation must the plane bear to the sphere? 
Give auth. 

Therefore — 

639. Corollary. Two points on the surface of a sphere 
determine a great circle of a sphere if the points are not the 
extremities of a diameter of the sphere. 

Suggestion. What third point of the plane of the circle 
is known in addition to the two given points ? 
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Proposition XI. 

640. Theorem. The shortest line between any two 
points on the surface of a sphere is the arc of a great 
circle of the sphere which joins them, if that arc is less 
than a semi-circumference. 




Let A and B be two points on the surface of a sphere, 
let A B be the arc of a great circle, not greater than a 
semi-drcumference, and let A C M D B be any other line 
on the surface of the sphere joining A and B. 

To prove that A B is less than A C M D B. 

Suggestion i. Connect any point of A C M D By as 
M, with A and B by arcs of great Os, 2is M A and M B. 
Connect A, M and B with O, the center of the sphere. 
2, In the trihedral jLO — AMB compare the face 
AAOB with the sum of the face ZsAOM and MOB, 

3. Compare arc A B with the sum of arcs A M and M B. 

4. In the same way connect C, any point in the Une 
A C My with A and M by arcs of great Os. Connect 
D in the line M D B with M and B by arcs of great Os. 

5. Compare the sum of arcs A Cy C My M Dy and 
D B with the sum of arcs A M and M B; with A B. 

6. Continue to take points in the line A C M D B and 
proceed as before. The sum of the arcs is a variable. 
Why ? What is its Umit ? Why ? 
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7. How does each succeeding value of the variable 
compare with the one preceding it ? 

8. Then, how must A C M D B compare with A B} 
Therefore — 

641. The distance between two points on the surface 
of a sphere is the distance measured on the arc. of a great 
circle. 



Proposition XII. 

642. Theorem. All points in the circumference of a 
circle of a sphere are equally distant from either of its 
poles. £ 




Let A B C D be the circumference of a circle of a sphere 
and E and G its poles. 

To prove that all points in the circumference A B C D 
are equally distant from E and G, respectively. 

Suggestion i. Let M be the center of the O ^4 5 C D. 
The straight line passing through O and M, if extended, 
passes through E and G, the poles of the O ^ 5 C D. 
Why ? §§ 629 and 637. 

2. The distances of all points in the circumference 
A B C D from any point in £ G are how related ? Why ? 
§ 414. Compare distances from E to circumference 
ADCB\ from G io A D C B. 
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J. But the distances considered in Sug. 2 are chords 
of great Os. Why ? 

4. How, then, must the distances measured on the 
surface of the sphere compare ? Give auth. 

Therefore — 

643. The distance measured on the surface of a sphere 
from any point in the circumference of a circle of a sphere 
to its nearer pole is the polar distance of the circle. 

644. Corollary I. The polar distance 0} a great circk 
is a quadratU^ i. e., an arc of ninety degrees. 

Suggestion, What is the A at the center of a sphere 
that subtends the polar distance of a great circle ? 

645. Corollary II. A point which is at the distance 
of a quadrant from each of two points on the surface of 
a sphere^ is a pole of a great circle embracing those points. 

Suggestion. Let £, § 642, be the distance of a quad- 
rant from both R and S. R and 5 determine what? 

Then Z R O E is = to how many degrees ? S O E? 
What relation does E G sustain to the circle R O S? 

646. Scholium. By means of poles, arcs of circles 
can be drawn on the surface of a sphere in much the 
same way as upon a plane surface. By revolving the arc 
E A about £ as a pole, the point A describes the circum- 
ference A D C B. By revolving the quadrant E R 
about £ as a pole, or the quadrant G R about G as a pole, 
the point R describes the circumference of the great circle 
R S. Fig, § 642. 

(a) To describe a great circle arc on a sphere by means 
of dividers, open the dividers so that their extremities 
touch points on the sphere which are just ninety degrees ' 
apart, then with the extremity of one leg of the dividers 
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fixed at some point on the sphere, the extremity of the 
other leg describes the arc of a great circle. 

Proposition XIII. 

647. Problem. Given a material sphere, to find its 
radius. 

M __ 



T 




N^ 



s\r 



Suggestion i. Take any point M on the surface of the 
sphere as a pole, and describe a circumference A B S C 
on the surface. 

2. Take any three points A, 5, and C, on this circum- 
ference, and by means of dividers construct a A 2? £ i?*, 
equal in all respects to ^ A B C. § 89. 

3. Circumscribe a O about the A 2? £ £, and let G 
be the center of this O. 

4. Draw S T equal to the radius G £, and through S 
draw an indefinite line N R A. io T S. 

5. From r lay off r iJ = to chord M B. 

6. At T erect a J. to T iJ, and extend to N i?, as at N, 

7. Prove that iV i? is equal to the diameter of the 
sphere. Find the radius of the sphere. 

QuEiOES: Given the radius of a sphere. How may 
a quadrant be obtained ? What is the value of knowing 
the diameter of any given material sphere, for instance, 
a blackboard globe ? § 646. 
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Proposition XIV. 

648. Theorem. A plane perpendicular to a radius 
of a sphere at its extremity is tangent to the sphere. 




Let A B represent a plane perpendicular to the radius 
M at M. 

To prove that the plane A B is tangent to the sphere O. 

Suggestion i. Draw any other line, as O P, from O 
to the plane A B. 

2. Compare O P and O M \n respect to length. Give 
auth. § 408. 

J. Where, then, must the point P lie with respect to 
the sphere ? 

4, What relation does the plane A B sustain to the 
sphere O ? 

Therefore — 

649. Corollary I. A plane tangent to a sphere is 
perpendicular to the radius at the point of tangency. 

Prove that the tangent plane A B is A. to M O. Use 
Fig. § 648. 
Suggestion, Compare P O and M O. 

650. Corollary II. Any straight line through the point 
0} tangency in a tangent plane is tangent to the sphere. 

Prove P M tangent to the sphere. Fig. § 648. 
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651. Corollary III. Any straight line perpendicular 
to iHe radius of a sphere at its extremity is tangent to the 
sphere. 

652. The angle of two arcs is the angle of two straight 
lines tangent, respectively, to the two arcs 
at the point of their intersection, as the 
spherical angle M O N \% equal to the 
plane angle 2 O J, if O 2 is tangent to the 
curve O Af at O, and i is tangent to the 
curve O iV at O. 

653- A spherical angle is an angle formed by the arcs 
of two great circles. 

654. Corollary. A spherical angle is equal to the 
dihedral angle formed by the planes of the circles whose 
circumferences form the spherical angle. 

Suggestion. The tangents are in the planes, respec- 
tively, of the Os and J. to the edge of the dihedral Z.. 
Why ? § 190. 

Ex. 378. If one circle of a sphere passes through the 
poles of another circle of a sphere, the planes of the two 
circles are perpendicular to each other. 

Ex. 379. All Unes tangent to a sphere from the same 
point are equal and touch the sphere in the circumference 
of a circle of the sphere. 

Suggestion. Connect the center of the sphere with the 
given point and with two or more points of tangency. 

Ex. 380. The surfaces of two spheres intersect in the 
circumference of a circle. The spheres intersect in a 
circle. 

Ex. 381. What is the locus of a point in space at a given 
distance from a given point ? 
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Proposition XV. ^ 

655. Theorem. A spherical angle is measured by 
the arc of a great circle described from the intersection 
of the arcs as a pole and intercepted between them. 




Let M S and N S represent two arcs of great circles in- 
tersecting at S, and M N the arc of a great circle inter- 
cepted between the arcs S N and S M, whose pole is at S. 

To prove that the spherical angle M S N is measured 
by the arc M N. 

Suggestion i. Let O N and O M he radii of the great 
Q M N R T drawn, respectively, in the planes of the 
great Os P M 5 and P iV 5. What relation do O N 
and O M bear to P S? 

2. What is the relation of A M O N to the dihedral 
ZM-SP-N? Why? 

3. What, therefore, is the relation of Z M O N to 
the spherical Z N S M? 

4. What is the relation of arc Af A/' to Z Af O iV ? 
What to sphereical ZM S N? 

Therefore — 

656. A spherical polygon is a portion of the surface 
of a sphere bounded by arcs of great circles, 3iS A B C D, 

(a) The bounding arcs, A By B C^ etc., are the 
sides of the polygon. Fig. 6. 
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Fig. 6. 



(b) The planes of the sides of a spheri- 
cal polygon form a polyhedral angle whose 
vertex is at the center of the sphere. Thus, 
O'A B C D is Si polyhedral angle whose 
vertex is at O, the center of the sphere. 

(c) As the sides of a spherical polygon are arcs 
of great circles, they are expressed in degrees and are 
the measures of the face angles of the polyhedral 
angle. Arc 5 C is the measure of face angle -B O C. Fig. 6. 

(d) The diagonal of a spherical polygon is the arc of 
a great circle joining any two vertices of the polygon 
not adjacent. 

657. A convex spherical polygon is a spherical polygon 
none of whose sides if extended would cut the polygon, 
as A B C D, Fig. 6. 

658. A concave spherical polygon is a spherical polygon, 
two or more of whose sides if extended 
would cut the polygon. E D and C D, 
Fig. 7, if extended, would cut the polygon. 

659. Spherical triangles are right angled, 
isosceles, equilateral, etc., in the same 
relations as are plane triangles. 

660. Arcs of great circles on the same sphere or equal 
spheres can be superposed in the same way as straight 
lines are superposed upon a plane surface. 

661. Equal spherical angles can be applied to each 
other and made to coincide in the same manner as equal 
plane angles. 

662. Equal spherical triangles are spherical triangles, 
which, by placing one upon the other, can be made to 
coincide in every part. In such triangles each side and 




Fig. 7. 



328 SOLID GEOMETRY. 

angle of one is equal to the corresponding side and angle 
of the other, respectively. 

663. Symmetrical spherical triangles are 
triangles in which the sides and angles of 
one are equal, respectively, to those of the 
other, but arranged in reverse order. Such 
triangles cannot, except in the case stated b^ 
in § 664, be placed one upon another so as ^*®- *• 
to coincide. 

Proposition XVI. 

664. Theorem. Two isosceles symmetrical spherical 
triangles can be made to coincide, and are equal. 






Let ABC and A' B' C represent two sjnnmetrical 
spherical triangles, i.e., let A B=A' B', AC=A' C, 
BC=B'C',ZA=ZA',ZB=ZB', andZC=ZC'; 
let A B=A C and A' B' =A' C . 

To prove that the triangles ABC and* A' B' C are 
equal. 

Suggestion i. Compare A' C with A B; A' B' with 
A C. Give auth. 

2. Place ^' 5' C upon ^ 5 C so that A^ C falls upon 
A B, A' upon A. Where does C fall? Where does 
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^'5' fall? Why? Where does 5' fall ? Why? Where 
does arc C B' lie? 

Therejore — 

Compare with the demonstration § 82. 

Query: Connect the vertices of As i4 5 C and 
A^ B' C with the centers of their respective spheres. 
What kind of trihedral angles are formed? How do 
they compare ? 

665. If from the vertices of a spherical triangle as poles, 
arcs of great circles be drawn, a second 
spherical triangle is formed which is the 
polar of the first triangle. If from A, B, 
andC as poles, arcs of great circles be 
drawn, a triangle D E F is formed which fiTT 

is the polar of the triangle ABC. 

If the entire circles be drawn they will intersect to 
form eight spherical triangles, but the polar of the given 
triangle A B C is that one of the eight triangles whose 
vertices lie on the same side of the arcs of the given 
triangle as the respectively homologous vertices of the 
given triangle, and no side of which is greater than 180 
degrees. 

Represent on a spherical blackboard or other sphere 
the eight spherical triangles and distinguish a triangle 
and its polar. 




Ex. 382. What is the locus of a point that is a given 
distance from a given point and also a given distance 
from another point ? Discuss the possibilities of the 
solution under various distances and locations of the 
given points. 
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Proposition XVII. 

666. Theorem. // a spherical triangle is the polar 
of another spherical triangle, then the second triangle 
is the polar of the first. 




Let the spherical triangle A B C be the polar of D E F. 

To prove that triangle D E F is the polar of triangle 
ABC. 

Suggestion i. What must be proved concerning A, B 
and C to know that A D £ jP is the polar oiAABC? 

2. See § 645 and establish that C is the pole of arc 
D E\ that A is the pole of arc F £, etc. 

Complete the demonstration. 

Therefore — 

667. When two spherical triangles are each the polar 
of the other, they are called polar triangles. 



Ex. 383. A straight line tangent to a circle of a sphere 
lies in a plane which is tangent to the sphere at the point 
of contact. 

Ex. 384. Compute the lateral area, the total area, and 
the volume of the frustum of a cone of revolution, given 
the altitude of the frustum 20 feet, the diameter of the 
lower base 16 feet and the diameter of the upper base 12 
feet. 
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Proposition XVIII. 
668. Theorem. In two polar triangles each angle of 
one is measured by the supplement of the side opposite 
it in the other. A 




M N 

Let ABC and D E F be two polar triangles in which 
side B C of triangle A B C is opposite angle D of triangle 
DBF, etc. 

To prove that the angle D is measured by the supple- 
ment of side B C, 

Suggestion i. Define supplement of an angle or arc. 

2. How is a spherical angle measured? §655. 

Hence, extend arcs DE and D F to meet arc BC at 
M and N. Which arc is the measure of ^D? 

5. To estabUsh that this arc is the supplement of 5 C: 

I. How many degrees in arc C Af ? In B N? § 644. 

2.InBC + MN? InMN? In Z D? §28. 

Therefore — 

Ex. 385. What is the locus of a point in space the sum of 
the squares of whose distances from two fixed points is 
equal to the square of the distance between the two points ? 

Ex. 386. If two spheres are tangent either externally or 
internally, prove that the line joining their centers passes 
through the point of tangency. § 230. 
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Proposition XIX. 

669. Theorem. Two triangles on the same sphere, 
or equal spheres, having two sides and the included 
angle of one equal, respectively, to two sides and the 
included angle of the other are either equ^ or sym- 
metrical, 

AD A 




Let A B C and D E F be two spherical As in which 
A A=Z D, A C=D F and A B=D E. 

Case I. When the parts are arranged in the same order. 

To prove that triangle A B C is equal to triangle D E F 
in all respects. 

Suggestion. For method, see § 82 or § 664. 

Case II. When the parts are arranged in reverse order. 

To prove A' B' C and D E F are symmetrical. 

Suggestion i. What are symmetrical As ? Construct 
dkA'KC symmetrical to A' B' C. 

2. Compare As 4' E' C and D E F. (Case I.) 

3. Compare A' B' C and D E F. § 663. 
Therefore — 

Ex. 387. The angles opposite the equal sides of an 
isosceles spherical triangle are equal. § 85. 
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Proposition XX. 

670. Theorem. Two triangles on the same sphere, 
or equal spheres, having two angles and the included 
side of one equal, respectively, to two angles and the in- 
cluded side of the other, are either equal or symmetri- 
cal. 

Suggestion, See figure and suggestions for § 669. 

Therefore — 

Ex. 388. One, and only one, surface of a sphere can 
be described through any four points not 
in the same plane. ******^ 

Suggestion i. Let A, B, C, and D be ^^r::'Il__^ 
the four given points. 

2. What is the locus of points equally distant from 
4 and 5 ? 

3. What is the locus of points equally distant from 
BandC? 

4. What is the intersection of these two loci ? 

5. What is the locus of points equally distant from 
C and D ? 

6. Does this last locus intersect the one referred to in 
Sug. 4? Why? 

Ex. 389. A sphere can be inscribed in any tetrahedron. 
(§ 458.) Can more than one be inscribed ? § 459- 

Ex. 390. Any side of a spherical triangle is less than 
the sum of the other two. 

Suggestion. See §656 (c). 

Ex. 391. What is the locus of a point at a given dis 
tance from a given point, and also equidistant from two 
given points ? Discuss the possibilities of the problem. 
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Proposition XXI. 

671. Theorem. Two triangles on the same sphere, 
or eqtuU spheres, having the three sides of one respec- 
tively eqtial to the three sides of the other, are either 
eqtuU or symmetrical. 




Let ABC and D E F be two spherical triangles on the 
same sphere, or equal spheres, having the three sides of 
one equal respectively to the three sides of the other. 

To prove that ABC and D E F are either equal or 
symmetrical. 

Suggestion i. Connect the vertices of each A with the 
center of the sphere on which the A is situated. 

2. Compare the face 2^s of the trihedral ^s O and 5. 

J. Compare the dihedral As of the two trihedral As. 

§ 475- 

4. Compare the spherical As of one A with the cor- 
responding spherical As of the other A. § 654. 

5. Compare the A A B C with the A D E F, first, 
when the parts are arranged in the same order, and, 
second, when they are arranged in reverse order. § 669. 

Therefore — 

Ex. 392. Find point x that is m distant from one 
point, n distant from another and o distant from an- 
other? When is there one point x? When two? Is 
any other solution possible ? 
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Proposition XXII. 

672. Theorem. Two triangles on the same sphere^ 
or equal spheres, having the three angles of one respec- 
lively eqtcal to the three angles of the other, are either 
eqiwl or symmetrical. 




Let A and B represent two spherical triangles on the 
same sphere, or equal spheres, having the three angles of 
one equal, respectively, to the three angles of the other. 

To prove that A and B are either equal or symmetrical. 

Suggestion i. Let C and D be the polar As of A and 
B, respectively. 

2. Compare the sides of C and D {% 668); the Z.s of C 
and D] the sides of A and 5; the As -4 and B. 

Therefore — 

Ex. 393. If two angles of a spherical triangle are equal, 
the triangle is isosceles. 

Suggestion. Construct the polar of the given A. 

Ex. 394. The arc of a great circle drawn from the 
vertex of an isosceles spherical triangle to the middle 
point of the base is perpendicular to the base and bisects 
the vertical angle. 
. Ex. 395. Determine a point, x, at a given distance 
from a given point, equidistant from two parallel planes 
and equidistant from two given points. 
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Proposition XXIII. 

673. Theorem. Two symmetrical spherical tri- 
angles are equal in area. 
A 





Let ABC and A' W C represent two symmetrical 
spherical triangles; i. e., let AB=A' B', AC = A'C, 
BC = B'C',ZA=ZA',ZB=ZB' andZC=ZC'. 

. To prove that the triangles ABC and A' B' C are 
equal in area. 

Suggestion i. Let O be the pole of a small O through 
the points A, B, and C, Draw the arcs of great Gs 
O A,0 B, and O C. 

2. Compare the arcs O A, O B, and O C. § 642. 

3. At A\ draw A' S, the arc of a great circle making 
Z B' A' S = Z B A O, and take A' S = A O. Draw 
the arcs of great Os 5 C and 5 B\ 

4. Compare As A O B and A' S B'\ /. arcs S A' 
and 5 5' (Sug. 2); /. As 4 O 5 and A' S B' in respect 
to area. § 664. 

5. Compare Zs O 5 C and 5 5' C; As O 5 C and 
S B' C;.'. arcs 5 C and 5 5'; /. As O ^ C and 5 B' C 
in respect to area. 

6. Compare As O A C and S A^ C in respect to area. 

7. Compare As ABC and A^ B' C' in respect to area. 
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Therefore — 

If O, the pole, is without the spherical triangle, one of 
the three triangles must be subtracted from the sum of 
the other two to equal ABC. Make a drawing to 
illustrate. 

The pole may fall upon one of the arcs, in which case 
the above construction will produce but two triangles, 
whose sum is equal to A B C. 

674. A lune is a portion of the surface 
of a sphere included between two semi-circum- 
ferences of great circles, as A BCD. 

675. The angle of a lune is the angle of 
the two semi-circumferences which bound the 
lune, as the angle of the semi-circumference, 
B A Cyis the angle of the lune B A C D. 

676. Corollary I. The angle 0} a lune is equal to 
the dihedral angle formed by the intersection of the semi- 
circumferences bounding the lune. 

677. Corollary II. The angle of a lune is measured 
by the arc of a great circle described from either vertex of 
the lune as a pole and intercepted by the semi-circumferences. 

_ 678. The edge of a lune is the edge of the dihedral 
angle formed by the intersection of two semi-circles 
whose semi-circumferences bound the lune. 




Ex. 396. What is the locus of a point in space which 
is at a given distance, a, from a given plane, and at a 
given distance greater than a from a given point in the 
given plane ? 

Ex. 397. What IS the locus of a point at a given dis- 
tance from a given straight line, indefinite in length ? 
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Proposition XXIV. 

679. Theorem. // two arcs 0} great circles intersect 
on the surface of a hemisphere, the sum of the areas oj 
the opposite spherical triangles thus formed is equal to 
the area of a lune whose angle is the angle of the inter- 
secting arcs. 




Let the arcs of great circles ACE and BCD intersect 
at the point C on the hemisphere ABED, thus forming 
the opposite spherical triangles A C B and D C E. 

To prove that the sum of the areas of the triangles A C B 
and D C E is equal to the area of a lune whose angle is 
DCE. 

Suggestion i. Extend the arcs ACE and B C D to 
complete the great Os A C E F emd B C D F. 

2. C D F Eisa. lune whose Z is D C E. Why ? 

5. To compare the As A C B and D E F: Compare 
arcs A C diud E F; C B Sind D F; A B and D E. How 
do the As i4 C 5 and D E F compare in respect to area ? 
Give auth. 

4. Compare AsACBdJidCDE with lune C D F E, 

Therefore — 

Query: Are As A B C and D E F symmetrical, 
or are the parts arranged in the same order? 
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Spherical Areas. 

680. A spherical degree, or a degree of spherical 
surface, is one three hundred sixtieth of the surface 
of a hemisphere. 

681. Corollary. A spherical degree is one seven 
hundred twentieth 0} the surface of a sphere. 

Proposition XXV. 

682. Theorem. The area of a lune is to the area of 
the surface 0} a sphere as the angle of the lune is to 
jour right angles a 



D 

Let A B C D represent a lune whose angle is B A C. 

To prove that the area of A B D C is to the area of the 
surface of the sphere as the angle B A C, or its measure 
B O Cy is to four right angles. 

Let 5 C be an arc of a great O whose poles are A and 
D, and let O be the center of the sphere. 

Case I. When A B O C and four right Z.s are com- 
mensurable. 

Employ the method of Case I in §§215, 290 and 447. 

Case II. When ABO C and four right Z.s are in- 
commensurable. 

Employ the method of Case II in the same sections. 
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683. Corollary. A lune contains twice as many 
spherical degrees as its angle contains angular degrees. 

Let 5 represent the number of spherical degrees in 

the surface of the lune, and A the number of angular 

degrees in the ^ of the lune. Then, as there are 720 

spherical degrees in the surface of a sphere, it is evident 

5 A 

from the proposition that = — r-. Hence, S = 2A. 

^ ^ 720 j6o ' 

684. If three great circles are perpendicular to one 
another, eight spherical triangles are formed, 
each having three right angles. Each of 
these triangles is a tri-rectangular triangle. 

685. Corollary. A tri-rectangular tri- 
angle has ninety spherical degrees, ^*^- ^^ 

Proposition XXVI. 

686. Theorem. The sum of the sides of a convex 
spherical polygon is less than the circumference of a 
great circle of the sphere. 

Suggestion i. Connect each vertex of the polygon with 
the center of the sphere, thus forming a polyhedral Z., 

2, Compare the sum of the face Z.% of the polyhedral 
A. with four right ^s. 

J. Compare the sum of the sides of the spherical 
polygon with the circumference of a great O. 

Therefore — 

687. Scholium. The sides of a spherical polygon are 
usually expressed in degrees. Hence, the theorem may 
be stated thus : The sum of the sides of a convex spherical 
polygon is less than 360°, or four right angles. 
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Proposition XXVII. 

688. Theorem. The sum of the angles of a spheri- 
cal triangle is greater than two and less than six right 
angles. 





Let ABC represent a spherical triangle. 

To prove that the sum of the angles A, B and C is 
greater than two and less than six right angles. 

Suggestion i. Let D E F represent the polar A of 
ABC. Then Z 4 = i8o° — £ F. Why? 

2. Find Z!s B and C in terms oi D F and D £, respec 
tively. 

J. Find the sum of the As A, B and C and express 
the result in its simplest form. 

4. Since EF + DF + DE is less than 360° (§ 686), 
what may be said of the sum of the Z!s A, B and C? 

Therefore — 

689. Scholium. A spherical triangle, unlike a plain 
triangle, may have two or three right angles, or two or 
three obtuse angles. 

Corollary. // a spherical triangle varies in size, the 
sum of its angles approaches six right angles as a major 
and two right angles as a minor limit; and the sum of its 
sides approaches the circumferefice of a great circle as a 
major and zero as a minor limit. 
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690. The spherical excess of a spherical triangle is the 
excess of the sum of its angles over two right angles. 

If,m A ABC, A = 110°, B = 87° and C = 140°, the 
spherical excess = 157°. 

691. Corollary. // a spherical triangle varies in size, 
its spherical excess varies, and approaches four right 
angles as its major and zero as its minor limit. § 690. 

Proposition XXVIII. 

692. Theorem. The number 0} spherical degrees in 
a spherical triangle is equal to the number of angular 
degrees in its spherical excess. 




Let A B C be a spherical triangle. 

To prove that the number 0} spherical degrees in A B C 
is equal to the number of angular, degrees in Z. A + A B 
+ Z C - 180°. 

Suggestion i. Let one side of the A, as B C, be ex- 
tended to form a complete great O, BC D E. Let B A 
and C -4 be extended to meet the great Oy BC D E in 
D and £, respectively. 

2. B C D, B A D and B E D sltq semi-circumferences 
of great Os. Why ? 

3. AABC+AAED = lune whose Z is .4. Why ? 

4. A ABC + A AC D = \untwhoseZisB. Why? 
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5. AABC+AABE= lune whose Z is C. Why ? 

6. How many spherical degrees in a lune whose Z is 
A? In a lune whose ^ is -B ? In a lune whose Z is 
C ? Give auth. § 683. 

7. How many spherical degrees in a hemisphere ? 

8. If the number of spherical degrees in A A B C 
be represented by m, then, from the equations in Sugges- 
tions 3, 4 and ^, 2 m + 360 = 2-4 + 2^ + 2 C. 

.-. m= ZA + ZB + ZC - 180°. 
Therefore — 

693. Scholium. To say that a spherical triangle con- 
tains a certain number, w, of spherical degrees is 
simply to say that the surface of the triangle is equal 

fi , n 

to of the surface of a hemisphere, or to — of the 

360 T20 

surface of a sphere. When the area of the surface of 

the sphere has been determined the area of the spherical 

triangle can be determined. Exs. 401, 402 and 403. 

694. A zone is that portion of the surface of a sphere 
which is included between two parallel 
planes, as the surface Af . 

(a) The circumferences of the sec- 
tions of the sphere made by the planes 
are the bases of the zone, as i 2 and 3 4. 

(6) A line perpendicular to the planes 
and intercepted between them is the y\g. 13. 

altitude of the zone. 

695. A spherical segment is a portion of a sphere 
included between two parallel planes, as 2 3. 

(a) The sections of the sphere made by the planes are 
the bases of the segment, and the line perpendicular to the 
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planes and intercepted between them is the altitude of 
the segment. 

The spherical surface of a segment is a zone. Draw illustration from 
geography. 

The portion of a sphere cut off by any plane is a spherical segment, 
for it is included between the cutting plane and a plane tangent to the 
sphere and parallel to the cutting plane, as iV, Fig. 13. For the same 
reason, the portion of the surface of a sphere cut off by any plane is 
a zone, N, Fig. 13. In this case the segment and zone have but one 
base. Find illustration in geography. 

696, If a semi-circle be revolved about its diameter 
as an axis, a sphere is generated; any arc 
of the semi - circumference generates a 
zone. 

697, A spherical sector is that portion 
of a sphere generated by the revolution of 
a circular sector about a diameter. 

The pupil should form a mental picture of the different varieties of 
spherical sectors and describe them. For exam- 
ple, if the semi-circle A D B, Fig. 14, is revolved 
about the diameter, the circular sector, AOC, 
generates a spherical sector whose surface is a 
zone of one base generated by thn: arc A C, 
and a convex coni(al surface generated by 
the radius O C. The circular sector COD 
generates a spherical sector bounded by a zone 
of two bases, a convex conical surface generated 
by O D, and a concave conical surface generated 
by OC. 

Generate many spherical sectors and describe them. 

Make many drawings to illustrate, as Fig. 15. 



^ 



Fig. 14. 




Fig. 15. 



Ex. 398. Construct a semi-circle, and in it a circular 
sector, which, if revolved, generates a spherical sector 
having two concave conical surfaces. Describe the zone. 

Ex. 399. Construct a circular sector which generates a 
spherical sector whose surface is a concave conical surface, 
a plane surface and a zone. 

Ex. 400. Is a hemisphere a spherical sector ? Why ? 
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Proposition XXIX. 

698* Theorem, The area of the surface generated 
by the revolution of a straight line about an axis in its 
plane, but not intersecting it, is equal to the product of 
the projection of the line upon the axis by the circum- 
ference of a circle whose radius is a perpendicular erect- 
ed at the middle point of the line and limited by the aocis. 





M 



B' 



Let A B be the straight line which revolves about R S as 
an axis in the plane of A B R S, but not intersecting R S ; 
C D the projection of A B upon R S, and M the per- 
pendicular erected at the middle point of A B and limited 
by R S. 

To prove that the area of the surface generated by A B 
is equal to the product of C D by the circumference of a 
circle whose radius is M O; i. e,, 2 n M O X C D. 

Case I. When A B is not parallel to, and does not meet, 
the axis. 

Suggestion i. Draw M N A. io R S. Connect A and 
C, B and D. Draw .4 P || to i? 5. A C Sind B D are 
± to RS. Why? 

2. A 5 generates the convex surface of the fpistum of 
a cone of revolution. What is the area of this surface ? 

J. The lateral area of the frustum, by § 610, = 2 7tM N 
X A B, Hence, equate 2nM N X AB, with the hypothe- 
sis 2 tt M X C Z>, and test whether your statement is true. 
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4. If the two products are equal, 

A B C D \ ^ 

J 263. Test whether 



MO 

A B 



MN 
C D 



by comparison of As 




MO MN 

ABPandOMN. C D == A P. Why? 

5. If the proportion holds true in the As named, what 
is your conclusion concerning the h)rpothetical equation 
in Sug. 3 ? 

Therefore— 

Case II. When A B meets the axis. 

Suggestion. This case is obtained from Case I, by 
making A C equal to zero. Examine the 
reasoning in Case I, and see that it holds 
when A C = zero. The lateral area of 
the cone = ABX2nMN. Why ? 

Case III. When A B is parallel to the 
axis. 

Suggestion. This case is obtained from 
Case • I, by making A C = B D. Examine 
the reasoning in Case I, and see that it holds 
when A C = B D. 

Therefore — 

Query: What is the name of the surface generated 
hy A B when A is on the axis ? When A Bis parallel to the 
axis ? 




M 



Ex. 401. How many spherical degrees are there in a 
spherical triangle whose angles are 200°, 146*^ and 100® ? 

Ex. 402. What part of the surface of a sphere is a 
spherical triangle whose angles are 120°, 140°, 160° ? 
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Proposition XXX. 
699. Theorem. The area of a sphere is equal to the 
product 0} its diameter by the circumference of a great 
circle. ^^A 




Let A C D B represent a semi-circle; A B its diameter 
and the center of A B. Let A C D B be revolved about 
A B to produce a sphere. 

To prove that area of the surface of the sphere is equal 
to the product of A B by the circumference of great circle, 
2 n RA B, 

Suggestion i. Divide A C D B into any number of 
equal arcs, draw the chords of the arcs, as A C, etc., 
erect _Ls at the middle of the respective chords, and 
extend to A B. Where do they meet ^4 5? Why? 
.Compare them in length. 

2. What is the area of the surface generated by A C, 
by C D, etc.? What by the sum of all the chords? 
Express algebraically, and reduce to its simplest form. 

J, Let the number of chords be indefinitely increased. 
The surface generated is a variable. What is its limit? 

4. The apothem is a variable. What is its limit? 
Why is 2 TT apothem X A B sl variable? What is its 
limit ? Why ? 214 (a). 

5. The equation in Sug. 2 is always true as the variables 
approach their limits. Compare their limits. Give auth. 
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Therefore — 

700. Corollary I. The truth of the theorem may be 
expressed by the formula. 

S =^ 2nRD,or4nK' 
in which S represents the surface of the sphere^ R its 
radius and D its diameter. 

701. Corollary II. The area of the surface of a sphere 
is equal to the area of four of its great circles. § 700. 

702. Corollary III. The area of the surface of a sphere 
is equal to the area of a circle whose radius is the diameter 
of the sphere, or n D^. 

703. Corollary IV. The areas of the surfaces of two 
spheres have the same ratio as the squares of their radii 
or the squares of their diameters. 

704. Corollary V. The area of a spherical degree is 

^?wa/ to -— -. § 693. 

705. Corollary VI. The area of a zone is equal to the 
altitude of the zone by the circumference of a great circle. 

Use the method of demonstrating the proposition. The 
area can be expressed by the formula 2 k RH, in which 
R represents the radius of the sphere, and H the altitude 
of the zone. 

Ex. 403. What part of the surface of a sphere is a 
spherical triangle, each angle of which is 90°? How 
many spherical degrees in the same triangle? 

Ex, 404. The sides of a triangle, on a sphere whose 
radius is 10 feet, are respectively 95°, 117° and 94°. Find 
the area in square feet of its polar triangle. 

Ex. 405. Assuming the earth to be a sphere whose diam- 
eter is 7,912 miles, how many square miles upon its surface ? 
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Proposition XXXI, 

706. Theorem. The volume of a sphere is equal to 
the area of its surface multiplied by one-third of its 
radius. 




Suggestion i. Circumscribe a polyhedron about the 
sphere. 

2. Join each vertex of the polyhedron with the center of 
the sphere, and pass planes through these lines and the 
edges of the polyhedron. Pyramids are thus formed. 
Why? 

J. Compare the altitude of these pyramids with the 
radius of the sphere. 

4. What is the volume of each pyramid ? 

5. What is the volume of the polyhedron? Reduce 
algebraically. 

6. Circumscribe a polyhedron of a greater number of 
sides about the sphere. What is its volume ? 

7. Finish the demonstration. ^ 
Therefore — 

Another method : Let a regular polyhedron be inscribed 
in a sphere. Drop _Ls from the center of the sphere to the 
faces of the polyhedron and prove the proposition. 

707- Corollary I. The volume of a sphere can be ex- 
pressed by the formula V==^nR^ (§ 7co)> iri which V 
represents the volume and R the radius of the sphere. 
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708. Corollary II. The volumes of two spheres have 
the same ratio as the cubes oj their radii, or cubes of their 
diameters. 

709. Corollary III. The volume of a spherical sector 
is equal to the area of its zone by one-third the radius of the 
sphere, and may be expressed by the formula \n K? H. 

See method of demonstration, § 706. 

710. A spherical pyramid is a solid bounded by a spheri- 
cal polygon and the planes of the sides of 
the polygon, as O-A B C, etc. XV^^ 

(a) The vertex of the pyramid is at the ^^ ^f 

center of the sphere. \/x\' 

(6) The spherical polygon is the base of V 
the spherical pyramid. 

Ex. 406. The volume of a spherical pyramid is equal to 
the area of its base multiplied by one-third of the radius of 
the sphere. 

Suggestion, Employ the method in § 706. 

Ex. 407. Prove that the volume of a sphere is twice the 
volume of a cone whose altitude is equal to the diameter of 
the sphere, and the radius of whose base is eqiAto the 
radius of the sphere. 

Ex. 408. Assuming the diameter of the earth to be 
8,000 miles, and that of the moon 2,000; how do the 
amounts of light reflected from them to a point in space 
equally distant from each compare ? , 

Ex. 409. Find, in square feet, the area of a spherical 
triangle whose angles are 95°, 149°, and 216°, the radius 
of the sphere being 15 inches. 

Ex. 410. On the same sphere, or equal spheres, zones 
of equal altitudes are equal in area. 
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Ex. 411. Find the volume of a spherical sector having a 
zone with an altitude of 10 inches on a sphere with a radius 
of 20 inches. 

Ex. 412. Find the volume and area of the surface of 
the sphere in exercise 411. 

Ex. 413. A sphere is cut by parallel planes so that the 
diameter is divided into ten equal parts. Compare the 
areas of the zones; also the volumes of the spherical sectors 
whose spherical surfaces are the respective zones. 

Ex. 414. If the average specific gravity of the earth 
is 5.6, what is its weight expressed in tons. 

Ex.415. Find the angles of an equiangular spherical 
triangle whose surface is one-twelfth of the surface of a 
sphere. 

Ex. 416. The radius of a sphere is 3 inches, and the area 
of a spherical triangle A B C on this sphere is 18.7". 
The angles A and B are 72° and 115°, respectively. Find 
the angle C of the spherical triangle. 

Ex. 417. The dimensions of a rectangular parallelopi- 
pedare3, 4, and 12 feet. Find the circumference of a 
great circle of the circumscribing sphere. 

Ex. 418. Sfoh the same assumption as that of exer- 
cise 408, what IS the ratio of the volumes ot the earth 
and moon ? ' ; 

Ex. 419. A triangle on a 12-inch globe hat for its "^'^ 

angles 140°, 119°, and 196° respectively; computers area. 

Ex. 420. Prove Proposition, § 673, when the pole of 
the small cir^^^hrough A, B and ,C is without the 
triangle. ~->T^^ 

Ex.421. If the area of -^e convex surface of a right 
circular cone is twice the area of its base, prove that the 
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slant height of the cone is equal to the diameter of its 
base. 

Ex. 422. The radius of the base of a right circular 
cone is 5 inches, and the number of square inches in the 
area of the convex surface of the cone is equal to the 
number of cubic inches in the volume of the cone. Find 
the altitude and the slant height of the cone. 

Ex. 423. A pyramid whose altitude is v/i6 feet is cut 
into two parts of equal volume by a plane parallel to the 
base. Find the distance of the cutting plane from the 
vertex. 

Ex. 424. Which generates the greater volume, a rectan- 
gle revolved about its longer or shorter side ? 

Ex. 425. Demonstrate the proposition, § 706, by use of 
the varying solid whose surface is the varying surface in 
§699. 

Ex. 426. A plane was passed parallel to the base of a 
cone cutting the altitude into two equal parts. Com- 
pare the two parts into which the cone was divided. 

Ex. 427. A farmer's ''circular" watering tank is 2J' 
deep and has a diameter of loj'. How ma^ barrels 
does it hold ? (Indicate operation and abbreviate by can- 
cellation). 

Ex. 428. Find the volume of a cube 4' onjan edge by 
Sug. i-S, § 706. • . 

Ex. 429. What is the locus of the center of a sphere 
having a given radius ? 

z. Whose surface passes through a given point. 

2. Which is tangent to a given plane ? 

5. Which is tangent to a given line ? 

4, Which is tangent to a given sphere ? 
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Ex. 430. Find the center of a sphere having a given 
radius: 

1. Whose surface passes through three given points. 

2. Which is tangent to a given plane and whose sur- 
face passes through two given points. 

J. Which is tangent to two given planes and whose 
surface passes through a given point. 

4. Which is tangent to three given planes. 

5. Which is tangent to a given sphere, to a given 
plane, and whose surface passes through a given point. 

6. Which is tangent to a given line, a given plane, and 
a given sphere. 

Make other exercises in this group. 

Ex. 431. The diameter of a sphere is equal to the alti- 
tude of a cone of revolution and of a cylinder of revo- 
lution, and the radius of the sphere is equal to the radius 
of the cone and of the cylinder. Prove that the volumes 
of the cone, sphere, and cylinder are proportional to the 
numbers i, 2, and 3. 

Ex. 432. An orange, 3 J inches in diameter, sells at 50 
cents a dozen, one 3 inches in diameter sells at 40 cents. 
Which is the better one to buy if they are of the, same 
quality and the peeling on each is ^ of an inch thick. If 
the larger orange is worth 50 cents, what is the smaller 
one worth ? 

Review. 

711. State formulae for : 

1. The volume of a cone of revolution. 

2. The volume of a cylinder of revolution. 

3. Tffe volupie of a frustum of a cone of revolution. 
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4. The lateral area of each figure of i, 2, and 3. 

5. The area of a sphere. 

6. The volume of a sphere. 

7. The area of a zone of a sphere. 

8. The volume of a spherical sector. 
State how to find: 

1. The area of a spherical triangle. 

2. The area of a spherical polygon of n sides. 



SUPPLEMENTARY PROPOSITIONS. 

Ex. 433. (§ 96.)* The angle formed by the bisectors of 
the angles at the base of an isosceles triangle is equal to 
an exterior angle at the base of the triangle. 

Ex. 434. A line drawn from one end of the base of an 
isosceles triangle perpendicular to the opposite side 
makes with the base an angle equal to one-half the ver- 
tical angle. 

Ex.435. (§126.) ACB and ADB are two triangles 
on the same side of A B, such that ^4 C is equal to B D, 
and A D is equal to B C, and A D and B C intersect 
at O. Prove that -4 O 5 is an isosceles triangle. 

Ex. 436. If the vertical angle of an isosceles triangle is 
one-half as great as an angle at the base, the bisector of a 
base angle divides the given triangle into two isosceles 
triangles. 

Proposition I. (§214.)* 

712. Theorem. // a variable approaches zero as a 
limit, any produ€t of the variable by a finite number 
approaches zero as its limit. 

Let V denote the variable which approaches zero as 
its limit, and let M denote any finite number. 

To prove that M V approaches zero as a limit. 

If Af F cannot have zero as a limit, let 5 be any 

* The references indicate where the Supplementary Propositions and 
Exercises may be inserted. They may be used anywhere after the 
reference but usually not before it. 
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assigned quantity, however small, by which amount it 

5 

differs from zero. As 5 is a finite magnitude, — is a 

M 

finite magnitude (Ax. 14, Cor.). Hence, V as it approaches 

5 
O can be made smaller than — . (§211.) Hence, M V 

M 

can become smaller than S, but cannot equal zero. 
(Ax. 7, Cor.) Hence M V can be made to difiFer from 
zero by less than any assigned quantity, as S. (Ax. i.) 
Hence M V approaches zero as a limit. § 212. 

Therefore — 



Proposition U. 

713. Theorem. // a variable approaches zero as a 
limit, any quotient of the variable by a finite constant 
approaches zero as a limit. 

Let V denote a variable that approaches zero as its 
limit, and let M denote any finite quantity. 

V 
To prove thai — approaches zero as a limit. 

^ I 

V has zero for its limit. Each value of — of 7 is 

M 

smaller than V (Ax. 14, Cor.), but cannot equal zero, 

hence must have zero for its limit. Ax. 9. 

M M 

V 
.'. -- has zero for a limit. 
M 

Therefore — 
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Proposition III. 

714. Theorem. The variable which is prodiiced by 
mtdHplying a given variable by a finite constant has 
for its limit the product oj the limit oj the variable by 
the constant. 

Let V be a variable, L its limit, and M any finite quantity. 

To prove M V has M L for a limit. 
L—V has zero for its limit. § 212. 

M (L-F), or M L—M F, has zero for its limit. § 712. 
M V has M L for its limit. § 211. 

Therefore — 

Proposition IV. 

715. Theorem. The variable which is produced by 
dividing a given variable by a finite constant has for its 
limit the quotient of the limit of the variable by the 
constant. 

Let V be any variable, L its limit, and M any finite con- 
stant. 

To prove that — has — wr its ttmtt. 

^ mm' 

L—V has zero for its limit. § 212. 

L-V L V ^ r . ,. . 

, or , has zero for its limit. § 7iS- 

M M M ^' ^ 

.'. — has — for its limit. § 211. 

M M 



Ex. 437. In triangle ABC, angle B is three times A, 
and C is five times A ; find each angle of the triangle. 
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Proposition V. 

716. Theorem. // each of two variables has zero 
for its limits their product has zero for its limit. 

Let V and V ' be two variables^ each having zero for its 
limit. 

To prove VV has zero for Us limit. 

M V has zero for its limit (§712) and cannot equal zero, 
and as F' can become less than M, VV must approach 
zero as its limit. Why ? 

Therefore — 

Proposition VI. 

717. Theorem. // each of two or more variables has 
zero for its limit their sum has zero for its limit. 

Let V, V J V, etc., represent variables having zero for 
their limits. 

To prove that V + V + V, etc., has zero for its limit. 
Let S be any assigned quantity to represent the dif- 
ference between V + V ' + V % etc. , and its respective limit. 

S * 

V and F' can each become less than — but cannot 

2 

equal zero (Hyp.). Hence F+ F' can become less than 5 

and cannot equal zero. 

In the same way each of M variables can become less 

than — of S. Hence, their sum can become less than 5. 
M 

As S is any assigned quantity, however small, V + F' + 

V + etc., has zero for its limit. 

Therefore — 
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Proposition VII. 

718. Theorem. The sum of two or more variables, 
all increasing or all decreasing, has for its limit the 
sum 0} the limits 0} the variables. 

Let V, V, y% etc., represent variables and L, L', L% 
etc., their respective limits. 

To prove F + F' + F" + etc, has for its limit L + U 
+ U ■]- etc. 

L-V,U - V\ U — F", etc., each has zero for its limit. 
§ 212. 

Let R,B!,B!\ etc., represent L-F, L'-F', U -Y\ 
etc., respectively. 

Theii Y = L-R, V' = U-R', F"=L"-i?", e;:c. (§212), 
adding, F+ F'+ F" + etc., = L+L' + L"+ etc., - (i? + i?' 
+ i?" + etc.). Ax. 2. (c.) 

L + L' + i:'^ + etc.,- F+ F' + F" + etc., =i? + i?'+i?^+ 
etc. Ax. 3. 

R + R' + R''+ etc., has zero for its limit. § 717. 

.-. L + i' + i" + etc. -{V-\-V'-hV''+ etc.), has zero 
for its limit. 

.-. V + V + V' -{■ etc. has L + U + U' + etc., for its 
limit. §211. 

Therefore — 



Ex. 438. li A B and A C are equal sides of a triangle, 
and \i B M and C N are bisectors of angles B and C 
respectively, prove that triangles ABM and ^4 C iV are 
equal, and also that triangles B C N and C BM are 
equal. 
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Proposition VIII. 

719. Theorem. The product 0} two variables both oj 
which are either increasing or decreasing, has for Us 
limit the product of the limits of the variables. 

Let V and V represent the two variables, L and L' 
their respective limits. 

To prove that V F' has L U for its limit, 

L — V and L — 7' each has zero as its limit. 

Let R and R represent L—V, and Z, — F' respectively. 

V = L- R,r ^U - R\ 

W = LU -UR-LK +RR. Ax. 4. 

LU -VV' = UR + LR'-RR\ Ax. 3. 

U R, L R^ and R R' each has zero for its limit. Why ? 

U R+LR' + {-RR') has zero for its limit. Why ? 

LU -VV^ has zero for its limit. Why ? 

V V has L U for its Hmit. Why ? 
Therefore — 

PROPOsmoN IX. (§290.) 

720. Theorem. A line that bisects the vertical angle 
of a triangle divides the base into segments propor- 
tional to the two legs of the triangle. 




CM B 

Let A C B represent a triangle, A M the line that bisects 
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the vertical angle of the triangle and C M and M B the 
segments of the base* 

CM CA 

To prove = 

• MB AB 

Suggestion i. Draw a line through C \\ to A M and 

extend A B to meet it at O. Compare A O and A C. 

CM ., OA CM ., CA 

2. Compare with : with . 

^ MB AB'MB AB 

Therefore — 

720 (a). When a point, as M, is taken in a line be- 
tween its extremities, the line is divided internally. 
AB = AM + MB. When a point, as M\ is taken in a 
line extended, the line is divided exter- 
nally at the point. AB=AM'+M' B. A — ^ — £—'M' 
Verify the two equations. (Ax. 10.) 

Suggestion. Let distance in the direction from i4 to 2^ 
be positive, then distance in the direction from 5 to 4 is 
negative. 



Ex. 439. Converse of Proposition IX. A line drawn 
through the vertex of a triangle that divides the opposite 
side into segments proportional to the other two sides, 
bisects the angle. 

Use the figure in § 720 and prove the proposition. 

^,A C ^ A + B C+D 

Ex. 440. If — = ~, prove that - — - = ■- . 

B D^ A-B C-D 

Ex. 441. If the radius of one circle is the diameter of 
another, the circles are tangent to each other, and any 
line drawn from the point of contact to the outer circum- 
ference is bisected by the inner one. 
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Proposition X. 

721. Theorem. // an exterior angle 0} a triangle is 
bisected, the side opposite is divided externally into 
segments proportional to the other two sides. 



B 
Let ABC represent a triangle, B' A C an exterior angle, 
and C M and M B the two segments into which the base 
is externally divided. 

^ CM CA 

To prove that = . 

^ MB AB 

Suggestion. Draw a line through C || to the bisector, A M. 

722. A line is divided in mean and extreme ratio if the 
ratio of the whole line to the greater segment is equal to 
the ratio of the greater segment to the lesser segment. 



Ex. 442. State the converse of Proposition X. 

Use figure § 721, and prove the proposition. 

Ex. 443. li A B C and A B D sue two triangles on the 
same base and on the same side of it, such that A C 
equals B D, A D equals B C and A D and B C inter- 
sect at O, prove (i) that triangles ABC and ABD 
are equal in all respects; (2) that triangles A O C and 
BOD are equal in all respects; and (3) that triangle 
A O B is isosceles. 
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Proposition XI. (§314-) 

723. Problem. To divide a straight line in mean 
and extreme ratio. 




^ X B 

Let A B be a given straight line. 

To divide A B in mean and extreme ratio. 

Suggestion i, hX, B erect a J_ io A B equal to \ of 
AB,disB O. 

With O as a center, and O 5 as a radius, describe a cir- 
lumference. Draw a line through A and O, cutting the 
circumference at N and M. 

On 4 5 lay off a distance A X equat to A N, 

'^ Why? 
Why? 



Ex. 444. A circle circumscribes an isosceles triangle, and 
tangents are drawn to the circle through the vertices of the 
triangle. Prove that these tangents form a second isos- 
celes triangle, and that the two triangles cannot have equal 
vertical angles unless both are equilateral. 

Ex. 445. In a given Une determine a point which is 
equally distant from two given points not in the line. 



AM A B 
^'A B~ AN' 


A B AN 

Why ? § ^14. 4. = . 


AN B X 
^' A B~ AN' 


Why? §281. 5/ ^ _^ ^ 
AX B X 


There jore — 
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Proposition XII. (§330.) 

724. Theorem. The square described upon the sum of 
two lines is equal to the sum of the squares described 
upon the two lines plus twice the rectangle of the two 
lines. A B c 



M N 

Let AB and BC be two given lines, and AC their snm* 
Let A N be the square described upon A C* 

To prove that A N equals the sum of the squares de- 
scribed upon A B and B C, plus twice the rectangle whose 
sides are A B and B C 

Suggestion i. Lay oS A E equal to A B, and draw E 
O II to i4 C; also draw BM \\ to C N. 

2. Study the parts of square A N and describe them in 
terms of the theorem. 

725. Scholium. With the interpretation given in § 329 
for the square of a line and the product of two lines, this 
proposition may be expressed thus: 

If A C=AB+BC 
then IC" = TW + BC' +2ABXBC. 

Compare this with the algebraic formula for the square 
of the sum of two numbers. 

Therefore — 

Ex. 446. Square 36, (30 + 6), by § 725 and compare 
your process, part by part, with the usual method. 
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Proposition XIII. (§330.) 

726. Theorem. The square described upon the dif- 
ference of two lines equals the sum of the squares de- 
scribed upon the two lines minus twice the rectangle of 

the two lines. 

A H 



K. C L, 



Let A B and B C be two given lines, and AC their dif- 
ference. Let A F be the square described upon AC. 

To prove that A F equals the sum of the squares de- 
scribed upon A B and B C, minus twice the rectangle whose 
sides are A B and B C. 

Suggestion i. Let A D he the square described upon 
A By and K B the square described on B C. 

2. Compare square ^4 -F + twice {AB XC B) with A J8' 

State conclusion in form of theorem. 

Therefore — 

727. Scholium. With the interpretation given in § 329 
for the square of a line and the product of two lines, this 
proposition may be expressed thus: 

If A C=A B-BC, TC'=AB'+ WC'- 2ABXBC. 



Ex. 447. Through two points an inch apart draw two 
parallel lines. 
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Proposition XIV. (§330.) 

728. Theorem. The product of the sum of two lines 
and their differeftce is equal to the difference of their 
squares. m a_ b 












N 



Let A and B represent the two lines, M N the square 
upon Ay N the square upon B and M P the rectangle 

(a + b)by(a-b). 

To prove that M N minus O N is equal to M P. 
Express algebraically. § 329. 



Proposition XV. (§336.) 

729. Problem. To construct a triangle equal in area 
to a given polygon. 




Let ABC, etc., be a given polygon. 

To construct a triangle equal in area to the polygon 
ABC, etc. 
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Suggestion i. Draw a diagonal, as B D, cutting oflF one 
vertex, as C. 

2. Through C, the vertex cut off, draw a line || to the 
diagonal B D, 

J. Extend E D until it meets the line II to the diagonal, 
as at O. Connect O with B, 

4. Compare the areas of the As C B D and O B D, 

5. Compare the areas of the polygons ABC, etc., and 
ABOE, etc. 

6. Compare the number of sides of the last polygon with 
that of the original polygon. 

Continue the process until the polygon is reduced to a 
triangle. 
Therefore — 



Ex. 448. The altitude of a trapezoid is 3 ft. and the 
bases are 8 and 12 ft. respectively. Extend the non- 
parallel sides until they meet, and find the areas of the 
two triangles of which the trapezoid is the difference. 

Ex. 449. (§341.) If the center of each of two equal 
circles lies on the circumference of the other, the square 
on the common chord is equal to three times the square 
on the radius. 

Ex. 450. The area of a triangle is equal to one-half the 
product of its perimeter by the radius of the inscribed circle. 

Ex. 451. What is the ratio of the areas of two similar 

3 
triangles whose homologous sides have the ratio -. 

5 

Ex. 452. Construct a pentagon. Find the number of 

square inches in its area by § 729 and § 336 and compare 

results, 
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7^0 (a;. The fUDjection of a point upon a straight line 
is the foot of the perpendicular from the 
point to the line. 

(b). The projection of a straight line 
upon another straight line is that part of the 
second line included between the projec- 
tions of the extremities of the given line. The projection 
of A upon C D is M, ot B is N; ot A B upon C D is 
J/JV, of OPisON. 




Proposition XVI. (§341.) 

731. Theorem. The square upon the side opposite 
an acute angle 0} a triangle equals the sum 0} the 
squares upon the other two sides minus twice the pro- 
duct 0} one of the two sides by the projection of the 
other side upon that side. 
G 




1 R L 

Let A B C be a triangle of which the angle A is acute, 
and let BL, AD, and AK be the squares described upon 
the sides BC, AC, and AB, respectively. 

To prove thai the square B L equals the square A D 
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plus sqimre A K minus twice A B times An the projection 
of AC on A B. 

Suggestion i. From A, draw -4 O J_ to B C, and ex- 
tend it to / L. From B, draw Bm J. to i4 C, and extend 
it to F D. From C, draw Cn A. to A B and extend it 
to KG. 

2. Draw A /, A L, B D, B F, C K and C G. 

J. Compare rectangle CE with rectangle C R, H B 
with B R. See method § 341. 

Square B L with rectangles H B + C E. 

4. Compare square B L with squares A K + A D. 

5. Compare rectangles A H and -4 E, 

6. A H = A B Xth.t projection oi AC upon A B, 
Give auth. 

Complete the demonstration. 
Express the theorem algebraically. 
Therefore — 



Ex. 453. Construct a triangle equal in area to a given 
triangle, two sides of the required triangle being given. 
Show when there are two solutions, when one solution, 
and when no solution. 

Ex. 454. If, from a point without a circle, two secants be 
drawn whose external segments are 8 inches and 7 inches, 
while the internal segment of the latter is 17 inches, what 
is the internal segment of the former ? 

Ex. 455. The sides of a triangle are 5, 6, and 7, and the 
side corresponding to 6, in a similar triangle, is 36; find 
the other two sides of the triangle. 

Ex. 456. Two isosceles triangles have equal vertical 
angles. Prove that they are similar. 
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Proposition XVII. (§341.) 

732. Theorem. The square upon the side opposite 
an obtuse angle of a triangle is equal to the sum of the 
squares upon the other two sides plus twice the product 
of one of the sides by the projection of tJie other side 
upon that side. 




I R L 

Let A B C be a triangle, of which the angle A is ob- 
tuse; let B Ly A K9 and A D be squares upon the sides 
B C, A By and A C, respectively, and let An be the pro- 
jection of A C upon A B. 

To prove thai the square B L is equal to the sum of the 
squares A K and A D, plus twice the product of A B by An, 

Suggestion i. From each vertex of the A draw _Ls to 
the opposite side of the opposite square, or the side ex- 
tended, as C i7, A Ry and B E, Draw from the same 
points lines to the opposite vertices of the opposite squares, 
as C A^ CG.BF, BD, AI and A L, 

^, Sec method in § 731, and complete the demonstration. 
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Compare the demonstration of the propositions in sec- 
tions 341, 731 and 732. 

State one method of construction so that it may apply 
to each of the three propositions. 



Proposition XVIII. (§ 338.) 

733. Problem. To jind two straight lines which have 
the same ratio as two given similar polygons. 





Let M and N be two given similar polygons. 

M 
To find two lines whose ratio is equal to the ratio — 

Suggestion j. What is the ratio of M to N in terms of 
their sides ? § 338. 

2. Where has the ratio of two squares been compared to 
two Hnes ? Ex. 209. 

5. Make the required construction. 



Ex. 457. If three similar polygons be constructed on the 
three sides of a right triangle, prove that the area of the 
polygon constructed on the hypotenuse equals the sum of 
the areas of the polygons constructed on the other two 
sides. 

Suggestion. See §§ 341 and 338. 

Ex. 458. All equal chords of any circle are tangents to 
some other circle. 
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Proposition XIX. (§344.) 

734. Problem. To construct a rectangle in which 
the su)n 0} the base and altitude is equal to a given line, 
and the area is equal to the area of a given square. 
A B 



Let C X equal the altitude, X D the base of the rectan- 
gle and A E the given square. 

To find X in line C D, 

Suggestion i. C X XXD = AB^otABXBE. 
2. Make a proportion from above equation, and com- 
plete the solution. § 310, II. 



Proposition XX. (§369.) 

735. Theorem. 7/ the number 0} sides 0} a regular 
inscribed polygon is increased indefinitely, the apothem 
is a variable which approaches the radius as a limit. 




Let A B be a side of a regular polygon, and H its 
apothem. 
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To prove that if the number of sides of the polygon is 
increased indefinitely, O H is a variable which approaches 
O A as a limit. 

Suggestion i. What are the tests for the limit of a vari- 
able? § 211 (a). 

2. In A ^ O iy compare O ^ and O H; OA—OH 
with^H; OA—OH' with .4 H', etc.; ^ i? with.4 B, 
A W with A B\ etc. 

J. By continually increasing the number of sides of the 
polygon, one side, as A B, may be made less than any as- 
signed line, however short. Ax. 14, Cor. I. 

4. O A — O £r is a variable. What is its limit ? Why ? 
Suggestions 2 and 3. What relation does O A sustain to 
OH'^ (§212.) Apply the four tests for the limit of a 
variable. § 211 (a). 

Therefore — 



Ex. 459. Find the side of a square equal in area to a 
rectangle whose sides are 6 and 9. 

Ex. 460. Given two similar triangles, construct a third 
triangle similar to the other two whose area shall be equal 
to the sum of the areas of the other two. 

Ex. 461. Find the altitude of an equilateral triangle 
whose side is 10 inches. Find the side when the altitude 
is 10 inches. 

Ex. 462. Construct a parallelogram having a given 
angle, whose base and altitude together are equal to a given 
line, and whose area is equal to the area of a given square. 

Ex. 463. Find the locus of a point equally distant 
from the circumferences of two equal non-intersecting 
circles. 
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Proposition XXI. (§370.) 

736. Theorem. // the number of sides of a regular 
inscribed polygon be increased indefinitely^ the perimeter 
of the polygon is a variable which approaches the 
circumference of the circle as a limit. 




Let C D represent the side of a regular inscribed poly- 
gon and p its perimeter. Let C be the circumference of 
the circumscribed circle whose center is 0. 

To prove that as .he number of the sides of the polygon 
increases, p is a variable which approaches the circumfer- 
ence of the circle as a limit. 

Suggestion i. Let E B he the side of a circumscribed 

polygon similar to the inscribed polygon, and let P denote 

the perimeter of the circumscribed polygon. Let r denote 

the radius and a the apothem of the inscribed polygon. 

P r ^. , P-p r-a ^. 
2. — = — . Give auth. ?. = . Give auth. 

pa p P '■ 

4. P~p = (r~a) X-. Give auth. 

P 

5. — continually decreases, since P decreases and 



r 



r remains unchanged; also r— a diminishes indefinitely 

p 
(§ 73S)- Hence (r — a) X — diminishes indefinitely, but 

r 
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cannot be made absolutely zero. (§712.) Hence P—p 
diminishes. 

6, c—pis less than P—py but still cannot be made equal 
to zero, therefore, c is the limit oi p, § 212. 

.*. The circumference of the O is the limit of the perim- 
eter of the inscribed polygon when the number of sides 
of the po'ygon is made to increase indefinitely. Q, E, D, 

Apply the four tests of the limit of a variable in draw- 
ing your conclusion. 

737. Corollary. The circumference of a circle is the 
limit of the perimeter of the regular circumscribed polygon 
if the number of its sides be indefinitely increased. § 362. 



Ex. 464. In A B, the diameter of a circle, or, in A B 
extended, take any point C, and draw C D perpendicular to 
A B\ \i A he joined with any point P, in C Z>, and A P 
meet the circumference at Q ; then A P XA Q = A C XA B, 
That is A PXA Q is a, constant. 

Show the varying positions of A P. 

Ex. 465. If i4 is a given point, and P any point in a 
given straight line, and if a point Q be taken in the line 
joining A and P, so that A P XA Q is constant, then, as 
P moves along the given line, Q will move on the circum- 
ference of a circle which passes through A, 

Ex. 466. If A B he the diameter of a circle, and if a 
point P he taken on any chord A Q, or A Q extended so 
that A PXA Q is constant, the locus of P is a straight 
line perpendicular to A B. 

Ex. 466 (o). The sum of the squares of the diagonals 
of any quadrilateral equals twice the sum of the squares 
of its two diameters. 
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Proposition XXII. (§371.) 

738. Theorem. // the number of sides of a regular 
inscribed polygon is increased indefinitely y the area of 
the polygon is a variable which approaches the area of 
the circle as a limit. 




Let C D represent a side, A the area of an inscribed 
polygon and M the area of the circle. 

To prove that if the number of sides of the polygon 
is indefinitely increased, A is a variable whose limit 
is M. 

Suggestion i. Let r denote the radius and a the apothem 
of the inscribed polygon, also, let p denote the perimeter 
of the inscribed polygon, P the perimeter of a similar 
circumscribed polygon, and A^ its area. Let EB he 3, 
side of the circumscribed polygon homologous to the side 
C D of the inscribed polygon. 

2. Trapezoid EBDC = {EB+ CD) X J (r - a). 
Why? 

3. A^^A^ {P + p)Xh{r-^a). Why? 

4' {P+P)y^\{r-a)<PX{r^a). Why? 

5. As the number of sides of the polygon is increased, 
P diminishes, and (r — a) approaches zero as a limit 
(§ 735)- Therefore, P X {r — a) approaches zero as a 
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limit. Why? r. A^ — A continually decreases and ap- 
proaches zero as a limit. Why ? 

But M—A is always less than A^—A, ksM—A can- 
not become zero, M is the limit toward which A is ap- 
proaching. 

Apply the four tests of a limit of a variable in drawing 
the conclusion. 

Therefore — 

739. Corollary. The area 0} the circle is the limit 0} 
the area of a regular circumscribed polygon if the number 
of sides of the polygon is indefinitely increased. 



Ex. 467. Find the locus of a point equally distant from 
the circumferences of two concentric circles. 

Ex. 468. Show how to cut off the comers of an equi- 
lateral triangle in such a way that the remaining figure will 
be a regular hexagon. 

Ex.469. (§384.) Another method for 

§384. 

To find value of A C in terms of A B 
and R, 

Draw C M, a diameter. Connect A 
and M. 

Suggestion. Find value of ^4 C in terms 
of C 5 and C If . § 310. 

Ex. 470. Find the area of a circular ring between the 
circumferences of two concentric circles whose diameters 
are eight and ten inches, respectively. 

Ex. 471. Find the length of a line, Exercise 470, that 
is the tangent of one circle and the chord of the other. 
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Proposition XXIII. (§379.) 

740. Theorem. The areas 0} two similar segments 
have the same ratio as the squares of tJteir radii. 

E 





Let B D C and F H K, Segment I and Segment 11, re- 
spectively, represent two similar segments of circles whose 
centers are ^ and £• 

Seg. I. T52 

To prove ~ 7 = :z=^. 

Seg. 11. E P 

Suggestion i. Compare A I with A II. 

Sec. I. A I. 

'' Se^. ^ aIl § ^79. 

J. Take by alternation and that result by division. 

Seg. I. TB' 
4, -^-— = :=^. Why? 
^ Seg. II. EF" ^ 

Therefore — 



Ex. 472. If three equal circles are tangent to each 
other what is the area of the surface included between 
them if the radius of each of the circles is five rods ? 

Ex. 473. A hexagon whose side is six inches is in- 
scribed in a circle. Find the area of the inscribed 
triangle. 



SUPPLEMENTARY PROPOSITIONS. 379 

Proposition XXIV. (§390.) 

741, Problem. To inscribe a regular decagon in a 
given circle, 

A 

c- 




Let be a given circle and A its radius. 

To inscribe a regular decagon in circle O. 

Suggestion i. Divide the radius O A in mean and ex- 
treme ratio, and let O C be the greater segment. 

2. Draw the chord A B equal to O C and connect O 
with 5, and C with B, To prove arc ^4 5 = one-tenth of 
the circumference. 

OA OC „,^ ^ , OA AB „^^ ^ 

'•^-A-C W^y^§7^3. 4.—=J-^. Why? 

5. A O ^ 5 is similar to A C ^4 5. Why ? § 303. 

6. Compare Z i4 5 C and Z O; ZCBO with Z O; 
ZABQ with Z O. 

7. Z O is contained how many times in 2 rt. Zs ? In 
4 rt. Zs ? 

8. Hence A B subtends what fractional part of the cir- 
cumference ? 

g. State method of inscribing a regular decagon in a 
circle. 

Corollary. By joining the alternate vertices 0} a regular 
inscribed decagon, a regular inscribed pentagon is formed. 
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Proposition XXV. (§477.) 

742. Theorem. Two symmetrical trihedral angles 
are equal in magnitude. 





Let A and A' represent two symmetrical trihedral 
angles. 

To prove that A and A' are equal in magnitude. 

Suggestion i. Pass planes cutting off the edges so that 
A Dy AC, AB, A' 5', A' C and A' D' are equal. 
Drop _Ls from A and A' to the respective planes, as 
A O and A' O'; connect O with C, D and S; O' with 
C, D' and B'. 

2, A'D C O \^ an isosceles trihedral angle, symmetrical 
to i4'-Z)' C O'. Why? The same is true of i4-Z) 5 O and 
A'-U B' 0'\ of AC BO and A'C'B O'. Give auth. 

J.- Compare A and i4'. 

Therefore — 

Additional helps: To answer Suggestion 2, compare 
< DAO aindC A O, etc. 

Note. — In dropping the _Ls A O and ^4 ' O', points O and O' may 
lie within the perimeters of the As, upon the perimeters, or without 
the perimeters. Jl D B C and D' B' C* are acute triangles, where do 
O and O' lie? If obtuse triiangles, where do they lie? If right tri- 
angles, where do they lie ? Adapt the demonstration to each situation. 
Compare this proposition with § 673. 
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Ex. 474. (§ 558.) To construct a regular tetrahedron. 

Suggestion. Construct an equilateral A for the base. 
At the center of the A erect a JL. With a radius equal 
to a side of the A and with a center at one vertex of 
the A, cut off the perpendicular. Complete the con- 
struction. 

Ex. 475. To construct a regular hexahedron. 

Ex. 476. To construct a regular octahedron. 

Suggestion. Construct a square, and at its center erect 
a J». With a vertex of the square as a center, and a radius 
equal to one side of the square, cut off the .L on each side 
of the square. Complete the construction. 

Ex. 477. To construct a regular icosahedron. 

Suggestion. Construct a regular pentagon, and at its 
center erect a _L. With a vertex of the pentagon as a cen- 
ter, and a radius equal to one side of the pentagon, cut 
off the JL. Join the point on the JL to each vertex of the 
pentagon thus forming a pentagonal pyramid. The poly- 
hedral ^ at the vertex is one of the polyhedral ^s of the 
icosahedron required. Construct equal polyhedral As at 
the vertices of the pentagon first drawn by supplying three 
additional equilateral triangles, whose sides are each equal 
to the sides of the pentagon, at each vertex. The exposed 
edges of the triangles form a pentagon. Close the 
figure by constructing, as before, a pentagonal pyramid 
upon this pentagon. 

Ex. 478. To construct a regular dodecahedron. 

Suggestions: 

Construct a regular pentagon. At each of its vertices 
construct a trihedral angle, using equal pentagons for faces. 
At .each vertex of a trihedral angle in the exposed edge of 
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the figure, supply a pentagon for the third face. Close the 
figure with a pentagon. 

The highest value of these constructions is to build them in the mind 
without the aid of a physical construction. 

Ex. 479. A regular quadrangular pyramid has each 
basal edge equal to 12 feet, and each lateral edge equal 
to 10 feet. Find the altitude of the pyramid. 

Ex. 480. Prove that the sum of the angles of a convex 
spherical polygon of n sides is greater than 2 n — 4 
and less than 6 n — 12 right angles. 

Suggestion, Divide the spherical polygon of n sides 
into spherical triangles by arcs of great circles drawn 
from one vertex to each non-adjacent vertex. How many 
As are formed ? 

Ex. 481. Prove that the number of spherical degrees 
in a convex spherical polygon of n sides is equal to the 
excess of the sum of its angles over 2 n — 4 right angles. 

See §690. 

Proposition XXVI. (§ 709.) 

743. Problem, To find the volume oj a spherical 
segment. 




Let A B D C generate a spherical segment by revolv- 
ing about AC. 

To find the volume oj the segment. 
Suggestion i. Join B and D each to the center of the 
semi-circle O. 
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2. Find the volume of the spherical sector generated by 
revolving the circular sector BOD, § 709. 

3. Add the volume of the cone generated by revolving 
the A 5 .4 O upon A O. 

4. Subtract the volume of the cone generated by revolv- 
ing the A DCO upon CO. § 612. 

744- Corollary I. Find the volume 0} a spherical seg- 
ment less than a hemisphere of one base, 

745 • Corollary II. Fifid the volume of a spherical seg- 
ment of two bases which includes the center of the sphere. 



Ex. 482. Any straight line drawn through the middle 
point of any diagonal of a parallelopiped, terminating in 
two opposite faces, is bisected at that point. 

Ex. 483. A right circular cylinder whose altitude is 4 feet 
and the radius of whose base is 3 feet is cut by a plane 
parallel to the base at such a distance from the base that 
the area of the section is a mean proportional between the 
areas of the convex surfaces of the two parts into which 
the cylinder is divided. Determine the lengths of the 
segments of the altitude. 

Ex. 484. The portion of a tetrahedron cut off by a 
plane parallel to any face is a tetrahedron whose faces 
are respectively similar to the corresponding faces of the 
given tetrahedron. 

Ex. 485. Find the volume of a spherical segment, one 
base of which passes through the center of the sphere, the 
radius of the sphere being 20 inches and the altitude of 
the segment 8 inches. 

Ex. 486. A cylinder of revolution, and the frustum of a 
cone of revolution, have the same lower base and the 
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same altitude. What must be the ratio of the radii of 
the two bases of the frustum in order that the volume 
of the frustum may be one-half the volume of the 
cylinder ? 

Ex. 487. If a rectangle revolves about one of its sides, 
the volume generated is 288 r cubic feet, but if it revolves 
about the adjacent side, the volume generated is 384 ^ 
cubic feet. Find the diagonal of the rectangle. 

Ex. 488. Find the radius of the base of a cylinder of 
revolution whose altitude is i yard and whose volume 
is 48 T cubic feet. 

Ex. 489. The sum of the squares of the four sides of 
a parallelogram is equal to the sum of the squares of the 
diagonals. 

Ex. 490. The sum of the squares of the twelve edges 
of a parallelopiped equals the sum of the squares upon 
its four diagonals. 

Ex. 491. If the diameter of the sphere is 30 feet, find the 
volumes of the first, fifth, and seventh segments referred 
to in exercise 413. 
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" small 318 

Circular cone 308 

" cylinder 299 

Circumference 80 

Circumscribed polygon . . 

116, 117 

" prism 303 

" p)Tamid . . .312 

Coincide 17 

Commensurable 100 
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Complementary angles ... 7 
" adjacent angles 7 
Composition, proportion by 

145 

Concave polygon 23 

" spherical poly- 
gon 327 

Concentric circles 82 

Conclusion 8 

Cones 307 

" of revolution ..... .308 

" inscribed in pyra- 
mid 312 

Conical surface 307 

Consequent 134 

Constant 102 

Convex polygon 23 

" spherical polygon .327 
" polyhedral angle .254 

" polyhedron 263 

" surface of cone ... 308 
Converse of proposition . . 34 

Corollary 9 

Cube 297 

Curved line 3 

Cylinder 299 

" of revolution . . .300 

Demonstration 8 

Determined plane 216 

Diameter of circle 80 

" " sphere 317 

" " quadrilateral. 88 

Diagonal of polygon 23 

" " polyhedron . . 262 

Dihedral angle 240 

Direction of a line 6 

Directrix of a cylinder 299 

" " cone 307 

Distance point to a line. . . 61 



Distance between planes. . 237 
" on surface of 

sphere 321 

Division, proportion taken 
by 147 

Edge of dihedral angle 240 

" " polyhedral angle. 254 

" " lune 337 

Element of surface of cyl- 
inder 299 

Element of surface of cone 307 

Embraces 216 

Enunciation of proposi- 
tion, special 8 

Enunciation of proposi- 
tion, general 8 

Equilateral triangle 24 

" polygon 23 

Exterior angles 44 

Exterior angle of a polygon 23 
Extremes 134 

Faces of polyhedrons 262 

" " dihedral angles.. 240 

" " solids 1,2 

Face angles 254 

Foot of a line 222 

Fourth proportional 135 

Frustum of pyramid 283 

" " cone 309 

Geometrical solid 1,2 

Geometry 4 

Generatrix of cj^linder 299 

" " cone 307 

Hexagon 23 

Hexahedron 297 

Homologous 155 
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Hypothesis 8 

Icosahedron 297 

Inclination of line to plane 253 
Incommensurable ... 100, 102 
Inscribed in circle . . . 1 1 1 , 117 

" " cone 312 

" " polygon 117 

" " prism 303 

Interior angles 44 

" angles of polygon. 22 
Intersection of two planes. 216 

Isosceles triangle 24 

Inversion 144 



Lateral edges, prism 263 

" " pyramid. . .282 

Lateral faces, prism 263 

" " pyramid... 282 

Lateral surface, cone 308 

" " • cylinder .299 

Lines 2 

Limit of a variable 102 

Locus of a point in a plane 65 
space. 222 
337 
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Magnitudes 4 

Means 134 

Mean proportion 138 

" proportional 139 

Median of trapezoid 122 

" " triangle 24 

Measurement 98 

Numerical, measure of... 98 

Oblique line 7 

" j)rism 264 

" section prism 263 



Oblique to a plane 220 

Obtuse angle 7 

" triangle 24 

Octahedron regular 296 

Opposite interior angles . . 53 

Parallel lines 43 

Parallelogram 69 

Parallelopipeds 271 

Passed through a line 216 

Pentagon 23 

Perimeter 22 

Perpendicular line 7 

" to plane. . .220 
Plane 3 

" angle of dihedral 

angle 240 

" figure 4 

" geometry 4 

" perpendicular to 

plane 245 

" section 262 

" surface 3 

Planes parallel 229 

Point 2 

" oftangency 

....81, 117, 309, 317 
Polar distance 322 

" triangles 330 

Poles of a circle of a sphere 319 

Polygons 22 

Polyhedron 262 

Polyhedral angles 254 

Postulate 9 

Postulates of construction. 121 
Prism 263 

" circumscril)cd in 

cylinder 303 

" inscribed in cyHn- 

der 303 
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Premises 33 

Problem 8 

Problems of construction. 120 
Projection of point or line. 251 

Proportion 134 

Proposition 9 

Pyramids 282 

Quadrilateral 23, 69 

Quantity 98 

Radius of regular polygon 196 

" " sphere 317 

Ratio 98 

" of similitude 155 

Rectangle 70 

" of two lines 182 

Rectangular parallelepi- 
ped 271 

Rectilinear figure 4 

Regular polygon 194 

" polyhedron 288 

" dodecahedron . . . 297 

" hexahedron 297 

" icosahedron 297 

" octahedron 296 

" tetrahedron 296 

" prism 264 

" pyramid 282 

Revolve plane about a line 217 

Rhomboid 70 

Rhombus 70 

Right angle 6 

" cone 308 

" cylinder 300 

" parallelepiped 271 

" prism 264 

" section 263 

" " of cylinder.. 299 
" triangle 24 



Scalene triangle 24 

Scholium 9 

Secant of a circle 81 

Sector of a circle : 81 

" "a sphere 344 

Segment of a circle 81 

" " a sphere 343 

Semicircle 83 

Sidesof angle 4 

" " polygon 22 

" " spherical polygon. 326 
Similar cylinders revolu- 
tion 300 

" polygons 155 

Slant height of cone 308 

" " frustrum cone 309 
pyra- 
mid 283 

Solid geometry 215 

Sphere 317 

Spherical angle 325 

" degree 33Q 

" excess 342 

" polygon 326 

" pyramid 350 

Square 70 

Straight line ." 3 

Subtends 81 

Supplementary angles 7 

" adjacent 

angles. . 8 

Surface '. . . i 

" of a sphere 317 

Symbols 11 

Symmetrical trihedral 

angles 254 

" spherical tri- 
angles 328 

Tangent 81, 117 
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Tangent line to cone 309 

" " *" cylinder. 300 

" " sphere.. 317 

" plane to cone . . .309 

" " " cylinder. 300 

" '' sphere.. 317 

" sphere to sphere 317 

Terms of a proportion. . .134 

Tetrahedral angle 254 

Tetrahedron 262 

" regular 296 

Theorem 8 

Third proportional 139 

Transversal or secant 44 

Trapezoid 69 

Trapezium 69 

Triangle 23 

Triangular pyramid 282 

Trihedral angle 254 

Tri-rectangular spherical 
triangle 340 



Truncated cone 309 

" pyramid 283 

Turn through an angle ... 5 

Unit of area 177 

" " measure 177 

" " volume 271 

Variables 102 

Vertical angle 7 

Vertex of angle 4 

" " cone.. 308 

" " polygon 23 

" " polyhedron 262 

" " polyhedral angle 254 

" " pyramid 282 

" " spherical pyra- 
mid 350 

Zone 343 

" altitude of 343 

" bases of 343 
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